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A SMIGOC GLUING APPROACH FOR
CONTROLLING JORDAN STRUCTURES
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(Communicated by S. Fallar)

Abstract. A list A ={A1,A2,...,A4,} of complex numbers is said to be realizable if it is the
spectrum of an entrywise nonnegative A, which is called a realizing matrix for A. A is said to
be universally realizable if there exists a nonnegative matrix with spectrum A for each Jordan
structure allowed by A. The problems of realizability and universal realizability of a list of
complex numbers are solved only for n < 4, which illustrates their difficulty.

In this work, the universal realizability problem with Jordan control is studied. In partic-
ular, a Smigoc gluing approach for controlling the Jordan structures and constructing the corre-
sponding nonnegative matrices associated to A is proposed. The idea is first to construct smaller
auxiliary nonnegative matrices realizing the desired Jordan components with relatively small
Perron roots, and then these auxiliary blocks are inserted into a real base matrix by means of
Smigoc gluing, preserving nonnegativity, the spectrum and the desired Jordan structure.

1. Introduction

Alist A= {A,A2,...,4,} of complex numbers is said to be realizable if it is the
spectrum of an entrywise nonnegative matrix A. In this case, A is said to be a realiz-
ing matrix for A. The problem of the realizability of a list A of complex numbers is
called Nonnegative Inverse Eigenvalue Problem (NIEP). A is diagonalizably realiz-
able (DR ) if a realizing matrix for A is diagonalizable and A is said to be universally
realizable (UR) if it is realizable for each Jordan canonical form (JCF) allowed by
A. The problem of the universal realizability of spectra ({RP) seeks to determine the
spectral properties allowed by a nonnegative matrix, not only regarding the eigenvalues
themselves, but also from the point of view of the corresponding JCF.

The first known results on the A/’R'P, formerly called nonnegative inverse elemen-
tary divisors problem, are due to Minc [7, 8]. In terms of the URP, Minc [7] proved
thatif A = {A;,42,...,4,} is the spectrum of a diagonalizable positive matrix, then A
is U'R. There are spectra, not positively realizable, that are known to be U'R, as for
instance, certain spectra in the left half-plane, thatis, A = {4, A2,...,A,} with 4; >0,
Re; <0, i=2,...,n, such as lists of Suleimanova type and Smigoc type [4, 6, 11, 12].
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Throughout this paper, the first element of a list A (usually A; or Ay or p;) will
be the Perron eigenvalue of a realizing matrix for A. If A is a matrix with constant
row sums equal to o, we write A € CSy. o(A) will denote the spectrum of A and
e’ =[11---1] is the vector of all 1. A nonnegative matrix is said to be off-diagonal
positive (ODP) if all its off-diagonal entries are positive.

Diagonalizability is a necessary condition for a list of complex numbers to be U'R .
The question of whether Minc’s result holds for nonnegative realizations has been open
for almost 40 years. Recently, two extensions for Minc’s result have been obtained
[3, 5]. In particular, in [3], it is shown that if A = {A,,...,A4,} is the spectrum of a
diagonalizable nonnegative matrix A € CS,, with a positive column, then A is UR.
Note that if A is diagonalizable nonnegative with a positive row and A” has a positive
eigenvector, then A is also UR. In [5] has been proved that if A is realizable by a
diagonalizable ODP matrix, then A is also &/R. Since both extensions contain the
set of positive matrices, they allow us to significantly increase the set of spectra that
can be shown to be YR . Indeed, positive matrices are ODP, and since they are also
irreducible, they have a positive eigenvector (Perron eigenvector) and then they are
similar to matrices with constant row sums. Moreover, from the extension in [5], there
are certain trace zero spectra that can be shown to be /R, which is not possible from
Minc’s result.

The paper is organized as follows: In Section 2, we introduce two known results
which will be used to obtain our own results. We also use, in an introductory example,
a perturbation result due to Brauer [2], to construct a nonnegative matrix with spectrum
A of complex numbers for each Jordan matrix allowed by A. Brauer perturbations are a
powerful tool in the NIEP. In particular, they allow one to change a selected eigenvalue
of an n X n matrix without changing any of the remaining (n — 1) eigenvalues. They
are especially useful when one starts from a matrix with constant row sums and perturbs
it along the Perron eigenvector.

However, when repeated nonreal eiegenvalues are involved, the direct Brauer ap-
proach may become inefficient if one wants to control the Jordan canonical form. In-
deed, one usually starts from a real Jordan block of the desired size and then applies a
Brauer type perturbation to make the matrix nonnegative. This often forces the Perron
root to be sufficiently large in order to compensate for the negative entries appearing
in the real Jordan block. Thus, the direct Brauer construction may require a Perron
root larger than what is actualy needed. In Section 3, we introduce the main result: a
Smigoc gluing approach for controlling the Jordan structure associated to a list A of
complex numbers, and for constructing the corresponding nonnegative matrices with
spectrum A. The idea developed here is different. Instead of applying Brauer directly
to the whole list, we first construct smaller auxiliary nonnegative matrices realizing the
desired Jordan components with relatively small Perron eigenvalues.These auxiliary
blocks are then inserted into a real base matrix by means of Smigoc gluing, preserving
nonnegativity, the constant row sums, the spectrum and the desired Jordan structure.
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2. Preliminaries

The following two theorems, due to Brauer [2] and §migoc [10, Lemma 5], re-
spectively, have played an important role in the study and development of both prob-
lems, the NIEP and the URP. The Smigoc result provides a procedure to obtain, from
two matrices A and B, anew matrix C, preserving in certain manner, the corresponding
Jordan forms of A and B.

THEOREM 2.1. [2] Let A be an n x n matrix with spectrum A = {A,...,An}.
Let vI' = [v1,...,v,] be an eigenvector of A associated with the eigenvalue 2 and let
q be any n-dimensional vector. Then the matrix A+vq! has eigenvalues

A’la"'7Ak—l7lk+qu7Ak+la'"7A'n'

THEOREM 2.2. [10] Suppose B is an m x m matrix with a JCF that contain at
least one 1 x 1 Jordan block corresponding to the eigenvalue c,

J(B) = {(C)I(%)}

Let t and s, respectively, be the left and the right eigenvectors of B associated with the
1 x 1 Jordan block in the above canonical form. Furthermore, we normalize vectors t
and s so that t's =1. Let J(A) be a Jordan matrix for the n x n matrix

- Aj a
=[]

where Ay is an (n—1) x (n— 1) matrix and a and b are vectors in C". Then, the

matrix . ( )
| Ay at _|JA) 0
C= [SbT B ] has JCF J(C) = { 0 I(B)} .

EXAMPLE 2.1. This example illustrates the gmigoc gluing technique: we may
show that the list
A={6,—1,—1£3i,—1+3i}

is diagonalizably realizable. Indeed, we take the partition A = A; U A, with

Ay = {6,—-1+3i}, Ay={—1,—1£3i} and
I =A;, To={4-1,-1+3i}

Then, the companion nonnegative matrices

0060 V0038
A=110 2 and B= 0100
01 4

0011
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have the spectrum I'; and I, respectively, and they are diagonalizable since their
eigenvalues are distinct. The right and left eiegenvectors of B are

sT=[101231] and 1" =[5 & & 2] with ¢'s=1.

170
Besides,

r_ |60 12832_%%%%
a' =\l mEssl =14 e
85 85 85 85

10 010

12 01

T
sb 3 [01]203
1 01
Hence,

6 24 96 384
00 3557771
1 4 16 64
10 5585 5%

T .
c:[;‘)}a;}: 010: 0 0 0 40
012 : 1 0 0 38
03 :0100
01 : 001 1|

is nonnegative diagonalizable with spectrum A.

REMARK 2.1. Observe that in Theorem 2.2, the auxiliary Perron eigenvalue ¢ in
the main diagonal of A (¢ =4 in the above example) disappears, that is, it is not an
eigenvalue of the matrix C.

EXAMPLE 2.2. Consider Brauer’s result to construct a nonnegative matrix with
spectrum
A={23,—1,—1,-1+£2i,—1+£2i,-2+4i,—2+4i},
for each Jordan matrix allowed by A, thatis, for A to be &/’R. Then we apply Brauer’s
theorem, which is well known, to obtain, with

qT = [_207 17 17 1727 17272747274]7

the matrix A = (B+eq’) € CSy3, being nonnegative with spectrum A and with a
diagonal Jordan form. It is also well known that we can obtain all the Jordan structures
associated with A.

In the next section, we will see that to show that A is /'R, it is enough to take 18
as the Perron eigenvalue instead of 23. Thus, Brauer procedure will only succeed if the
Perron eigenvalue is large enough.
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3. A Smigoc gluing approach for controlling Jordan structures

Consider lists of complex numbers of the form

A={2, 2" ") ay £ by, a1 £ byi,... ast b, a5 £ by}, (1)

ki times kg times

with 4o >0, 4 €R, 4; #0, i=1,...,1, a;€R, b; >0, j=1,...,s.
Our strategy is to split A into a real part

Ar = {0, A 2y
that controls the repeated real eigenvalues, and a complex part

AC = {a1 :I:bli,...,al :I:bli’...,as:l:bl\'i,...’al\':l:bl\'i}’

k1 times kg times

that controls the repeated nonreal eigenvalues, and for which we first construct small
auxiliary nonnegative matrices realizing the desired Jordan components with relatively
small Perron eigenvalues. Next, we apply the gmigoc glue thechnique to glue these
auxiliary nonnegative matrices with the nonnegative matrices associated to the real part
Ag.

THEOREM 3.1. Let

A={20, 2™ 2" ay £ byi,. a1 b, a E b, ... ay £ b},

ky times kg times

with 20 >0, L e R, ;#0, i=1,...,t, a; €R, b; >0, j=1,...,s.
For each ki, i=1,...,s, we assume that there exists a nonnegative matrix Dy, €
CS,, with spectrum

ACkl. = {”k,‘aaiibiiv' . 7ai:l:bii}7

ki times

and with diagonal and nondiagonals Jordan structure, where Ly, is a simple Perron
eigenvalue of Dy, .

We also assume that there is a nonnegative matrix Ag, € CS o with spectrum Ag, =
{lo,ll(m'), ... ,Zq(m’)} and with diagonal and nondiagonal Jordan strutures. Let M;,
j=1,...,s, be the nonnegative matrix obtained by applying the Smigoc glue technique
in the form

AR/Dyy, (AR/Dx,)/Diys -, ((((AR/Diry)/Diy)/Diy)/ -+ - /Dy, )/ Diy- - (2)

Then
M, = ((AR/Di,) /i) /D) - /Dy )/ D, €CSy, )
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is nonnegative, with
0 (M;) = o(Ar) Ui—; (0(Dy;) — ;)

and
J(My) = J(AR) ©J (D) @+~ & J (D),

where 6(D),.) = 6(Dy,) — ;-

Proof. From the hypotheses, for each k;, i =1,...,s, there exists a nonnegative
matrix Dy, € CSy, with spectrum

ACki = {‘I,Lki,aizl:bii,...,ai:l:bii},

k; times

where Ly, is a diagonal entry of a matrix Ag, € CS,, Since the spectrum ACk,- is
conjugate-even vector, we may always construct a nonnegative circulant matrix Dy, €
CSIJ/;,- realizing Ack,.- The reason we need Ly, to be a diagonal entry in Ag, is that
through row and column permutations we can place L, in the last diagonal position of
Ag, and thus apply correctly the Smigoc gluing.

For a no diagonalizable matrix Dy, we may use a nonnegative companion matrix,
which is similar to a matrix Dy, € CSyy, - Indeed, if Dy; is nonnegative nonsingular

companion, it is irreducible and therefore has a positive eigenvector, say x = [x;]. Thus,
if X is a diagonal matrix with diagonal entries x;, then X’leiX =Dy, € CSy, . Now

we apply the Smigoc glue technique in the form (2), where M; in (3) has spectrum
0(My) = 0(Ar) Uiy (0(D;) — Hk,),

with
J(My) = J(AR) ©J(Dy,) @ -+~ ©J(Dy)},

where 6(D).) = o(Dy;) — ;- O

EXAMPLE 3.1. This example illustrates the improvement we can achieve instead
of applying Brauer directly. Consider the complex list

A={18,—1,—1,-1+£2i,—1+£2i,-2+4i,—2+4i}.
We split A into the sublists
Ar={18,—1,—1}and Ac = {—1+2i,—1 +2i,—2 +4i, —2 + 4i},

and we start by considering the real part Ag = {18,—1,—1}, with realizing matrices
Ap, with spectrum Ag, i=1,2,...,8.
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i) For a diagonal and a nondiagonal structure associated with Ag, and Ag,, re-

. , s T _[_64 57 7
spectively, we have from Brauer’s result, with q" = [-%, 3, £],
_ i 26 57 7]
18 0 0 5355
Ag, = [19-1 0 | +eq' = |2 27| cCS3 and
19 0 —1 31 57 2
- - |5 5 5]
_ i (26 57 7]
18 0 0 3 353
Apy = [20 -1 —1| +eq" = | ¥ 2 2| €CSg,
19 0 —1 31 57 2
- - |5 5 5]

with

J(Ag,) = diag{J:(18),J1(—1),J1(-=1)},
J(AR,) = diag{J,(18),J2(—1)}.

ii) In the same way, for " = [-%,9, 2] we have

2 o 19 2 o 19
597 597
AR, = 35—1815—9 and Ag, = 35—0815—4 ,
31 g 14 31 g 14
5973 5973
with
J(Agy) = diag{J:(18),J1(—1),J1(-=1)},
J(Ar,) = diag{J1(18),/»(—1)}
iii) For q' = [- 2,3 2] we have
5113 5113
53 53
Apy = 55—2 15—3 and Aps =116 55—2 % ,
5578 57 8
55 55

with

J(Ars) = diag{J:(18),J;(=1), /i (=1)},
J(Ags) = diag{J:(18),/2(—1)}.
iv) For q7 =[~14,9,5] we have
495 4140

Ap, = |585 |, and Apg= |58 5],
594 594
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J(Ag,) = diag{J:(18),J1(—1),/1(—=1)},
J(Agg) = diag{J1(18),J2(—=1)}.

Now, we realize the complex lists Ac; = {p;,—1+2i,—1+2i} and Ay = {p2,—2+
4i,—2 4+ 4i}, with appropriate Perron eigenvalues, p; and p, and with associated di-
agonal and nondiagonal Jordan matrices, respectively. Moreover, to apply the Smigoc
glue thechnique, the auxiliary Perron eigenvalues p; and p, must be diagonal entries
of arealizing matrix Ag, of the real part Ag.

For the diagonal Jordan form associated with rzs = {26 —1£2i,—1+2i} we

look for a realizing circulant matrix Cy = circ{co,cy, cz, c3,¢4} where
5

126 & 2rjk 2mjk
§<?+2;<_COS 7;] +2Sin%)>’ k=0,1,....4

Since Cy is circulant, its Jordan matrix J(Cas ) is diagonal. For the nondiagonal Jordan
5

5 5
form associated with T'y = {4, —1+2i,—1+2i}, we take the characteristic polynomial
p(x) = (x—4) (x+ 1 +2i)>(x+ 1 — 2i)%,

whose companion matrix is

0000 100 25
1000 55 20
D'=[0100 36 with Perron eigenvector x= | 14
0010 2 4
0001 O 1

Then, for the matrix X = diag{25,20,14,4,1} we have

00004 |
20004
D=X"'D'x = 0L00L | ccCs,.

7 1
00Z%o01l
00040

IN

Since Fsz = 2Fzs, for the list Fsz = {32 2+44i,—2+4i} we take the circulant
matrix 2C 2, Wthh 1s nonnegative dlagonahzable with spectrum

52
a(2C):{5 2 44i, 2j:4i} and

J(2C) = diag{J, ("’-5—2)711 (—2+40),Jy (=2 +4i)}.
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For the nondiagonal Jordan form associated with T's = {8, —2 +4i, —2 +4i}, we take

the matrix

with spectrum I's and Jordan form

(00008 ]
5 11
30004

_ 20 36
2D={0Loo ¥
00701
00080

€ CSg,

J(2D) = {J1(8),Jo(—2 £ 4i)}.

Next, we apply the §migoc glue procedure to obtain the eight glued matrices. All
of them with spectrum A. Let us do this for the nondiagonal case iv) J(Ag,) ®J(D)®

J(2D):
First we glue the matrices

OoONNO O O

O OO O
O I8

0
1280

—
—_

[=INTEEN i |

00
4140 %0
Agg=|585| and D=|0 ¥
594 00
00
to obtain )
4140 0 0 0
5 g 125 400 1120 1280 1280
841 841 841 841
590 0 0 0
Agg/D=159 2 0 0 0
59 0% 0 o
59 00 1 o0
59 0 0 0 4
with

J(Ar, /D) = diag{J1(18),J2(~ 1), J2(~1 £20)}.

Next, we glue the matrices Ag, /D and 2D to obtain a matrix Mg with

J(Mg) = diag{J;(18),Jo(—1),Jo(—1 £ 2i),Jo(—2 £ 4i)}.

~

Ju—
—

In the same way, we can get the remaining matrices M;, i =1,2,...,7, with the desired

Jordan forms.

REMARK 3.1. Since Rado’s result generalizes Brauer’s result, then Rado gen-
erally provides better solutions than Brauer, including cases where a list of complex
numbers is not Brauer realizable, but is Rado realizable. However, since Theorem
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3.1 constructs small auxiliary nonnegative matrices, both diagonalizable and no diag-
onalizable, realizing real and non-real sublists; and since the real sublists are easy to
construct using Brauer, then for our purpose it is enough to apply Brauer. Moreover,
to apply Rado’s result, it is necessary to have a smaller-size matrix, not only with pre-
scribed eigenvalues but also with prescribed diagonal entries. Unfortunately, as far as
we know, there are no results that guarantee this requirement for order n > 4, only suf-
ficient conditions (see [1, 9]). Thus for instance, in Example 3.1, the construction of the
matrices D and 2D, with one version being diagonalizable and the other not, suggests
using nonnegative circulant matrices (diagonalizable) and nonnegative companion ma-
trices (not diagonalizable unless their eigenvalues are distinct), respectively. Under the
hypotheses of Theorem 3.1, this construction is always possible.

The previous example 3.1 is about left half-plane lists of complex numbers. How-
ever, Theorem 3.1 also holds for more general lists, as the following example shows:

EXAMPLE 3.2. Consider the list
A={10,8,8,4,41+2i1+2i}.
We take the decomposition
'k =1{10,8,8,4,4}, Tc={8,1+2i,1+2i}.

First, from Brauer’s theorem, we construct the diagonalizable and nondiagonlizable
nonnegative matrices

40202 40202
51002 41012
D={12302| and N=|02303],
50210 50210
10223 10223

both with spectrum Ac = {8,1+2i,1 +2i}.
Next, we construct from

100000
28000
20800
6 0040
6 0004

Ry

the matrices

100000 100000 100000
18100 28000 18100

Ry=1]20800|, Ry=|20800|, Ri=|20800],
60040 50041 50041
60004 60004 60004



A gMIGOC GLUING APPROACH FOR CONTROLLING JORDAN STRUCTURES 375

with spectrum Ag = {10,8,8,4,4} and with the four Jordan forms allowed by Ag,
respectively.
Now we apply the Smigoc glue procedure for the following eight cases:

l)Rl/Dv Z)Rl/Nv 3)R2/D7 4)R2/N7
5)R3/Dv 6)R3/N7 7)R4/D7 8)R4/N7

all with spectrum A and with the corresponding associated Jordan matrices.

Conclusion

This paper aims to establish conditions to determine the universal realizability of
a list of complex numbers, while at the same time controlling their Jordan structures.
Since the problem of universal realizability is still open for order n > 4, the problem
we study in this work is difficult and, as far as we know, has not been considered in the
literature on realizability and universal realizability of spectra. We don’t have a general
result that allows constructing nonnegative matrices with prescribed eigenvalues and
Jordan structure. So indeed, we have proposed a practical procedure that, starting from
a given list of complex numbers, which is separated into a real part and a complex part,
combines a perturbation result due to Brauer [2] with Smigoc’s gluing technique [10].
This combination allows constructing a nonnegative matrix by controlling its possible
Jordan structures in three steps:

1. Realize the real sublists with small auxiliary matrices that control repeated real
eigenvalues.

2. Realice the complex sublists with auxiliary matrices that control repeated com-
plex eigenvalues.

3. Apply Smigoc’s gluing technique to glue the auxiliary matrices from both, the
real and complex parts.

We believe this procedure could open up opportunities for new research with more
general results on the problem proposed here.

Acknowledgements. The author thank an anonymous referee as well as the cor-
responding editor Prof. S. Fallat, for several constructive remarks and suggestions,
leading to a more accurate exposition.
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