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MULTIPLICATIVELY PSEUDO SPECTRUM
PRESERVING MAPS ON BANACH SPACES
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(Communicated by J. Ball)

Abstract. Let %(X) be the algebra of all bounded linear operators on a complex Banach space
X with dimX >3, and &/, % two subsets of Z(X) containing all operators of rank at most
one. For € € (0,+00) and A € #(X), let 0¢(A) and re(A) denote the e-pseudo spectrum
and the €-pseudo spectral radius of A, respectively. We prove that a pair of surjective maps
O,y o — A satisfy

0: (0 (AW (B)) = 0:(AB) (A,B € )

if and only if there exist two bounded invertible linear operators U,V on X with ||Vx|| = ||x||
for each x € X, such that for all A € o7, ¢(A) = uVAU™" and y(A) = vUAV~! for some u
and v with puv = 1. We also characterize all surjective maps ¢,y : o/ — 2 satisfying

re(9(A)w(B)) =re(AB) (A,B€ o).

Furthermore, some known results are obtained as immediate consequences of our main results.

1. Introduction and statement of the main results

Throughout this paper, let 2(X) be the algebra of all bounded linear operators
on a complex Banach space X. The natural pairing between X and its dual space
X* is defined by (, ): X xX* — C,(x,f) — f(x). Let .Z#(X) be the set of all
operators of rank at most one in Z(X). This means that 7 (X) ={x®f : x¢€
X and f € X*}, where (x® f)(z) := (z,f)x forall x,z€ X and f € X*. If X has di-
mension n < oo, we identify X with the vector space C" and Z(X) with the algebra
My (C) of nx n-complex matrices. According to the above identifications, we have
(x,y) =x1y1 4+ +x,y, and x®y = x'y, where x' stands for the transpose of x, for
all x = (x1,...,x,) and y = (y1,...,yn) in C". For a ring automorphism 7 of C,
we set x* = (7(x1),7(x2),...,7(x,)), and M* = (7(;;)) for all x = (xy,...,x,) € C"
and M = (t;;) € .#,(C). The identity operator of %(X) will be denoted by I, and
the adjoint of operator A € B(X) is defined by A* : X* — X*; f— foA so that
(Ax, f) = (x,A* f) for all (x,f) € X x X*. Note that if A: X — X is a bounded con-
jugate linear operator on X (i.e., A is additive and A(Ax) = AA(x) forall A € C and
x € X), then its adjoint A* is the bounded conjugate linear operator on X* defined by
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A*(f) = foA forall f€X*, where f(x)= f(x) forall x € X. Thus, (Ax, f) = (x,A*f)
forall (x,f) € X x X*. For A € #(X), we shall denote by c(A) the spectrum and by
r(A) its spectral radius. Here T the unit circle of the complex field C. For € € (0, 4-o0),
the €-pseudo spectrum of an operator A € Z(X) is defined by

0e(A) == G(A)U {x eC\o(A): |(AI-A)"Y| > %}

where the norm used on Z(X) is just the standard operatorial one, that is ||A| =
sup{[|Ax|| : ||x|| < 1}. It is well known that og(A) is a compact set containing the
spectrum of A € %B(X). The €-pseudo spectral radius of an operator A is given by

re(A) :=sup{|z|: z€ 0g(A)}.

Recently, several researchers have been interested in characterizing nonlinear maps
on matrices or operators satisfying F(¢(A)e ¢(B)) = F(AeB). Here, F(-) is a spec-
tral function or a spectral set such as the spectrum, the local spectrum, the numerical
range, the numerical radius, the €-pseudo spectral radius, the €-pseudo spectrum, the
e-condition spectral radius, and the €-condition spectrum. On the other hand, A e B
stands for different kinds of products such as the usual product AB, the triple prod-
uct ABA, the Jordan product AB+ BA, the skew product A*B, the skew triple prod-
uct AB*A, the skew-Jordan product AB* 4+ B*A, and the Lie product AB — BA; see
for instance [2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13, 15, 16, 17, 18] and the references
therein. In [19], Molnar characterized maps preserving the spectrum of operator or
matrix products. His result has been extended in several directions. In particular, Ab-
delali and Aharmim characterized in [5] pair of maps ¢ : 4, 4(C) — 4 4(C) and
Y Mym(C) — M., (C) satisfying

0(9(A)y(B)) = 6(AB), ((A,B) € Mun(C) X Mnm(C)),

where o(A) is the spectrum of A and .#,,(C) the vector space of matrices of m
rows and n columns with complex entries. Recently, Bourhim and Lee studied in [6]
surjective maps between algebras of operators .2 (2") and £ (%) on Banach spaces
2" and % respectively, such that

Oy (a)w(B)(X0) = 0aB(Y0), (A,B€ZL(Z)),

where xo € 2" and yy € % are fixed nonzero vectors and 64 (xp) is the local spectrum
of A at xp. In this paper we characterize all surjective maps ¢,y : &/ — A that
preserve multiplicatively the €-pseudo spectrum (€ -pseudo spectral radius ) in this way
the €-pseudo spectrum ( € -pseudo spectral radius ) of the product ¢ (A)y(B) coincides
with that of the product AB for all A,B € </, where ./ and % are two subsets of
Z(X) containing all operators of rank at most one. Precisely, we state

THEOREM 1.1. Let X be an infinite-dimensional complex Banach space and <
P two subsets of B(X) containing F1(X). Then, surjective maps ¢,y : o — B

satisfy
re (9(A)y(B)) =re (AB) (A,B€ ) (1.1)
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if and only if there exist two scalar-valued functions hy,hy : &/ — C\ {0} such that
h (e )hy (/) C T and two bounded invertible linear or conjugate linear operators
U,V on X such that |Vx|| = ||x|| for each x € X, and

0(A) = h (A)VAU ' and w(A) = hy(A)UAV™' (A€ o).

THEOREM 1.2. Let X be an infinite-dimensional complex Banach space and <
A two subsets of B(X) containing F\(X). Then, surjective maps ¢,y : & — B
satisfy

Oe (0(A)w(B)) = 0¢ (AB) (A,B€ o) (1.2)
if and only if there exist two nonzero scalars U and v such that uv = 1, and two
bounded invertible linear operators U,V on X such that ||Vx|| = ||x|| for each x € X,
and

0(A) =uVAU ™ and w(A)=vUAV™' (Ac o).

The corresponding result for the finite-dimensional case is given by the next theo-
rem. In [12, Theorem 3.3] and [9, Theorem 1.2], the norm on C" is the Euclidian one
(which turns C”" into a Hilbert space), while in the next statements the norm on C”" is
an arbitrary one.

THEOREM 1.3. Let n >3 and </, % two subsets of #,(C) containing .%,(C").
Then, surjective maps ¢,y : of — A satisfy (1.1) if and only if there exist two scalar-
valued functions hy,hy : &/ — C\ {0} such that hy(</)hy(</) C T and two nonsin-
gular matrices U,V € M, (C) such that ||V (x7)|| = ||x|| for each x € C", and

$(A) = uVAU™" and w(A)=VvUA'V™' (Ac ).
Here 7T is either the identity or the conjugation.

THEOREM 1.4. Let n >3 and </, % two subsets of #,(C) containing .%,(C").
Then, surjective maps ¢,y : &/ — A satisfy (1.2) if and only if there exist two nonzero
scalars [t and v such that uv = 1, and two nonsingular matrices U,V € #,(C) such
that |Vx|| = ||x|| for each x € C", and

0(A) = uVAU ' and w(A)=vUAV"! (Ae ).

We end this section with the following corollaries. First, we characterize all sur-
jective maps preserving the €-pseudo spectral radius of the product AB. Note that, a
surjective map ¢ from Z(X) into itself satisfies (1.1) were described in [15, Theorem
3, Theorem 4 ]. Such characterization is now a consequence of our main results.

COROLLARY 1.5. Let X be a complex Banach space with dimX > 3, and <,
P two subsets of B(X) containing F1(X). Then, a surjective map ¢ : of — P
satisfies (1.1) if and only if there exists a scalar-valued function h : o/ — T and one
of the following holds:
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1. If dim(X) = o, then there exists a bounded invertible linear or conjugate linear
operator U on X such that ||Ux|| = ||x|| for each x € X and

0(A) =h(A)UAU™" (Aec o).

2. If X =C" with n > 3, then there exists a nonsingular matrix U € .#,(C) such
that ||U(X7)|| = ||x|| for each x € C" and

0(A) =h(A)UATU™" (Aco).

Next, let o/, % be two subsets of £ () containing % (). Surjective maps
¢ : of — A satistying (1.2) were described in [11, Theorem 4.1] and [12, Theorem
3.3]. Such characterization is now a consequence of our main results.

COROLLARY 1.6. Let X be a complex Banach space with dimX > 3, and </, B
two subsets of B(X) containing #(X). Then, a surjective map ¢ : of — B satisfies
(1.2) if and only if there exists a nonzero scalar | such that u*> =1, and one of the
following holds:

1. If dim(X) = o, then there exists a bounded invertible linear operator U on X
such that ||Ux|| = ||x|| for each x € X and

O(A) =pUAU ™" (Ac ).

2. If X =C" with n > 3, then there exists a nonsingular matrix U € .#,(C) such
that |Ux|| = ||x|| for each x € C" and

O(A) =puUAU ™" (Ac ).

The rest of this paper is organized as follows. In Section 2, we present some
auxiliary results on the numerical range and the numerical radius. Sections 3, 4 and 5
contain proofs of our main results.

2. Preliminaries

In this section, we present some auxiliary results needed for the proof of our main
results. The first result summarizes some known basic properties of the €-pseudo spec-
trum and the €-pseudo spectral radius. Formore information about these notions, one
can see [15, 20].

PROPOSITION 2.1. For an operator A € #(X), the following statements hold.

1) For every nonzero scalars a,f3 € C, og(al+ BA)={o}+B- or (A).

2) For every bijective isometry U € B(X), 0e(UAU ™) = 0¢(A).
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3) For every conjugate isometry operator U, o¢(UAU') = c¢(A).
Consequently, we have:

4) For every nonzero scalar B € C, re(BA) = \[3|rﬁ (A).

5) For every bijective isometry or conjugate isometry U € B(X), re(UAU™') =
re(A).

The second one we shall need the following observations regarding the &€-pseudo
spectral radius of rank one operators. By checking the proof of [15, Lemma 6 ], one
can obtain the following result.

LEMMA 2.2. Let (x,f) € X xX*, (xu)n € X, (fu)n CX* and (&), C (0,+)
such that lim,_. . &, = 0. Then the following statements hold.

1) If limy— oo [(Xn, )| = Foo, then 1limy,_ierg, (X ® f) = +oo.

2) If limy_ye ||xy —x|| =0, then limy_iere, (X, @ f) = |f(x)].

3) If limpyse|(x, fu)| = 4o, then 1imy—jore, (XQ f) = +oo.

D 1 limie | fu— £ = 0, then lim, e, (x® fi) = ()],

Proof. For A € 2(X), the following equality always holds
oe(A) = J{o(A+E): E€ B(X), |E| <¢}. 2.1)
(See, for example, [14]). Then, (2.1) gives

re(A) =sup{r(A+E): E€ B(X), |E||<€}.

In particular,
r(A)+e<re(A) < ||A||+e. (2.2)

1) We have r(x® f) = |f(x)|, and then for each n > 1 using the first inequality
in (2.2) we have
|fCen) |+ & =r(xn @ f) + & <1, (@ f) .

Since
liIJIrl |f (xn)| + & = oo,
then
lm re, (X, ® f) = +oo.
n— oo
2) From

\f(xn)|—|—8n=r(xn®f)+8n<r€n (n®f) (neN),
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since limy,_, e ||X; —x|| = 0 and lim,,_, .. &, = 0, then,
im (7)) e = 1)
Therefore, |f(x)| < liminfrg, (x, ® f). Now, let € > 0, for
D={zeC: |z] <|f(x)|+€},

using the upper semi-continuity of the spectrum [1, Theorem 3.4.2 ], we find § > 0
such that ||| < & implies
oc(x®f+T)CD.

Let p > 1 is a natural number such that n > p implies g, < % and ||x, —x|||| ]| < %.
Then n > p and ||T|| < &, implies
% @ f —x@f+T| = [[(n —x) @ f+ T
<G —x) @ fI+ 1T
< Pea = X[ AT+ 1T

A

° i %5
2+2 ’

which gives
0 f+T)=0(x@f+x,@f—x@f+T)CD.

Therefore,
ref+T)<[fx)|[+e  (zp, |T]<&).

Taking the supremum over 7', then

re, (@ f) <|fx)|+& (n=p).

Thus,
limsupre, (X, ® ) < |f(x)|+¢€ forall € >0,
hence,
limsupre, (x, ® f) < |f(x)]-
Consequently,

Jim re, (6@ f) = [f(@)]
By a similar argument as above, one can obtain that 3) and 4) hold. [J

In the case of operators acting on a Hilbert space, the €-pseudo spectral radius of
rank-one operators can be computed explicitly.

REMARK 2.3. ([11, 12]) Let (4¢,(, )) be a complex Hilbert space. If x and y
are two vectors in 7Z , then

retry) = 5 (Vi) Pt et el Iyl + 60}
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The third result provides the asymptotic behavior for the € -pseudo spectral radius
of square-zero operators.

LEMMA 2.4. ([15]) Let A € ZB(X) such that A*> =0. Then

tim 24 _ /AT

im =
5—0 \/3
The following lemma, proved in [15], gives a characterization of zero operators in
term of the pseudo spectral radius.

LEMMA 2.5. An operator A € B(X) is zero if and only if r¢(A) = €.

The following lemma is quoted from [3], determines the structure of mappings
that preserve the double product divisors of zero.

LEMMA 2.6. Let X be a complex Banach space with dimX > 3, and </, % two
subsets of B(X) containing F1(X). Suppose that ¢,y : of — P are two surjective
maps satisfying

$(A)y(B) =0 <> AB=0 (2.3)

forall A,B € o7. Then the following statements hold.

1. If dim(X) = oo, then there exist two maps k : X x X* — X, (x, f) — ky(x) and
h:X xX* — X* (x,f) — he(f) and a bounded invertible linear or conjugate
linear operator U on X such that

d(xRf) =kp(x)@ (U f and y(x@ f) =Ux@hy(f) (2.4)
forall (x,f) € X x X*.
2. If X = C" with n = 3, then there exist two maps k,h: C" x C" — C", (x,y) —

ky(x), (x,y) — hy(y), a nonsingular matrix U € #,(C) and a ring automorphism
T of C such that

P(x®y) =k(x)® (U™Y*y" and w(x®y) = Ux" @ h(y) (2.5)
Sfor all x,y € C".

The following is a consequence of the above lemma.

LEMMA 2.7. Let X be a complex Banach space with dim(X) > 3. Suppose that
h:X — X, k:X*— X" are two surjective maps satisfying

(h(x),k(f)) =0 <= (x,f) =0 ((x,f) €XxX7). (2.6)

Then the following statements hold.
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1. If dim(X) = oo, then there exist two scalar-valued functions pu : X — C\ {0},

v:X* — C\ {0} and a bounded invertible linear or conjugate linear operator
U on X such that

h(x) = p(xX)U (x) and k(f) =v()U)(f) ((x.f) € X xX7).

2. If X =C", with n > 3, then there exist two scalar-valued functions ,v : C" —
C\ {0}, anonsingular matrix U € .#,(C) and a ring automorphism t of C such
that

h(x) = u(x)U (x*) and k(x) = v(x)(U)*(x") (xeC").
Proof. Applying Lemma 2.6 in the case when &7 = 2 = .7 (X) and ¢(x® f) =
xQk(f), w(x®f)=h(x)® f forall x®@ f € % (X). Since
(h(x), k() =0 <= (x,[) =0 ((x,f) €X xX7),
it follows that ¢, v : % (X) — Z;(X) are two surjective maps satisfying
¢(A)w(B)=0<=AB=0 (A,Be .7 (X)),

hence ¢ and y satisfy the hypothesis of Lemma 2.6. Therefore, there exist two maps
o:XxX*"—X and f: X x X* — X* such that one of the following results hold:

1. If dim(X) = o, then there exists a bounded invertible linear or conjugate linear
operator U on X such that

o f)=alx.H@U™)f and y(xef)=Ux@B(x,f) ((x.f) €XxX").

2. If X =C", with n > 3, then there exist a nonsingular matrix U € .#,(C) and a
ring automorphism 7 of C such that

PR f)=alx, )@ U ") fT and y(xef)=Ux"®B(x.f) (xfeC").

On the other hand, since §(x® f) =x@k(f), y(x®@f) =h(x)@ f forall x® f €
Z1(X), we conclude that

1. if dim(x) = oo, then there exist two scalar-valued functions u,v : x — C\ {0}
such that

h(x) = p(x)U(x) and k(x) = v(x)(U !)*(x) forall x € X,

2. if X =C", with n > 3, then there exist two scalar-valued functions u,v : C* —
C\ {0} such that

h(x) = u(x)U(x") and k(x) = v(x)(U")*(x?) forall x€ C". O
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3. Proof of Theorems 1.1 and 1.3

Checking the “if” part is straightforward, so we will only deal with the “only if”
part. Then assume that ¢,y : .o/ — % are two surjective maps satisfying (1.1) This,
together with Lemma 2.5 imply that

¢(A)y(B) =0+ AB=0

for all A,B € 7. Thus we can assume that ¢ and y have the forms given in Lemma
2.6. Therefore,

O(x@f) =kr(x) @ (U ) f™ and y(x® f) = Ux™ @ hy(f) (3.1)

forall x® f € .%(X), where

q_ Jxtif X=C"
T x if dim(X) =

forall x € X or x € X*. We also denote

T(z) if X=C"
N(z):=¢z if dim(X)=e and U is conjugate linear
z  if dim(X)=-ec and U is linear

forall z e C.
We will complete the proof by checking five assertions.

ASSERTION 1. For every vector (y,f) € X x X* such that (y, f) # 0, we have
k¢(-) and hy(-) are surjective maps satisfying are surjective maps satisfying

2D o :
| (ke >!— y7f>)|<,g>| ((r,8) X x X*). (3.2)
Moreover,

(x,8) =0 <= (ky(x),hy(g)) =0 g) EX xX"). (3.3)

Proof. Let (y,f) € X x X* such that (y, f) # 0. First, let us show that k¢(-) and
hy(-) are surjective. To do it, for kf(-), it suffice to show that the folowing equality
holds

d({uaf: uex\{0})={ucx U ') f": ueXx\{0}}. (3.4)
Since ¢ ({u®@ f: ueX\{0}}) C{u@ U ") f1: uecX\{0}} isobvious, we only
need to establish the other inclusion. Let u be a nonzero vector in X, from [3, Proof

of Theorem 2.1, Assertion 3 ] ¢ preserves rank one operators in both directions, then
there exists v@ h € % (X) such that

u@ U M =9(veh)=k(v)® (U ) h".
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It follows that f and # are linearly dependent, and so & = ¢ f for some nonzero scalar
o. Thus,

p@vef)=9(veh) =uxU)f7,
and the equality (3.4) is proved. The surjectivity of ks(-) follows immediately. The
same arguments prove that A,(-) is surjective.

Next, let us show that k¢(-) and h,(-) satisfy the conclusion. Let (x,g) € X x X*,
pick up a sequence (zn),>1 C X such that lim, .« ||z, — k¢(x)|| = 0. Since ks(-) is
surjective, it follows that knf(-) must be surjective too for each natural number n > 1.
This implies that for each n > 1, there exists w, € X such that k,s(w,) = z,. Therefore,
by Equations (1.1) and (3.1), we have

re (1 (0 (0) 9 (6)) = e (o1 () oy 1) 9 s )
1

= re (k)@ U U (py)™ @ hpy(g))

1 (6(x@ fy(py®3g))

TI—TI-mT

re (x@ f)(py®g))

re(p(,flx®g)

(»flx©g)
forall p > 1. Letting p — oo, by Lemma 2.2 obtain that

I
~

£
p

- )]
Jim | (ky (), hpy(8))| = In o f >)||<x,g>\ (3.5)

On the other hand,

re (N (0, 1)) 2 @hy(8)) = re (N ((,1)) kuy (wn) @ hy(g))
re (n1 ((0,.f)) kg (Wn) @ Ry (g))

re (kng(wn) @ (U™ (nf)1 U™ @ hy(8))

()

re(@(wa@nf)y(y®e))

re(wa@nf)(y®e))

o =|~=|»—=|»—=|~=|»—=

re (n(y,f)wn©g)

e ((n)wn®g).
Letting n — 4-oo, then Lemma 2.2 implies that

B (V7 2
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In the same manner, we also have

re (Tl (<yaf>)knf(wn) ®hpy(g)) =r

£
np b np

(0 Hwa®g),

and therefore, letting n — +co and p — +oo, by Lemma 2.2, we obtain that

. _ Ol
ey
This together with equations (3.5), (3.6) imply that
(0, f)]
k h = ——"—"—|(x,
|< f(x) y(8)>’ |77(<y,f>)| ‘<x g>‘

forall (x,g) € X x X*, and hence

(x,8) = 0= (kr(x),hy(g)) =0
forall (x,g) e X xX*. O

ASSERTION 2. There exist two scalar-valued functions d,7: X\ {0} x X*\ {0} —
C\ {0}, (x,f)—ds(x); (x,f)+ L(f) such that one of the following results:

1. If dim(X) = oo, then there exists a bounded invertible linear or conjugate linear
operator V such that

k() =dp(x)V(x) and hx(f) =LV () ((xf) EX\{O}XX*\{((;}%

2. If X =C", with n > 3, then there exist a nonsingular matrix V € .#,(C) and a
ring automorphism 7’ of C such that

ko(¥) = dy(x)V(x") and h(y) =LG)(VT)OT) (xyeC'\{0}). (38)

Proof. Let (y, f) € X x X* such that (y, f) # 0. By Assertion 1, we see that kz(-)
and hy(-) are surjective maps satisfying (3.3). Then in light of Lemma 2.7, we have the
following two possibilities:

1. If dim(X) = oo, then there exist two scalar-valued functions s : X — C\ {0},
vy : X* — C\ {0} and two bounded invertible linear or conjugate linear opera-
tors V¢, V, on X with V¢ and V), are linearly dependent such that

kr(x) = pp(x)Vy(x) and hy(g) = vy()(Vy ) (8)  ((x,8) €X xX*). (3.9)

2. If X = C", with n > 3, then there exist two scalar-valued functions ps,Vvy :
C"— C\ {0} and two nonsingular matrices V¢,V, € .#,(C) with V; and V,
are linearly dependent and two ring automorphisms 7y, 7, of C such that

kp(x) = pp()Vy (67) and hy(x) = w()(V, ) (%) (reC).  (3.10)
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Now, we claim that 7, = 7 forall y, f € C"\ {0}. Indeed, let y, f € C" with (y, f) #0
and x,z € C" two unit vectors with (x,z) = 0. Clearly,

(lx—z,x+uz) =
forall u € C. From (3.3) and (3.10), we have

0 = (kp(ux—2z),hy(x+ uz))
= (Vy (=2 ), ()" (e + 1))
=1(n >< (), (V) (%)) — (1) (Vo (), (V1) ()
B (V). (V)7 (@) = (Vo ), (v 1) (6)
=7l >< 4 6) 50 (. (05 )

forall u € C. Therefore,
T () (Ve (), (V) (%)) = 5 () (Ve @), (V1) (%)) = 0 (3.11)

forall u € C. Choosing p =1 in the above equality, we obtain that

(Ve(x™), (V) (™)) = (V). (V) (2®)). (3.12)

This, together with Equation (3.11) imply that
(77 (1) = 7y (1)) (Ve (™), (V) (™)) =0

forall 4 € C. Againby (3.3) and the fact that (x,x) # 0, we have (V(x™), (V,”')*(x))
#0. Then
(1) = 7(p)

for all p € C. Thus, 7, = 77 for all y,f € C" with (y,f) # 0. In the other case, if
v, f € C"\ {0} with (y,f) =0, then there exists z € C" such that (z,y) # 0, and
(z,f) #0. Then 7, = 7, and 7, = 77. Therefore, 7, = 7/ forall y, f € C"\ {0}. Hence,
there exists a ring automorphism 7’ of C with 7, = 7’ forall x € C"\ {0}, which proves
the claim.

Next, let us show that there exist a nonzero scalar 3, depending only on x, and if
dim(X) = oo (resp, X = C") there exists a bounded invertible linear or conjugate linear
operator (resp, nonsingular matrix) V independent of x such that V, = B,V for all
x € X\ {0}. Indeed, note that V and Vj, are linearly dependent for all (y, f) € X x X*
with (y, f) # 0. In the other case, if (y, f) € X\ {0} x X*\ {0} such that (y, f) =0, then
there exists (z,h) € X x X* such that (z,h) #0, (y,h) #0 and (z, f) #0. It follows that
V., Vi, are linearly dependent, V), V;, are linearly dependentand V., V; are also linearly
dependent. Therefore, V), and V are linearly dependent for all (y, f) € X\ {0} x X*\
{0}. So, there exists a scalar-valued function 8 : X \ {0} — C\ {0}; x+— B, and if
dim(X) = oo (resp, X = C") there exists a bounded invertible linear or conjugate linear
operator (resp, nonsingular matrix) V independent of x such that

Ve =BV forall x € X\ {0}. (3.13)
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Finally, set ds(x) = Bupts(x), L(f) = % for all (x,f) € X \ {0} x X*\ {0}. This,
together with (3.9), (3.10) and (3.13) tell us that

kp(x) = dy(x)V(x) and he(f) = LAV (M) (3.14)
forall (x,f) € X\ {0} x X*\ {0}, where

o [x7if X=C"
X

* if dim(X) = oo

for all x € X or x € X*. Thus, the proof of Assertion 2 is complete. [J

ASSERTION 3. There exist two scalar-valued functions o, 8 : & — C\ {0} sat-
isfying a(«7)B (<) C T and

0(A) = a(A)VAU! and y(A) = B(A)UAV™! forall Ac o.

Proof. From equations (2.4) and (2.5) in Lemma 2.7 and Assertion 2, it follows
that

9@ f) = dp()Vali @ (UT) 7 and wx® f) = LHU & (V) f1
forall (x,f) € X\ {0} x X*\ {0}. We define the maps hy,h, : % (X) — C\ {0} by
h(x®f)=dp(x) if x@f#0, h(0)=1, (3.15)

and

h(x@f)=1L(f) if x®@f£0, hy(0)=1. (3.16)

Hence,

O f) =h(x@ VAT @ (U)f7 and yx®f)=hxeHUx" o V) fH
(3.17)
forall x® f € .71 (X).
To complete the proof of Assertion 3, we will proceed in two steps.

Step 1. There exist nonzero scalars ¢ and v satisfying uv =1 and
|h1(x® f)| = 1 and |hy(x® f)| = v for all nonzero x® f € % (X). (3.18)
By equations (3.2), (3.14), (3.15) and (3.16), we have

[, f)

T gy 891 = k), )

‘<df erl l ( 1)*gri>)
= [(m@o pva g (v v
= | (x® Hh(y©g)l|n ((x.g)]
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forall (x,f),(v,g) € X x X* with (y, f) # 0, where
{T’(z) if X=C"

Z if dim(X) = and V is conjugate linear
z if dim(X)=-co andV is linear

n'(z) =

for all z € C. Therefore,

e Alle)
e Db @ 1= Ty T (] (3-19)

for all (x,f),(y,g) € X x X* with (x,g) # 0 and (y,f) # 0. We have two cases to
discuss:

Case 1. If dim(X) = oo, we have

|0n ) 16x,8)]
h h = =1 3.20
e b SO s oI ()] (420
forall (x,f),(y,g) € X x X* with (y, f) #0 and (x,g) #0. Now, let (x, f), (y,8) € X x
X* with (x,g) #0 and (y, f) = 0. Choose (w,h) € X x X* with (w,h) #0, (w,f) #0
and (y,h) # 0. Therefore, the equality (3.20) implies that

I (x@ flla(weg)| =1, [hx@h)h(weg)|=1and |h(x@h)h(y@g)| =1,

and thus,

[ (x@ N @g)| = (xR i (x@h)h(we g)h(y® g)|
= | (x® Hha(wR ghi(x@h)hy(yR g)]
=1.

Next, assume that (x,g) = 0, choose (z,k) € X x X* with (z,k) #0, (z,g) # 0 and
(x,k) # 0. By (3.20), we have

|hi(x® fha(z@ k)| =1, [h(z® f)ha(z@ k)| = L and [h1(z® fha(y@ g)| = 1.
Then,
[ (x@ ha(y@g)| = |h(x® ) (z@ i (z@k)h (y® g)|

= [ (x® fh(z@k)h (z® fh(y@g)|
= 1.

Consequently,
[ (x@ flha(y© g)| = 1
forall (x,f),(»,g) € X x X*.
Case 2. If X = C", obviously, from (3.19), we have

I (x@ Uy o) = 2 len (3.21)

1 ()" (G, v))
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for all x,y,u,v € C" with (y,u) and (x,v) are nonzero integers. Next, assume that
x,y,u,v € C" with (y,u) #0 and (x,v) is a nonzero integer. Considering y and u are
linearly dependent or independent, we discuss the two cases respectively.

If y and u are linearly independent, then

{z€C": (z,y)=1}and {z € C" : (z,u) =1}
are two non-parallel affine hyperplanes of C". So
{zeC" : (z,y)=1}n{zeC" : (zu)=1}

is a nonempty affine hyperplane, hence there exists z € C" with (z,z) is a nonzero
integer and
(z.y)=1and (z,u) = 1.

Therefore, the equality (3.21) implies that
|h (x@u)ha(z@v)| =1and | (x®2)ha(z@v)|=1and | (x®@2)ha(y@v)| = 1.
Hence,
[ (x@u)ha(y@v)| = [hi(x@u)hi (x @ 2)ha (2@ v)ha(y @ V)|

= | (x@u)hy(z2V)h (xR 2)ha (y 2 V)]
=1.

If y and u are linearly dependent. Choose z € C" such (z,z) is positive integer
and y, z are linearly independent. By the previous case we conclude that

[ (x@u)h(zov)|=1, |h(x®2)hh(zev)|=1and |h(xQ@2)h(ev)|=1,
hence
| (x@u)ha(y@v)| = [l (x@u)hi(x@ 2)ha(z@v)ha (y @ )|

= (x@u)h(z@Vv)h(x®@2)h(y@V)||
= 1.
We conclude that
lhi(x@u)ha(y®v)| =1

for all x,y,u,v € C" with (y,u) #0 and (x,v) is a nonzero integer.
Finally, if x,y,u,v € C" with (y,u) =0 and (x,v) is a nonzero integer. Choose a
vector z € C" with (z,u) (z,y) # 0, then

[ (x@u)h(zov)|=1, |h(x®2)hh(zev)|=1and |h(xQ@2)h(ev)|=1,
hence

[ (x@u)h(y@v)| = [l (x@u)h (x@2)h (2@ V) (y @ V)|
= |l (x@uhy(z&Vv)h (xR 2)ha (YR V)| |
=1.
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‘We conclude that
[ (x@u)h,(y@v)|=1

forall x,y,u,v € C" with (x,v) is a nonzero integer. Now, in a similar way to the above
discussion, we get

|h(x®@u)hy(y@v)| =1 forall x,y,u,veC"
with (x,v) is not nonzero integer. Hence,
lh(x@u)h(yov) =1 (3.22)

for all x,y,u,v € C". We conclude that in both cases, that is, dim(X) is finite or infinite,
we have

h(x@ flh(y®g) =1

forall (x,f),(y,g) € X x X*. Consequently, there exist nonzero scalars 1 and v satis-
fying uv =1 and
| (x® f)| = wand | (x® f)| = v (3.23)

forall (x,f) € X x X*.

Step 2. The statement of Assertion 3 holds.

From (3.19), (3.22) we conclude that T and 7’ are continuous, and this implies
that T and 7’ are either the identity or the conjugation. So in the rest of this section U
denotes the bounded invertible linear or conjugate linear operator on X given in Lemma
2.6, and V is also the bounded invertible linear or conjugate linear operator on X given
in the previous assertion. Set ®(A) := V- 1¢(A)U. Let A € o/ \ {0}, we claim that
®(A) and A are linearly dependent for all A € o7\ {0}. Indeed, from (1.1), (3.17) and
(3.23), we have

re (vo(A)Uxe (V) f) = %rg (¢(A)ha(nx @ f)U (nx@ (V)" f)

- %rg (d(A)y(nx® f))

L (Ao )
=re (Ax® )
forall A € &\ {0}, (x,f) € X x X* and natural number n > 1. Therefore,
re (vo(A)Ux@ (V1) f) =re (Ax® f) (3.24)

forall A € &\ {0}, (x,f) € X x X* and natural number n > 1. Letting n — oo, then
Lemma 2.2 and (3.24) imply that

[(vo(A)Ux, (V1) f)| = [(Ax, £)]
forall A € o7\ {0}, (x,f) € X x X*. Thus,
(W)U £)| = I(Ax.£)] (3.25)
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forall A € &7\ {0}, (x,f) € X x X*. It then follows that ker(®(A)) = ker(A) for all
A € o7\ {0}. Denote M = ker(A) and for the quotient X := X /M, consider the linear
bounded operators

dT(X),X:)/(\ — X given by dT(X)(f) =V '9(A)U(x) and A(X)=A(x).

Let x € X /M there exists a unique nonzero scalar A, such that ®(A)x = A, A*x. Now,
we claim that the scalar-valued function x — A, is constant on X /M. Indeed, let x,y €
X /M, observe first that if x and y are linearly dependent, then have obviously A, = 4.
Thus we may assume that x and y are linearly independent. Then, we have

D(A)(x+y) = P(A)x+ D(A)y = L Ax+ A, Ay,
on the other hand,

DA)(x+y) = Alx+y) = Aoy Ax + A Ay,

therefore,
Aty = Ax) Ax = (Ay — Aciy) Ay,
thus,
A((Aery = Ax)x = (Ay — Axyy)y) = 0.
Hence,

X(@Xﬂ — Ax)x— (A — Aety)y) = 0.

Since A is injective operator then, (Axty — Ao)x — (Ay — Aey)y = 0 and thus, A, =
Acty = Ay. Hence, there exists a nonzero scalar A such that ®(A)x = AAx for all
x€X/M, so, ®(A)x = AAx for all x € X. Consequently ®(A) and A are linearly
dependent, this implies that there exists a scalar-valued function o : &7 — C\ {0} such
that

0(A) = a(A)VAU ! (3.26)

for all A € 7. Equation (3.25) implies that |o((A)| = u for all A € &7. Clearly, we
have a(A) = hy(A) if A is of rank one. The same arguments prove that there exists a
scalar-valued function f§ : &/ — C\ {0} such that

v(A) = B(A)UAV ! (3.27)
forall A € o7, with B(A) =hy(A) if A€ % (X) and |B(A)|=v forall Ac &/. O
ASSERTION 5. There exists o > 0 such that ||Vx|| = o||x|| forall x € X.

Proof. Let A,B € < and let n > 1 be a natural number. From equations (1.1),
(3.26), (3.27) and Assertion 4, we have

re (VABV™!) = %rg (V(nA)BV ') = %rg (a(nA)B(B)V (nA)U'UBV )
= Lo (0(nA)y(B))

= Lre((n4)B)
= r% (AB) .
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In particular, for A=x® f and B=y® g with (y,f) =1 and (x,g) =0, we get
re (Vxwgv ') = re (x®g).

Since (x®g)? =0 if and only if (Vx®gV~!)? =0, it follows from Lemma 2.4, we
obtain

g(V}C@gV )
—1)* — 1| —= n
VIVAl I8l = y/Ivxegy-1 = tim_ Y

(@)

= tim = = \/x@ gl = v/ Tgl
—> o0 \/E

Hence,
IVl (v = il ] (3.28)

forall (x,g) € X x X* such that (x,g) =0. Now, since dimX > 3, then for two arbitrary
nonzero vectors x,y € X by considering f € X*\ {0} such that (x, f) = (y, f) =0. By

formula (3.28) we obtain that HV}ﬁH H‘T/yy“H llo 7] HfH Al . This implies that V is a A

multiple of a unitary operator W. So, again by Equations (3.26), (3.27) we get

P

7 UAW ! (3.29)

$(A) = a(A)AWAU " and y(A) =

forall A € «/. Since |a(A )Aﬁ( | =|o(A)B(B)| =1 forall A,B € </, then the proof
of Theorems 1.1 and 1.3 is complete. [

4. Proof of Theorems 1.2, 1.4

Since the “only if” part is trivial, we only have to prove the “if part”; So, assume
that the maps ¢ and y satisfy (1.2) Clearly,

re (9(A)y(B)) = re(AB) 4.1)

forall A,B € /. Thus we can assume that ¢ and y have the forms given in Theorems
1.1and 1.3, i.e.,

O(A) =h (A)VARU ™! and w(A) =hy(A)UA"V! (Ae o), (4.2)
where '
AT — AT if X =C"
A if dim(X) = oo
forall A € #(X), and 7 is either the identity or the conjugation. We also denote

T(z) if X=C"
Nn(z):=<¢ z if dim(X)=-co and U is conjugate linear
z  if dim(X)=-ec and U is linear
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forall z€ C.

Now, we claim that U and V are linear and there exist two scalars u, v such that
uv=1, h(A)=p and hy(A) = v forall A € /. Moreover, if X = C" then 7 is the
identity of C. Indeed, let us first show that &,k : &/ — C\ {0} are in fact constants.
Let A € &7\ {0}, (x,f) € X x X* and natural number n > 1, by equations (1.2) and
(4.2) we have

(a% (h(A) hy(nx® f)Y A XD @ f’l))v
- (G% (m(A) b (nx@ f)VA™ (x® f)° ))V
= %og (nVhi(A) hy(nx@ f) AR (x@ £)BV )
- %cg (VAaL(A) ha(nx® f)VA™ (x @ f) V)
- %og (h1(A)ha(nx @ f)(VATU ) (U (mx @ f)1V )
= Lo (((AWVATY ) (hanx® U (e )7V )
= L6 (A (e 1)
= %Gs (A(nx® f))
= O¢ (Ax® f),

where AV = A (resp. A)if V is linear (resp. conjugate linear) for all scalars A . Hence
o (m(A) h(nx® f)V A" @ £7) = oc (Ax@ f) (4.3)

forall A € &\ {0}, (x,f) € X x X* and natural number n > 1.
Now, let A,B € o7\ {0}, letus fix (x,f) € X x X* such that (Ax, ) = (Bx, f) #0,
by equation (4.3), we have

Oc (hl(A)th(n)C@f)VATlel ®fTI)V o: (Ax®f) (n=1). 4.4)
This implies that

o (h(A) ha(nx@ f)V AT ® )Y =[)o: (Ax® f) =0 (Ax® f) = {{Ax,f)} .

n>1 n=1

Since 6(A) +D(0,€) C og(A) forall A € B(X). Then,

D (in(4) hafnxeo 1)V <<Ax,f>>,f)v

o (h (A )th(nx®f)VAfle1 ®f11 (07

v

Coe (m(A) h(nxe )V A" @ 1) (n>1).

S| m



358 H. NKHAYLIA

Therefore,

D(hl(A)th(nxQ‘@f)Vn (tax.). )"

n

e (Ax® f)

n

N
n=1
n § th nx@f)VATIXTl ®f‘t’1)
n=1
<o
nz

1
o (Ax® f)

(Ax, f)}.

In the same manner, we also have

C
C

N0 (B m(eee ' a (B, 5)" < (8.1},

n>1

Thus,

Avf) (B
m(A) @ ((Ax,f))  m(B)Y 1 ((Bx,f))
This implies that f;(A) = hy(B), so hy : &/ — C\ {0} is a constant map. By a
similar argument as above, we conclude that 4y : &7 — C\ {0} is a constant map.
Consequently, there exist two nonzero scalars (t and v such that

hm o (nx® Y=

hi(A)=p and hy(A)=v 4.5)

forall A € o7. Second, let us show that the operators U and V are linear and uv = 1.
Moreover, if X = C”" then 7 is the identity of C. We claim that V is linear and pv = 1.
To do so, let (x,f) € X x X* such that (x, f) = 1, then by equations (1.2), (4.2) and
(4.5), we have

oe (v ni (o™ @ )"

oe (nu¥ vV 7 ((ox, f))x™ f’l)v

oe (1Y VY (7 @ £7) ((no)™ @ £9))”

WV (68 )7 (o £)7)”

S

S

(
(
(
(Vu'vi (x@ )" (noax@ £)1V )
(Lv(V(x@ )T U ) (Unox )8V 1))
o (UV(x@ £)"U ") (VU (nox® )"V 7))
(

e (I (x® f)V(x® ) U ") (ha(nax @ f)U (nox @ f)7V )

Il
S e Ny P
5
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= 0 (9(x® NW(noxs 1))

00 (x /) (nax 0 )

0 (naulr, f1x )
= O'g (ocx®f)

for all natural number n > 1 and a € C\ {0}. It follows that

{uvr (@)} = {(uv)¥ Tl(a)71(<x7f>)}
= o () n(apxt o)
= MNo: () ule" o )"

n=1

= mG% le®f

n>1
=o(ox®f)={oaxf)} ={a}

for all a € C\ {0}. This implies that uvt ()" = e forall o € C\ {0}. If X =C"
then, for & =1 we obtain uv =1, hence 7(o;) = o forall o € C\{0}. Thus 7 is the
identity of C. Now, if dim(X) = oo, then, for o = 1 we obtain uv = 1, hence o =«
forall o € C\{0}. Thus V is linear operator.

Finally, we prove that if dim(X) = eo, then U is linear. Indeed, assume by the
way of contradiction that U is conjugate linear. Then, let (x,f) € X x X* such that
(x, f) = 1, then by equations (1.2), (4.2) and (4.5), we have

o: (@x® f) = o (vavnals five V)

(uV(nxe U (vU(axe )V )

I
|
S

SIS |—=3|~=3

e (I (nx® )V (nx@ /YU (ha(ax @ U (ax @ V1))

e (¢(nx @ fy(ox® f))
e ((nx®@ f)(ox® f))

e (nou(x, f)x® f)
=0z (0x® f)

for all natural number n > 1 and o € C\ {0}. Thus,

{o} = {W} o(@x®f) =)o (@xa /)

n=>1

= [o:(ax® f) =0 (ox® f) = {alx,f)} = {a}

n>1
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forall oo € C\ {0}. This implies that o = & for all oc € C\ {0}, which is a contradic-
tion and so U is linear. Thus, we obtain the desired forms of ¢ and v, then the proof
of Theorems 1.2 and 1.4 is complete. [

5. Proof of Corollaries 1.5 and 1.6

We start with the proof of Corollary 1.5. The “if” part is straightforward. Then
assume that @,y : &/ — A are two surjective maps satisfying (1.1) From Theo-
rems 1.1 and 1.3, there exist two scalar-valued functions hy,h; : & — C\ {0} with
hy (7 )hy (7)) C T, and two bounded invertible linear or conjugate linear operators U,V
on X such that ||Vx|| = ||x|| foreach x € X,

¢(A) =h (A)VAU !

and
O(A) = hy(A)UAV !

forall A € . It then follows that
Mx@ Va2 HU ' =¢(xef) =h(xe Ux V!
forall x® f € .#(X), This implies that,
M(x@ VxR UV f=h(x@ )V AUV =h(x@ Ux f

forall x® f € .#,(X). Hence Ux and Vx are linearly dependent for all x € X. It then
follows that there exists 8 € C such that Vx = BUx for all x € X, and then, V = BU.
So, ¢(A) = h(A)UAU ™!, with h(A) = Bhi(A). Finally, we claim that |h(A)| = 1 for
all A € o/. Indeed, let us first show that || : % (X) — C\ {0}, A+ |h(A)] is in fact
constant. Let A € &7, (x,f) € X x X* and natural number n > 1, from equation (1.1),
we have

nre (h(A)h(nx® /HAx® f) = re(h
h

(h(A)h(nx® fA(nx® f))

(W(A)UAU 'h(nx @ f)U (nx® f)U 1)
(9(A)9(nx® f))

re(A(nx f)

nre (Ax® f).

(
(

T'e

I
~

Therefore,
re (h(A)h(nx® y)Ax® f) = re (Ax® f) (5.1)

forall Ae &/, (x,f) € X xX*. Now,let A,B € o/, letus fix (x,f) € X x X* such that
Ax # 0, Bx # 0 and (Ax, f) = (Bx, f) # 0. Letting n — oo, by Lemma 2.2 and the

equation (5.1), we get
1

T imp— o [h(nx @ f)|

[h(A)] (5.2)
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Similarly, we have
1

limy,— 4o [R(nx @ f)]
This, together with Equation (5.2) imply that

[n(B)| =

|h(A)] = [h(B)].
Consequently, there exists a complex unit scalar ¢ such that

[h(A)] = p

for all A € /. Finally, we claim that g = 1. Indeed, let us fix A € &7, and (x,f) €
X x X* such that Ax # 0 and (Ax, f) # 0, by applying Lemma 2.2, and the equation
(5.1), we conclude that

p=1,
and this completes the proof. [J

Now, we prove Corollary 1.6. Checking the “if” part is straightforward. For the
“only if” part, assume that ¢,y : &/ — A are two surjective maps satisfying (1.2)
By Theorems 1.2 and 1.4 there exist two nonzero scalars ¢ and v such that uv =1,

and two bounded invertible linear operators U,V on X such that ||Vx|| = ||x|| for each
x € X, and

9(A) = uvAU !
and

0(A) =vUav!

forall A € o7. In particular, we have
uxo U f=oxef)=vUxe (V) f (5.3)

for all x® f € .%,(X). Equation (5.3) implies that Ux and Vx are linearly dependent
for all x € X. It then follows that there exists ¢ € C such that Vx = oUx forall x € X,
and then, V = oUU. So, ¢(A) = AUAU ™", with A = cpt. Finally, we claim that 12 = 1.
Indeed, let A € 7, (x,f) € X x X* with {Ax, f) = 1, by equation (1.2), we have

*A(nx® f))

AUAU AU (nx@ f)U™)
(A)p(nx® f))

noe (A’Ax® f) = o

qss

(2
(
(¢
e(A

for all natural number n > 1. Therefore,

G%(AzAx@)f) = 0:(Ax® f)
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for all natural number n > 1. It then follows that

() = (2{ax 1)} = 0 (12axe f) = [ oy (1PAxe 1) = () o5 Ax )

n=1 n=1

o (Ax® f) = {(Ax.f)} = {1}.

Thus, A2 = 1, so, we conclude that ¢(A) = AUAU ! for all A € o; as desired. The
proof is therefore complete. []

QUESTION. Under which conditions the assertion of Theorems 1.1, 1.2, 1.3 and

1.4) are valid in some C*-algebras?
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