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Abstract. Let B(X) be the algebra of all bounded linear operators on a complex Banach space
X with dimX � 3, and A , B two subsets of B(X) containing all operators of rank at most
one. For ε ∈ (0,+∞) and A ∈ B(X), let σε (A) and rε (A) denote the ε -pseudo spectrum
and the ε -pseudo spectral radius of A, respectively. We prove that a pair of surjective maps
φ ,ψ : A −→ B satisfy

σε (φ(A)ψ(B)) = σε (AB) (A,B ∈ A )

if and only if there exist two bounded invertible linear operators U,V on X with ‖Vx‖ = ‖x‖
for each x ∈ X , such that for all A ∈ A , φ(A) = μVAU−1 and ψ(A) = νUAV−1 for some μ
and ν with μν = 1. We also characterize all surjective maps φ ,ψ : A −→ B satisfying

rε (φ(A)ψ(B)) = rε (AB) (A,B ∈ A ) .

Furthermore, some known results are obtained as immediate consequences of our main results.

1. Introduction and statement of the main results

Throughout this paper, let B(X) be the algebra of all bounded linear operators
on a complex Banach space X . The natural pairing between X and its dual space
X∗ is defined by 〈 , 〉 : X × X∗ → C,(x, f ) �→ f (x) . Let F1(X) be the set of all
operators of rank at most one in B(X). This means that F1(X) := {x⊗ f : x ∈
X and f ∈ X∗}, where (x⊗ f )(z) := 〈z, f 〉x for all x,z ∈ X and f ∈ X∗. If X has di-
mension n < ∞, we identify X with the vector space Cn and B(X) with the algebra
Mn(C) of n× n -complex matrices. According to the above identifications, we have
〈x,y〉 = x1y1 + · · ·+ xnyn and x⊗ y = xty, where xt stands for the transpose of x, for
all x = (x1, . . . ,xn) and y = (y1, . . . ,yn) in Cn . For a ring automorphism τ of C,
we set xτ = (τ(x1),τ(x2), . . . ,τ(xn)), and Mτ = (τ(ti j)) for all x = (x1, . . . ,xn) ∈ Cn

and M = (ti j) ∈ Mn(C). The identity operator of B(X) will be denoted by I, and
the adjoint of operator A ∈ B(X) is defined by A∗ : X∗ → X∗; f �→ f ◦ A so that
〈Ax, f 〉 = 〈x,A∗ f 〉 for all (x, f ) ∈ X ×X∗ . Note that if A : X → X is a bounded con-
jugate linear operator on X (i.e., A is additive and A(λx) = λA(x) for all λ ∈ C and
x ∈ X ), then its adjoint A∗ is the bounded conjugate linear operator on X∗ defined by
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A∗( f ) = f ◦A for all f ∈ X∗, where f (x) = f (x) for all x∈X . Thus, 〈Ax, f 〉= 〈x,A∗ f 〉
for all (x, f ) ∈ X ×X∗ . For A ∈ B(X), we shall denote by σ(A) the spectrum and by
r(A) its spectral radius. Here T the unit circle of the complex field C. For ε ∈ (0,+∞),
the ε -pseudo spectrum of an operator A ∈ B(X) is defined by

σε(A) := σ(A)∪
{

λ ∈ C\σ(A) : ‖(λ I−A)−1‖ � 1
ε

}
,

where the norm used on B(X) is just the standard operatorial one, that is ‖A‖ =
sup{‖Ax‖ : ‖x‖ � 1} . It is well known that σε (A) is a compact set containing the
spectrum of A ∈ B(X). The ε -pseudo spectral radius of an operator A is given by

rε(A) := sup{|z| : z ∈ σε (A)} .

Recently, several researchers have been interested in characterizing nonlinearmaps
on matrices or operators satisfying F(φ(A) • φ(B)) = F(A •B) . Here, F(·) is a spec-
tral function or a spectral set such as the spectrum, the local spectrum, the numerical
range, the numerical radius, the ε -pseudo spectral radius, the ε -pseudo spectrum, the
ε -condition spectral radius, and the ε -condition spectrum. On the other hand, A •B
stands for different kinds of products such as the usual product AB , the triple prod-
uct ABA , the Jordan product AB+ BA, the skew product A∗B, the skew triple prod-
uct AB∗A , the skew-Jordan product AB∗ + B∗A, and the Lie product AB− BA; see
for instance [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18] and the references
therein. In [19], Molnàr characterized maps preserving the spectrum of operator or
matrix products. His result has been extended in several directions. In particular, Ab-
delali and Aharmim characterized in [5] pair of maps φ : Mm,n(C) −→ Mp,q(C) and
ψ : Mn,m(C) −→ Mq,p(C) satisfying

σ(φ(A)ψ(B)) = σ(AB), ((A,B) ∈ Mm,n(C)×Mn,m(C)) ,

where σ(A) is the spectrum of A and Mm,n(C) the vector space of matrices of m
rows and n columns with complex entries. Recently, Bourhim and Lee studied in [6]
surjective maps between algebras of operators L (X ) and L (Y ) on Banach spaces
X and Y respectively, such that

σφ(A)ψ(B)(x0) = σAB(y0), (A,B ∈ L (X )) ,

where x0 ∈ X and y0 ∈Y are fixed nonzero vectors and σA(x0) is the local spectrum
of A at x0. In this paper we characterize all surjective maps φ ,ψ : A −→ B that
preserve multiplicatively the ε -pseudo spectrum (ε -pseudo spectral radius ) in this way
the ε -pseudo spectrum (ε -pseudo spectral radius ) of the product φ(A)ψ(B) coincides
with that of the product AB for all A,B ∈ A , where A and B are two subsets of
B(X) containing all operators of rank at most one. Precisely, we state

THEOREM 1.1. Let X be an infinite-dimensional complex Banach space and A ,
B two subsets of B(X) containing F1(X). Then, surjective maps φ ,ψ : A −→ B
satisfy

rε (φ(A)ψ(B)) = rε (AB) (A,B ∈ A ) (1.1)
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if and only if there exist two scalar-valued functions h1,h2 : A −→ C \ {0} such that
h1(A )h2(A ) ⊆ T and two bounded invertible linear or conjugate linear operators
U,V on X such that ‖Vx‖ = ‖x‖ for each x ∈ X , and

φ(A) = h1(A)VAU−1 and ψ(A) = h2(A)UAV−1 (A ∈ A ) .

THEOREM 1.2. Let X be an infinite-dimensional complex Banach space and A ,
B two subsets of B(X) containing F1(X). Then, surjective maps φ ,ψ : A −→ B
satisfy

σε (φ(A)ψ(B)) = σε (AB) (A,B ∈ A ) (1.2)

if and only if there exist two nonzero scalars μ and ν such that μν = 1, and two
bounded invertible linear operators U,V on X such that ‖Vx‖ = ‖x‖ for each x ∈ X ,
and

φ(A) = μVAU−1 and ψ(A) = νUAV−1 (A ∈ A ) .

The corresponding result for the finite-dimensional case is given by the next theo-
rem. In [12, Theorem 3.3] and [9, Theorem 1.2], the norm on Cn is the Euclidian one
(which turns Cn into a Hilbert space), while in the next statements the norm on Cn is
an arbitrary one.

THEOREM 1.3. Let n� 3 and A , B two subsets of Mn(C) containing F1(Cn).
Then, surjective maps φ ,ψ : A −→B satisfy (1.1) if and only if there exist two scalar-
valued functions h1,h2 : A −→ C\ {0} such that h1(A )h2(A ) ⊆ T and two nonsin-
gular matrices U,V ∈ Mn(C) such that ‖V (xτ)‖ = ‖x‖ for each x ∈ Cn, and

φ(A) = μVAτU−1 and ψ(A) = νUAτV−1 (A ∈ A ) .

Here τ is either the identity or the conjugation.

THEOREM 1.4. Let n� 3 and A , B two subsets of Mn(C) containing F1(Cn).
Then, surjective maps φ ,ψ : A −→B satisfy (1.2) if and only if there exist two nonzero
scalars μ and ν such that μν = 1, and two nonsingular matrices U,V ∈Mn(C) such
that ‖Vx‖ = ‖x‖ for each x ∈ Cn, and

φ(A) = μVAU−1 and ψ(A) = νUAV−1 (A ∈ A ) .

We end this section with the following corollaries. First, we characterize all sur-
jective maps preserving the ε -pseudo spectral radius of the product AB. Note that, a
surjective map φ from B(X) into itself satisfies (1.1) were described in [15, Theorem
3, Theorem 4 ]. Such characterization is now a consequence of our main results.

COROLLARY 1.5. Let X be a complex Banach space with dimX � 3, and A ,
B two subsets of B(X) containing F1(X). Then, a surjective map φ : A −→ B
satisfies (1.1) if and only if there exists a scalar-valued function h : A −→ T and one
of the following holds:
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1. If dim(X) = ∞ , then there exists a bounded invertible linear or conjugate linear
operator U on X such that ‖Ux‖ = ‖x‖ for each x ∈ X and

φ(A) = h(A)UAU−1 (A ∈ A ) .

2. If X = Cn with n � 3 , then there exists a nonsingular matrix U ∈ Mn(C) such
that ‖U(xτ)‖ = ‖x‖ for each x ∈ Cn and

φ(A) = h(A)UAτU−1 (A ∈ A ) .

Next, let A , B be two subsets of L (H ) containing F1(H ). Surjective maps
φ : A −→ B satisfying (1.2) were described in [11, Theorem 4.1] and [12, Theorem
3.3]. Such characterization is now a consequence of our main results.

COROLLARY 1.6. Let X be a complex Banach space with dimX � 3, and A , B
two subsets of B(X) containing F1(X). Then, a surjective map φ : A −→B satisfies
(1.2) if and only if there exists a nonzero scalar μ such that μ2 = 1, and one of the
following holds:

1. If dim(X) = ∞ , then there exists a bounded invertible linear operator U on X
such that ‖Ux‖ = ‖x‖ for each x ∈ X and

φ(A) = μUAU−1 (A ∈ A ) .

2. If X = Cn with n � 3 , then there exists a nonsingular matrix U ∈ Mn(C) such
that ‖Ux‖ = ‖x‖ for each x ∈ Cn and

φ(A) = μUAU−1 (A ∈ A ) .

The rest of this paper is organized as follows. In Section 2, we present some
auxiliary results on the numerical range and the numerical radius. Sections 3, 4 and 5
contain proofs of our main results.

2. Preliminaries

In this section, we present some auxiliary results needed for the proof of our main
results. The first result summarizes some known basic properties of the ε -pseudo spec-
trum and the ε -pseudo spectral radius. Formore information about these notions, one
can see [15, 20].

PROPOSITION 2.1. For an operator A ∈ B(X), the following statements hold.

1) For every nonzero scalars α,β ∈ C , σε (αI + βA) = {α}+ β ·σ ε
|β |

(A).

2) For every bijective isometry U ∈ B(X), σε(UAU−1) = σε(A).
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3) For every conjugate isometry operator U, σε(UAU−1) = σε(A).

Consequently, we have:

4) For every nonzero scalar β ∈ C , rε (βA) = |β |r ε
|β |

(A).

5) For every bijective isometry or conjugate isometry U ∈ B(X), rε(UAU−1) =
rε (A).

The second one we shall need the following observations regarding the ε -pseudo
spectral radius of rank one operators. By checking the proof of [15, Lemma 6 ], one
can obtain the following result.

LEMMA 2.2. Let (x, f ) ∈ X ×X∗ , (xn)n ⊆ X , ( fn)n ⊆ X∗ and (εn)n ⊆ (0,+∞)
such that limn→+∞ εn = 0. Then the following statements hold.

1) If limn→+∞ |〈xn, f 〉| = +∞, then limn→+∞ rεn (xn⊗ f ) = +∞.

2) If limn→+∞ ‖xn− x‖ = 0, then limn→+∞ rεn (xn ⊗ f ) = | f (x)| .
3) If limn→+∞ |〈x, fn〉| = +∞, then limn→+∞ rεn (x⊗ fn) = +∞.

4) If limn→+∞ ‖ fn − f‖ = 0, then limn→+∞ rεn (x⊗ fn) = | f (x)| .

Proof. For A ∈ B(X), the following equality always holds

σε(A) =
⋃

{σ(A+E) : E ∈ B(X), ‖E‖ � ε} . (2.1)

(See, for example, [14]). Then, (2.1) gives

rε (A) = sup{r(A+E) : E ∈ B(X), ‖E‖ � ε} .

In particular,
r(A)+ ε � rε (A) � ‖A‖+ ε. (2.2)

1) We have r (x⊗ f ) = | f (x)| , and then for each n � 1 using the first inequality
in (2.2) we have

| f (xn)|+ εn = r (xn ⊗ f )+ εn � rεn (xn⊗ f ) .

Since
lim

n→+∞
| f (xn)|+ εn = +∞,

then
lim

n→+∞
rεn (xn⊗ f ) = +∞.

2) From

| f (xn)|+ εn = r (xn⊗ f )+ εn � rεn (xn ⊗ f ) (n ∈ N),
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since limn→+∞ ‖xn− x‖ = 0 and limn→+∞ εn = 0, then,

lim
n→+∞

| f (xn)|+ εn = | f (x)| .

Therefore, | f (x)| � liminfrεn(xn ⊗ f ). Now, let ε > 0, for

D = {z ∈ C : |z| < | f (x)|+ ε} ,

using the upper semi-continuity of the spectrum [1, Theorem 3.4.2 ], we find δ > 0
such that ‖T‖ < δ implies

σ (x⊗ f +T ) ⊆ D.

Let p � 1 is a natural number such that n � p implies εn < δ
2 and ‖xn− x‖‖ f‖ < δ

2 .
Then n � p and ‖T‖ � εn implies

‖xn ⊗ f − x⊗ f +T‖ = ‖(xn− x)⊗ f +T‖
� ‖(xn− x)⊗ f‖+‖T‖
� ‖xn− x‖‖ f‖+‖T‖
<

δ
2

+
δ
2

= δ ,

which gives

σ (xn⊗ f +T ) = σ (x⊗ f + xn⊗ f − x⊗ f +T ) ⊆ D.

Therefore,
r (xn⊗ f +T ) � | f (x)|+ ε (n � p, ‖T‖ � εn) .

Taking the supremum over T, then

rεn (xn⊗ f ) � | f (x)|+ ε (n � p) .

Thus,
limsuprεn (xn⊗ f ) � | f (x)|+ ε for all ε > 0,

hence,
limsuprεn (xn⊗ f ) � | f (x)| .

Consequently,
lim

n→+∞
rεn (xn ⊗ f ) = | f (x)| .

By a similar argument as above, one can obtain that 3) and 4) hold. �
In the case of operators acting on a Hilbert space, the ε -pseudo spectral radius of

rank-one operators can be computed explicitly.

REMARK 2.3. ([11, 12]) Let (H ,〈 , 〉) be a complex Hilbert space. If x and y
are two vectors in H , then

rε (x⊗ y) =
1
2

(√
|〈x,y〉|2 +4ε2 +4ε ‖x‖‖y‖+ |〈x,y〉|

)
.
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The third result provides the asymptotic behavior for the ε -pseudo spectral radius
of square-zero operators.

LEMMA 2.4. ([15]) Let A ∈ B(X) such that A2 = 0 . Then

lim
δ→0

rδ (A)√
δ

=
√
‖A‖.

The following lemma, proved in [15], gives a characterization of zero operators in
term of the pseudo spectral radius.

LEMMA 2.5. An operator A ∈ B(X) is zero if and only if rε (A) = ε.

The following lemma is quoted from [3], determines the structure of mappings
that preserve the double product divisors of zero.

LEMMA 2.6. Let X be a complex Banach space with dimX � 3, and A , B two
subsets of B(X) containing F1(X). Suppose that φ ,ψ : A −→ B are two surjective
maps satisfying

φ(A)ψ(B) = 0 ⇐⇒ AB = 0 (2.3)

for all A,B ∈ A . Then the following statements hold.

1. If dim(X) = ∞ , then there exist two maps k : X ×X∗ −→ X , (x, f ) �→ k f (x) and
h : X ×X∗ −→ X∗,(x, f ) �→ hx( f ) and a bounded invertible linear or conjugate
linear operator U on X such that

φ(x⊗ f ) = k f (x)⊗ (U−1)∗ f and ψ(x⊗ f ) = Ux⊗hx( f ) (2.4)

for all (x, f ) ∈ X ×X∗ .

2. If X = Cn with n � 3, then there exist two maps k,h : Cn×Cn −→ Cn, (x,y) �→
ky(x),(x,y) �→ hx(y) , a nonsingularmatrix U ∈Mn(C) and a ring automorphism
τ of C such that

φ(x⊗ y) = ky(x)⊗ (U−1)∗yτ and ψ(x⊗ y) = Uxτ ⊗hx(y) (2.5)

for all x,y ∈ Cn.

The following is a consequence of the above lemma.

LEMMA 2.7. Let X be a complex Banach space with dim(X) � 3. Suppose that
h : X −→ X , k : X∗ −→ X∗ are two surjective maps satisfying

〈h(x) ,k ( f )〉 = 0 ⇐⇒ 〈x, f 〉 = 0 ((x, f ) ∈ X ×X∗) . (2.6)

Then the following statements hold.
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1. If dim(X) = ∞, then there exist two scalar-valued functions μ : X −→ C \ {0},
ν : X∗ −→ C\{0} and a bounded invertible linear or conjugate linear operator
U on X such that

h(x) = μ(x)U(x) and k( f ) = ν( f )(U−1)∗( f ) ((x, f ) ∈ X ×X∗) .

2. If X = Cn, with n � 3, then there exist two scalar-valued functions μ ,ν : Cn −→
C\{0}, a nonsingularmatrix U ∈Mn(C) and a ring automorphism τ of C such
that

h(x) = μ(x)U (xτ) and k(x) = ν(x)(U−1)∗ (xτ) (x ∈ Cn) .

Proof. Applying Lemma 2.6 in the case when A = B = F1(X) and φ(x⊗ f ) =
x⊗ k( f ), ψ(x⊗ f ) = h(x)⊗ f for all x⊗ f ∈ F1(X). Since

〈h(x) ,k ( f )〉 = 0 ⇐⇒ 〈x, f 〉 = 0 ((x, f ) ∈ X ×X∗) ,

it follows that φ ,ψ : F1(X) −→ F1(X) are two surjective maps satisfying

φ(A)ψ(B) = 0 ⇐⇒ AB = 0 (A,B ∈ F1(X)) ,

hence φ and ψ satisfy the hypothesis of Lemma 2.6. Therefore, there exist two maps
α : X ×X∗ → X and β : X ×X∗ → X∗ such that one of the following results hold:

1. If dim(X) = ∞ , then there exists a bounded invertible linear or conjugate linear
operator U on X such that

φ(x⊗ f )= α(x, f )⊗(U−1)∗ f and ψ(x⊗ f )=Ux⊗β (x, f ) ((x, f ) ∈ X ×X∗) .

2. If X = Cn, with n � 3, then there exist a nonsingular matrix U ∈ Mn(C) and a
ring automorphism τ of C such that

φ(x⊗ f ) = α(x, f )⊗ (U−1)∗ f τ and ψ(x⊗ f ) = Uxτ ⊗β (x, f ) (x, f ∈ Cn) .

On the other hand, since φ(x⊗ f ) = x⊗ k( f ), ψ(x⊗ f ) = h(x)⊗ f for all x⊗ f ∈
F1(X), we conclude that

1. if dim(x) = ∞, then there exist two scalar-valued functions μ ,ν : x −→ C\ {0}
such that

h(x) = μ(x)U(x) and k(x) = ν(x)(U−1)∗(x) for all x ∈ X ,

2. if X = Cn, with n � 3, then there exist two scalar-valued functions μ ,ν : Cn −→
C\ {0} such that

h(x) = μ(x)U(xτ) and k(x) = ν(x)(U−1)∗(xτ ) for all x ∈ Cn. �
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3. Proof of Theorems 1.1 and 1.3

Checking the “if ” part is straightforward, so we will only deal with the “only if ”
part. Then assume that φ ,ψ : A −→ B are two surjective maps satisfying (1.1) This,
together with Lemma 2.5 imply that

φ(A)ψ(B) = 0 ⇐⇒ AB = 0

for all A,B ∈ A . Thus we can assume that φ and ψ have the forms given in Lemma
2.6. Therefore,

φ(x⊗ f ) = k f (x)⊗ (U−1)∗ f τ1 and ψ(x⊗ f ) =Uxτ1 ⊗hx( f ) (3.1)

for all x⊗ f ∈ F1(X), where

xτ1 =
{

xτ if X = Cn

x if dim(X) = ∞

for all x ∈ X or x ∈ X∗. We also denote

η(z) :=

⎧⎨
⎩

τ(z) if X = Cn

z if dim(X) = ∞ and U is conjugate linear
z if dim(X) = ∞ and U is linear

for all z ∈ C .
We will complete the proof by checking five assertions.

ASSERTION 1. For every vector (y, f ) ∈ X ×X∗ such that 〈y, f 〉 �= 0, we have
k f (·) and hy(·) are surjective maps satisfying are surjective maps satisfying

∣∣〈k f (x),hy(g)
〉∣∣ =

|〈y, f 〉|
|η (〈y, f 〉)| |〈x,g〉| ((x,g) ∈ X ×X∗) . (3.2)

Moreover,
〈x,g〉 = 0 ⇐⇒ 〈

k f (x),hy(g)
〉

= 0 ((x,g) ∈ X ×X∗) . (3.3)

Proof. Let (y, f ) ∈ X ×X∗ such that 〈y, f 〉 �= 0. First, let us show that k f (·) and
hy(·) are surjective. To do it, for k f (·), it suffice to show that the folowing equality
holds

φ ({u⊗ f : u ∈ X \ {0}}) =
{
u⊗ (U−1)∗ f τ1 : u ∈ X \ {0}}. (3.4)

Since φ ({u⊗ f : u ∈ X \ {0}})⊆{
u⊗ (U−1)∗ f τ1 : u ∈ X \ {0}} is obvious, we only

need to establish the other inclusion. Let u be a nonzero vector in X , from [3, Proof
of Theorem 2.1, Assertion 3 ] φ preserves rank one operators in both directions, then
there exists v⊗h ∈ F1(X) such that

u⊗ (U−1)∗ f τ1 = φ(v⊗h) = kh(v)⊗ (U−1)∗hτ1 .
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It follows that f and h are linearly dependent, and so h = α f for some nonzero scalar
α. Thus,

φ(αv⊗ f ) = φ(v⊗h) = u⊗ (U−1)∗ f τ1 ,

and the equality (3.4) is proved. The surjectivity of k f (·) follows immediately. The
same arguments prove that hy(·) is surjective.

Next, let us show that k f (·) and hy(·) satisfy the conclusion. Let (x,g) ∈ X ×X∗,
pick up a sequence (zn)n�1 ⊆ X such that limn→+∞ ‖zn − k f (x)‖ = 0. Since k f (·) is
surjective, it follows that kn f (·) must be surjective too for each natural number n � 1.
This implies that for each n � 1, there exists wn ∈ X such that kn f (wn) = zn. Therefore,
by Equations (1.1) and (3.1), we have

r ε
p

(
η (〈y, f 〉)k f (x)⊗hpy(g)

)
=

1
p
rε

(
pη (〈y, f 〉)k f (x)⊗hpy(g)

)
=

1
p
rε

(
k f (x)⊗ (U−1)∗ f τ1U(py)τ1 ⊗hpy(g)

)
=

1
p
rε (φ(x⊗ f )ψ(py⊗g))

=
1
p
rε ((x⊗ f )(py⊗g))

=
1
p
rε (p〈y, f 〉x⊗g)

= r ε
p
(〈y, f 〉x⊗g)

for all p � 1. Letting p → +∞, by Lemma 2.2 obtain that

lim
p→+∞

∣∣〈k f (x),hpy(g)
〉∣∣ =

|〈y, f 〉|
|η (〈y, f 〉)| |〈x,g〉| (3.5)

On the other hand,

r ε
n
(η (〈y, f 〉)zn ⊗hy(g)) = r ε

n

(
η (〈y, f 〉)kn f (wn)⊗hy(g)

)
=

1
n
rε

(
nη (〈y, f 〉)kn f (wn)⊗hy(g)

)
=

1
n
rε

(
kn f (wn)⊗ (U−1)∗(n f )τ1Uyτ1 ⊗hy(g)

)
=

1
n
rε (φ(wn ⊗n f )ψ(y⊗g))

=
1
n
rε ((wn ⊗n f )(y⊗g))

=
1
n
rε (n〈y, f 〉wn ⊗g)

= r ε
n
(〈y, f 〉wn ⊗g) .

Letting n → +∞, then Lemma 2.2 implies that∣∣〈ky(x),hy(g)
〉∣∣ =

|〈y, f 〉|
|η (〈y, f 〉)| lim

n→+∞
|〈wn,g〉| . (3.6)
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In the same manner, we also have

r ε
np

(
η (〈y, f 〉)kn f (wn)⊗hpy(g)

)
= r ε

np
(〈y, f 〉wn ⊗g) ,

and therefore, letting n → +∞ and p → +∞, by Lemma 2.2, we obtain that

lim
n,p→+∞

∣∣〈kn f (wn),hpy(g)
〉∣∣ =

|〈y, f 〉|
|η (〈y, f 〉)| lim

n→+∞
|〈wn,g〉| .

This together with equations (3.5), (3.6) imply that

∣∣〈k f (x),hy(g)
〉∣∣ =

|〈y, f 〉|
|η (〈y, f 〉)| |〈x,g〉|

for all (x,g) ∈ X ×X∗, and hence

〈x,g〉 = 0 ⇐⇒ 〈
k f (x),hy(g)

〉
= 0

for all (x,g) ∈ X ×X∗. �
ASSERTION 2. There exist two scalar-valued functions d, l : X \{0}×X∗\{0}→

C\ {0}, (x, f ) �→ d f (x); (x, f ) �→ lx( f ) such that one of the following results:

1. If dim(X) = ∞, then there exists a bounded invertible linear or conjugate linear
operator V such that

k f (x)= d f (x)V (x) and hx( f )= lx( f )(V−1)∗( f ) ((x, f ) ∈ X \ {0}×X∗ \ {0}).
(3.7)

2. If X = Cn, with n � 3, then there exist a nonsingular matrix V ∈ Mn(C) and a
ring automorphism τ ′ of C such that

ky(x) = dy(x)V (xτ ′) and hx(y) = lx(y)(V−1)∗(yτ ′) (x,y ∈ Cn \ {0}). (3.8)

Proof. Let (y, f ) ∈ X ×X∗ such that 〈y, f 〉 �= 0. By Assertion 1, we see that k f (·)
and hy(·) are surjective maps satisfying (3.3). Then in light of Lemma 2.7, we have the
following two possibilities:

1. If dim(X) = ∞, then there exist two scalar-valued functions μ f : X −→ C\ {0},
νy : X∗ −→ C\ {0} and two bounded invertible linear or conjugate linear opera-
tors Vf ,Vy on X with Vf and Vy are linearly dependent such that

k f (x) = μ f (x)Vf (x) and hy(g) = νy(g)(V−1
y )∗(g) ((x,g) ∈ X ×X∗) . (3.9)

2. If X = Cn, with n � 3, then there exist two scalar-valued functions μ f ,νy :
Cn −→ C \ {0} and two nonsingular matrices Vf ,Vy ∈ Mn(C) with Vf and Vy

are linearly dependent and two ring automorphisms τ f , τy of C such that

k f (x) = μ f (x)Vf (xτ f ) and hy(x) = νy(x)(V−1
y )∗ (xτy) (x ∈ Cn) . (3.10)



350 H. NKHAYLIA

Now, we claim that τy = τ f for all y, f ∈ Cn \{0}. Indeed, let y, f ∈ Cn with 〈y, f 〉 �= 0
and x,z ∈ Cn two unit vectors with 〈x,z〉 = 0. Clearly,

〈μx− z,x+ μz〉= 0

for all μ ∈ C. From (3.3) and (3.10), we have

0 =
〈
k f (μx− z),hy(x+ μz)

〉
=

〈
Vf ((μx− z)τ f ) ,(V−1

y )∗ ((x+ μz)τy)
〉

= τ f (μ)
〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉− τy(μ)

〈
Vf (zτ f ),(V−1

y )∗(zτy)
〉

+τ f (μ)τy(μ)
〈
Vf (xτ f ),(V−1

y )∗(zτy)
〉− 〈

Vf (zτ f ),(V−1
y )∗(xτy)

〉
= τ f (μ)

〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉− τy(μ)

〈
Vf (zτ f ),(V−1

y )∗(zτy)
〉

for all μ ∈ C. Therefore,

τ f (μ)
〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉− τy(μ)

〈
Vf (zτ f ),(V−1

y )∗(zτy)
〉

= 0 (3.11)

for all μ ∈ C . Choosing μ = 1 in the above equality, we obtain that〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉

=
〈
Vf (zτ f ),(V−1

y )∗(zτy)
〉
. (3.12)

This, together with Equation (3.11) imply that(
τ f (μ)− τy(μ)

)〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉

= 0

for all μ ∈C. Again by (3.3) and the fact that 〈x,x〉 �= 0, we have
〈
Vf (xτ f ),(V−1

y )∗(xτy)
〉

�= 0. Then
τ f (μ) = τy(μ)

for all μ ∈ C. Thus, τy = τ f for all y, f ∈ Cn with 〈y, f 〉 �= 0. In the other case, if
y, f ∈ Cn \ {0} with 〈y, f 〉 = 0, then there exists z ∈ Cn such that 〈z,y〉 �= 0, and
〈z, f 〉 �= 0. Then τz = τy and τz = τ f . Therefore, τy = τ f for all y, f ∈Cn \{0}. Hence,
there exists a ring automorphism τ ′ of C with τx = τ ′ for all x∈Cn\{0}, which proves
the claim.

Next, let us show that there exist a nonzero scalar βx depending only on x, and if
dim(X) = ∞ (resp, X = Cn ) there exists a bounded invertible linear or conjugate linear
operator (resp, nonsingular matrix) V independent of x such that Vx = βxV for all
x ∈ X \ {0}. Indeed, note that Vf and Vy are linearly dependent for all (y, f ) ∈ X ×X∗
with 〈y, f 〉 �= 0. In the other case, if (y, f ) ∈X \{0}×X∗\{0} such that 〈y, f 〉= 0, then
there exists (z,h)∈X×X∗ such that 〈z,h〉 �= 0, 〈y,h〉 �= 0 and 〈z, f 〉 �= 0. It follows that
Vz , Vh are linearly dependent, Vy, Vh are linearly dependent and Vz, Vf are also linearly
dependent. Therefore, Vy and Vf are linearly dependent for all (y, f ) ∈ X \ {0}×X∗ \
{0}. So, there exists a scalar-valued function β : X \ {0} −→ C \ {0}; x �→ βx and if
dim(X) = ∞ (resp, X = Cn ) there exists a bounded invertible linear or conjugate linear
operator (resp, nonsingular matrix) V independent of x such that

Vx = βxV for all x ∈ X \ {0}. (3.13)



MULTIPLICATIVELY PSEUDO SPECTRUM PRESERVING MAPS ON BANACH SPACES 351

Finally, set d f (x) = βxμ f (x), lx( f ) = νx( f )
βx

for all (x, f ) ∈ X \ {0}×X∗ \ {0}. This,

together with (3.9), (3.10) and (3.13) tell us that

k f (x) = d f (x)V (xτ ′1) and hx( f ) = lx( f )(V−1)∗( f τ ′1) (3.14)

for all (x, f ) ∈ X \ {0}×X∗ \ {0}, where

xτ ′1 =
{

xτ ′ if X = Cn

x if dim(X) = ∞

for all x ∈ X or x ∈ X∗. Thus, the proof of Assertion 2 is complete. �
ASSERTION 3. There exist two scalar-valued functions α,β : A �→ C\ {0} sat-

isfying α(A )β (A ) ⊆ T and

φ(A) = α(A)VAU−1 and ψ(A) = β (A)UAV−1 for all A ∈ A .

Proof. From equations (2.4) and (2.5) in Lemma 2.7 and Assertion 2, it follows
that

φ(x⊗ f ) = d f (x)Vxτ ′1 ⊗ (U−1)∗ f τ1 and ψ(x⊗ f ) = lx( f )Uxτ1 ⊗ (V−1)∗ f τ ′1

for all (x, f ) ∈ X \ {0}×X∗ \ {0}. We define the maps h1,h2 : F1(X) �→ C\ {0} by

h1(x⊗ f ) = d f (x) if x⊗ f �= 0, h1(0) = 1, (3.15)

and
h2(x⊗ f ) = lx( f ) if x⊗ f �= 0, h2(0) = 1. (3.16)

Hence,

φ(x⊗ f ) = h1(x⊗ f )Vxτ ′1 ⊗ (U−1)∗ f τ1 and ψ(x⊗ f ) = h2(x⊗ f )Uxτ1 ⊗ (V−1)∗ f τ ′1

(3.17)
for all x⊗ f ∈ F1(X).

To complete the proof of Assertion 3, we will proceed in two steps.

Step 1. There exist nonzero scalars μ and ν satisfying μν = 1 and

|h1(x⊗ f )| = μ and |h2(x⊗ f )| = ν for all nonzero x⊗ f ∈ F1(X). (3.18)

By equations (3.2), (3.14), (3.15) and (3.16), we have

|〈y, f 〉|
|η (〈y, f 〉)| |〈x,g〉| =

∣∣〈k f (x),hy(g)
〉∣∣

=
∣∣∣〈d f (x)Vxτ ′1 , ly(g)(V−1)∗gτ ′1

〉∣∣∣
=

∣∣∣〈h1(x⊗ f )Vxτ ′1 ,h2(y⊗g)(V−1)∗vτ ′1
〉∣∣∣

= |h1(x⊗ f )h2(y⊗g)|∣∣η ′ (〈x,g〉)∣∣
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for all (x, f ),(y,g) ∈ X ×X∗ with 〈y, f 〉 �= 0, where

η ′(z) :=

⎧⎨
⎩

τ ′(z) if X = Cn

z if dim(X) = ∞ and V is conjugate linear
z if dim(X) = ∞ and V is linear

for all z ∈ C. Therefore,

|h1(x⊗ f )h2(y⊗g)|= |〈y, f 〉| |〈x,g〉|
|η(〈y, f 〉)| |η ′ (〈x,g〉)| (3.19)

for all (x, f ),(y,g) ∈ X × X∗ with 〈x,g〉 �= 0 and 〈y, f 〉 �= 0. We have two cases to
discuss:

Case 1. If dim(X) = ∞, we have

|h1(x⊗ f )h2(y⊗g)|= |〈y, f 〉| |〈x,g〉|
|η(〈y, f 〉)| |η ′ (〈x,g〉)| = 1 (3.20)

for all (x, f ),(y,g) ∈ X×X∗ with 〈y, f 〉 �= 0 and 〈x,g〉 �= 0. Now, let (x, f ),(y,g) ∈ X ×
X∗ with 〈x,g〉 �= 0 and 〈y, f 〉 = 0. Choose (w,h) ∈ X ×X∗ with 〈w,h〉 �= 0, 〈w, f 〉 �= 0
and 〈y,h〉 �= 0. Therefore, the equality (3.20) implies that

|h1(x⊗ f )h2(w⊗g)| = 1 , |h1(x⊗h)h2(w⊗g)|= 1 and |h1(x⊗h)h2(y⊗g)|= 1,

and thus,

|h1(x⊗ f )h2(y⊗g)| = |h1(x⊗ f )h1(x⊗h)h2(w⊗g)h2(y⊗g)|
= |h1(x⊗ f )h2(w⊗g)h1(x⊗h)h2(y⊗g)|
= 1.

Next, assume that 〈x,g〉 = 0, choose (z,k) ∈ X ×X∗ with 〈z,k〉 �= 0, 〈z,g〉 �= 0 and
〈x,k〉 �= 0. By (3.20), we have

|h1(x⊗ f )h2(z⊗ k)| = 1 , |h1(z⊗ f )h2(z⊗ k)| = 1 and |h1(z⊗ f )h2(y⊗g)|= 1.

Then,

|h1(x⊗ f )h2(y⊗g)| = |h1(x⊗ f )h1(z⊗ f )h2(z⊗ k)h2(y⊗g)|
= |h1(x⊗ f )h2(z⊗ k)h1(z⊗ f )h2(y⊗g)|
= 1.

Consequently,
|h1(x⊗ f )h2(y⊗g)|= 1

for all (x, f ),(y,g) ∈ X ×X∗.

Case 2. If X = Cn, obviously, from (3.19), we have

|h1(x⊗u)h2(y⊗ v)|= |〈y,u〉| |〈x,v〉|
|η (〈y,u〉)| |η ′ (〈x,v〉)| = 1 (3.21)
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for all x,y,u,v ∈ Cn with 〈y,u〉 and 〈x,v〉 are nonzero integers. Next, assume that
x,y,u,v ∈ Cn with 〈y,u〉 �= 0 and 〈x,v〉 is a nonzero integer. Considering y and u are
linearly dependent or independent, we discuss the two cases respectively.

If y and u are linearly independent, then

{z ∈ Cn : 〈z,y〉 = 1} and {z ∈ Cn : 〈z,u〉 = 1}
are two non-parallel affine hyperplanes of Cn . So

{z ∈ Cn : 〈z,y〉 = 1}∩{z ∈ Cn : 〈z,u〉 = 1}
is a nonempty affine hyperplane, hence there exists z ∈ Cn with 〈z,z〉 is a nonzero
integer and

〈z,y〉 = 1 and 〈z,u〉 = 1.

Therefore, the equality (3.21) implies that

|h1(x⊗u)h2(z⊗ v)| = 1 and |h1(x⊗ z)h2(z⊗ v)|= 1 and |h1(x⊗ z)h2(y⊗ v)|= 1.

Hence,

|h1(x⊗u)h2(y⊗ v)| = |h1(x⊗u)h1(x⊗ z)h2(z⊗ v)h2(y⊗ v)|
= |h1(x⊗u)h2(z⊗ v)h1(x⊗ z)h2(y⊗ v)|
= 1.

If y and u are linearly dependent. Choose z ∈ Cn such 〈z,z〉 is positive integer
and y,z are linearly independent. By the previous case we conclude that

|h1(x⊗u)h2(z⊗ v)|= 1, |h1(x⊗ z)h2(z⊗ v)|= 1 and |h1(x⊗ z)h2(y⊗ v)|= 1,

hence

|h1(x⊗u)h2(y⊗ v)| = |h1(x⊗u)h1(x⊗ z)h2(z⊗ v)h2(y⊗ v)|
= |h1(x⊗u)h2(z⊗ v)h1(x⊗ z)h2(y⊗ v)| |
= 1.

We conclude that
|h1(x⊗u)h2(y⊗ v)|= 1

for all x,y,u,v ∈ Cn with 〈y,u〉 �= 0 and 〈x,v〉 is a nonzero integer.
Finally, if x,y,u,v ∈ Cn with 〈y,u〉 = 0 and 〈x,v〉 is a nonzero integer. Choose a

vector z ∈ Cn with 〈z,u〉 〈z,y〉 �= 0, then

|h1(x⊗u)h2(z⊗ v)|= 1, |h1(x⊗ z)h2(z⊗ v)|= 1 and |h1(x⊗ z)h2(y⊗ v)|= 1,

hence

|h1(x⊗u)h2(y⊗ v)| = |h1(x⊗u)h1(x⊗ z)h2(z⊗ v)h2(y⊗ v)|
= |h1(x⊗u)h2(z⊗ v)h1(x⊗ z)h2(y⊗ v)| |
= 1.
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We conclude that
|h1(x⊗u)h2(y⊗ v)|= 1

for all x,y,u,v ∈ Cn with 〈x,v〉 is a nonzero integer. Now, in a similar way to the above
discussion, we get

|h1(x⊗u)h2(y⊗ v)|= 1 for all x,y,u,v ∈ Cn

with 〈x,v〉 is not nonzero integer. Hence,

|h1(x⊗u)h2(y⊗ v)|= 1 (3.22)

for all x,y,u,v∈Cn. We conclude that in both cases, that is, dim(X) is finite or infinite,
we have

|h1(x⊗ f )h2(y⊗g)|= 1

for all (x, f ),(y,g) ∈ X ×X∗. Consequently, there exist nonzero scalars μ and ν satis-
fying μν = 1 and

|h1(x⊗ f )| = μ and |h2(x⊗ f )| = ν (3.23)

for all (x, f ) ∈ X ×X∗.

Step 2. The statement of Assertion 3 holds.
From (3.19), (3.22) we conclude that τ and τ ′ are continuous, and this implies

that τ and τ ′ are either the identity or the conjugation. So in the rest of this section U
denotes the bounded invertible linear or conjugate linear operator on X given in Lemma
2.6, and V is also the bounded invertible linear or conjugate linear operator on X given
in the previous assertion. Set Φ(A) := V−1φ(A)U. Let A ∈ A \ {0}, we claim that
Φ(A) and A are linearly dependent for all A ∈ A \{0}. Indeed, from (1.1), (3.17) and
(3.23), we have

r ε
n

(
νφ(A)Ux⊗ (V−1)∗ f

)
=

1
n
rε

(
φ(A)h2(nx⊗ f )U(nx⊗ (V−1)∗ f

)
=

1
n
rε (φ(A)ψ(nx⊗ f ))

=
1
n
rε (A(nx⊗ f ))

= r ε
n
(Ax⊗ f )

for all A ∈ A \ {0}, (x, f ) ∈ X ×X∗ and natural number n � 1. Therefore,

r ε
n

(
νφ(A)Ux⊗ (V−1)∗ f

)
= r ε

n
(Ax⊗ f ) (3.24)

for all A ∈ A \{0}, (x, f ) ∈ X ×X∗ and natural number n � 1. Letting n →+∞, then
Lemma 2.2 and (3.24) imply that∣∣〈νφ(A)Ux,(V−1)∗ f

〉∣∣ = |〈Ax, f 〉|
for all A ∈ A \ {0}, (x, f ) ∈ X ×X∗. Thus,∣∣〈νV−1φ(A)Ux, f

〉∣∣ = |〈Ax, f 〉| (3.25)
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for all A ∈ A \ {0}, (x, f ) ∈ X ×X∗. It then follows that ker(Φ(A)) = ker(A) for all
A ∈ A \ {0}. Denote M = ker(A) and for the quotient X̂ := X/M, consider the linear
bounded operators

Φ̂(A), Â : X̂ �→ X given by Φ̂(A)(x̂) = V−1φ(A)U(x) and Â(x̂) = A(x).

Let x ∈ X/M there exists a unique nonzero scalar λx such that Φ(A)x = λxA∗x . Now,
we claim that the scalar-valued function x �→ λx is constant on X/M . Indeed, let x,y ∈
X/M, observe first that if x and y are linearly dependent, then have obviously λx = λy.
Thus we may assume that x and y are linearly independent. Then, we have

Φ(A)(x+ y) = Φ(A)x+ Φ(A)y = λxAx+ λyAy,

on the other hand,

Φ(A)(x+ y) = λx+yA(x+ y) = λx+yAx+ λx+yAy,

therefore,
(λx+y −λx)Ax = (λy −λx+y)Ay,

thus,
A((λx+y −λx)x− (λy−λx+y)y) = 0.

Hence,
Â((λx+y −λx)x− (λy−λx+y)y) = 0.

Since Â is injective operator then, (λx+y − λx)x− (λy − λx+y)y = 0 and thus, λx =
λx+y = λy. Hence, there exists a nonzero scalar λ such that Φ(A)x = λAx for all
x ∈ X/M , so, Φ(A)x = λAx for all x ∈ X . Consequently Φ(A) and A are linearly
dependent, this implies that there exists a scalar-valued function α : A �→ C\{0} such
that

φ(A) = α(A)VAU−1 (3.26)

for all A ∈ A . Equation (3.25) implies that |α(A)| = μ for all A ∈ A . Clearly, we
have α(A) = h1(A) if A is of rank one. The same arguments prove that there exists a
scalar-valued function β : A �→ C\ {0} such that

ψ(A) = β (A)UAV−1 (3.27)

for all A ∈ A , with β (A) = h2(A) if A ∈ F1(X) and |β (A)| = ν for all A ∈ A . �
ASSERTION 5. There exists α > 0 such that ‖Vx‖ = α ‖x‖ for all x ∈ X .

Proof. Let A,B ∈ A and let n � 1 be a natural number. From equations (1.1),
(3.26), (3.27) and Assertion 4, we have

r ε
n

(
VABV−1) =

1
n
rε

(
V (nA)BV−1) =

1
n
rε

(
α(nA)β (B)V (nA)U−1UBV−1)

=
1
n
rε (φ(nA)ψ(B))

=
1
n
rε ((nA)B)

= r ε
n
(AB) .
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In particular, for A = x⊗ f and B = y⊗g with 〈y, f 〉 = 1 and 〈x,g〉 = 0, we get

r ε
n

(
Vx⊗gV−1) = r ε

n
(x⊗g).

Since (x⊗ g)2 = 0 if and only if (Vx⊗ gV−1)2 = 0, it follows from Lemma 2.4, we
obtain √

‖Vx‖‖(V−1)∗g‖ =
√
‖Vx⊗gV−1‖ = lim

n→+∞

r ε
n

(
Vx⊗gV−1

)
√

ε
n

= lim
n→+∞

r ε
n
(x⊗g)√

ε
n

=
√
‖x⊗g‖=

√
‖x‖‖g‖.

Hence,
‖Vx‖∥∥(V−1)∗g

∥∥ = ‖x‖‖g‖ (3.28)

for all (x,g)∈X×X∗ such that 〈x,g〉= 0. Now, since dimX � 3, then for two arbitrary
nonzero vectors x,y ∈ X by considering f ∈ X∗ \{0} such that 〈x, f 〉 = 〈y, f 〉 = 0. By

formula (3.28) we obtain that ‖Vx‖
‖x‖ = ‖Vy‖

‖y‖ = ‖(V−1)∗ f‖
‖ f‖ . This implies that V is a λ

multiple of a unitary operator W. So, again by Equations (3.26), (3.27) we get

φ(A) = α(A)λWAU−1 and ψ(A) =
β (A)

λ
UAW−1 (3.29)

for all A ∈ A . Since |α(A)λ β (B)
λ | = |α(A)β (B)| = 1 for all A,B ∈ A , then the proof

of Theorems 1.1 and 1.3 is complete. �

4. Proof of Theorems 1.2, 1.4

Since the “only if” part is trivial, we only have to prove the “if part”; So, assume
that the maps φ and ψ satisfy (1.2) Clearly,

rε (φ(A)ψ(B)) = rε(AB) (4.1)

for all A,B ∈A . Thus we can assume that φ and ψ have the forms given in Theorems
1.1 and 1.3, i.e.,

φ(A) = h1(A)VAτ1U−1 and ψ(A) = h2(A)UAτ1V−1 (A ∈ A ) , (4.2)

where

Aτ1 =
{

Aτ if X = Cn

A if dim(X) = ∞

for all A ∈ B(X), and τ is either the identity or the conjugation. We also denote

η(z) :=

⎧⎨
⎩

τ(z) if X = Cn

z if dim(X) = ∞ and U is conjugate linear
z if dim(X) = ∞ and U is linear
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for all z ∈ C .
Now, we claim that U and V are linear and there exist two scalars μ ,ν such that

μν = 1, h1(A) = μ and h2(A) = ν for all A ∈ A . Moreover, if X = Cn then τ is the
identity of C. Indeed, let us first show that h1,h2 : A −→ C\{0} are in fact constants.
Let A ∈ A \ {0}, (x, f ) ∈ X ×X∗ and natural number n � 1, by equations (1.2) and
(4.2) we have (

σ ε
n

(
h1(A)V h2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

))V

=
(

σ ε
n

(
h1(A)V h2(nx⊗ f )VAτ1(x⊗ f )τ1

))V

=
1
n

σε
(
nVh1(A)V h2(nx⊗ f )VAτ1(x⊗ f )τ1V−1)

=
1
n

σε
(
Vh1(A)V h2(nx⊗ f )VAτ1(nx⊗ f )τ1V−1)

=
1
n

σε
(
h1(A)h2(nx⊗ f )(VAτ1U−1)(U(nx⊗ f )τ1V−1)

)
=

1
n

σε
(
(h1(A)VAτ1U−1)(h2(nx⊗ f )U(nx⊗ f )τ1V−1)

)
=

1
n

σε (φ(A)ψ(nx⊗ f ))

=
1
n

σε (A(nx⊗ f ))

= σ ε
n
(Ax⊗ f ) ,

where λV = λ (resp. λ ) if V is linear (resp. conjugate linear) for all scalars λ . Hence

σ ε
n

(
h1(A)V h2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V
= σ ε

n
(Ax⊗ f ) (4.3)

for all A ∈ A \ {0}, (x, f ) ∈ X ×X∗ and natural number n � 1.
Now, let A,B∈A \{0}, let us fix (x, f ) ∈ X×X∗ such that 〈Ax, f 〉= 〈Bx, f 〉 �= 0,

by equation (4.3), we have

σ ε
n

(
h1(A)Vh2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V = σ ε
n
(Ax⊗ f ) (n � 1) . (4.4)

This implies that⋂
n�1

σ ε
n

(
h1(A)V h2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V =
⋂
n�1

σ ε
n
(Ax⊗ f )= σ (Ax⊗ f )= {〈Ax, f 〉} .

Since σ(A)+D(0,ε) ⊆ σε(A) for all A ∈ B(X). Then,

D
(
h1(A)V h2(nx⊗ f )V τ1 (〈Ax, f 〉) ,

ε
n

)V

= σ
(
h1(A)Vh2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V +D
(
0,

ε
n

)V

⊆ σ ε
n

(
h1(A)Vh2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V (n � 1) .
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Therefore,

⋂
n�1

D
(
h1(A)V h2(nx⊗ f )V τ1 (〈Ax, f 〉) ,

ε
n

)V

⊆
⋂
n�1

σ ε
n

(
h1(A)Vh2(nx⊗ f )VAτ1xτ1 ⊗ f τ1

)V

⊆
⋂
n�1

σ ε
n
(Ax⊗ f )

⊆ σ (Ax⊗ f )
⊆ {〈Ax, f 〉} .

In the same manner, we also have

⋂
n�1

D
(
h1(B)V h2(nx⊗ f )V τ1 (〈Bx, f 〉) ,

ε
n

)V
⊆ {〈Bx, f 〉} .

Thus,

lim
n→+∞

h2(nx⊗ f )V =
〈Ax, f 〉

h1(A)V τ1 (〈Ax, f 〉) =
〈Bx, f 〉

h1(B)V τ1 (〈Bx, f 〉) .

This implies that h1(A) = h1(B), so h1 : A −→ C \ {0} is a constant map. By a
similar argument as above, we conclude that h2 : A −→ C \ {0} is a constant map.
Consequently, there exist two nonzero scalars μ and ν such that

h1(A) = μ and h2(A) = ν (4.5)

for all A ∈ A . Second, let us show that the operators U and V are linear and μν = 1.
Moreover, if X = Cn then τ is the identity of C. We claim that V is linear and μν = 1.
To do so, let (x, f ) ∈ X ×X∗ such that 〈x, f 〉 = 1, then by equations (1.2), (4.2) and
(4.5), we have

σ ε
n

(
μV νV τ1(α)xτ1 ⊗ f τ1

)V

=
1
n

σε
(
nμV νV τ1(〈αx, f 〉)xτ1 ⊗ f τ1

)V

=
1
n

σε
(
μV νV (xτ1 ⊗ f τ1)((nαx)τ1 ⊗ f τ1)

)V

=
1
n

σε
(
μV νV (x⊗ f )τ1(nαx⊗ f )τ1

)V

=
1
n

σε
(
V μV νV (x⊗ f )τ1(nαx⊗ f )τ1V−1)

)
=

1
n

σε
(
μν(V (x⊗ f )τ1U−1)(U(nαx⊗ f )τ1V−1)

)
=

1
n

σε
(
(μV (x⊗ f )τ1U−1)(νU(nαx⊗ f )τ1V−1)

)
=

1
n

σε
(
(h1(x⊗ f )V (x⊗ f )τ1U−1)(h2(nαx⊗ f )U(nαx⊗ f )τ1V−1)

)
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=
1
n

σε (φ(x⊗ f )ψ(nαx⊗ f ))

=
1
n

σε ((x⊗ f )(nαx⊗ f ))

=
1
n

σε (nα〈x, f 〉x⊗ f )

= σ ε
n
(αx⊗ f )

for all natural number n � 1 and α ∈ C\ {0}. It follows that{
μντ1(α)V

}
=

{
(μν)V τ1(α)τ1(〈x, f 〉)}V

= σ
(
(μν)V τ1(α)xτ1 ⊗ f τ1

)V

=
⋂
n�1

σ ε
n

(
(μν)V τ1(α)xτ1 ⊗ f τ1

)V

=
⋂
n�1

σ ε
n
(αx⊗ f )

= σ (αx⊗ f ) = {α〈x, f 〉} = {α}
for all α ∈ C \ {0}. This implies that μντ1(α)V = α for all α ∈ C \ {0}. If X = Cn

then, for α = 1 we obtain μν = 1, hence τ(α) = α for all α ∈ C\{0} . Thus τ is the
identity of C. Now, if dim(X) = ∞, then, for α = 1 we obtain μν = 1, hence αV = α
for all α ∈ C\ {0} . Thus V is linear operator.

Finally, we prove that if dim(X) = ∞, then U is linear. Indeed, assume by the
way of contradiction that U is conjugate linear. Then, let (x, f ) ∈ X ×X∗ such that
〈x, f 〉 = 1, then by equations (1.2), (4.2) and (4.5), we have

σ ε
n
(αx⊗ f ) =

1
n

σε

(
(V μνnα〈x, f 〉x⊗ fV−1

)
=

1
n

σε
(
(μV (nx⊗ f )U−1)(νU(αx⊗ f )V−1)

)
=

1
n

σε
(
(h1(nx⊗ f )V(nx⊗ f )U−1)(h2(αx⊗ f )U(αx⊗ f )V−1)

)
=

1
n

σε (φ(nx⊗ f )ψ(αx⊗ f ))

=
1
n

σε ((nx⊗ f )(αx⊗ f ))

=
1
n

σε (nα〈x, f 〉x⊗ f )

= σ ε
n
(αx⊗ f )

for all natural number n � 1 and α ∈ C\ {0}. Thus,

{α} =
{

α〈x, f 〉
}

= σ (αx⊗ f ) =
⋂
n�1

σ ε
n
(αx⊗ f )

=
⋂
n�1

σ ε
n
(αx⊗ f ) = σ (αx⊗ f ) = {α〈x, f 〉} = {α}
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for all α ∈ C\{0}. This implies that α = α for all α ∈ C\{0}, which is a contradic-
tion and so U is linear. Thus, we obtain the desired forms of φ and ψ , then the proof
of Theorems 1.2 and 1.4 is complete. �

5. Proof of Corollaries 1.5 and 1.6

We start with the proof of Corollary 1.5. The “if” part is straightforward. Then
assume that φ ,ψ : A −→ B are two surjective maps satisfying (1.1) From Theo-
rems 1.1 and 1.3, there exist two scalar-valued functions h1,h2 : A −→ C \ {0} with
h1(A )h2(A )⊆T, and two bounded invertible linear or conjugate linear operators U,V
on X such that ‖Vx‖ = ‖x‖ for each x ∈ X ,

φ(A) = h1(A)VAU−1

and
φ(A) = h2(A)UAV−1

for all A ∈ A . It then follows that

h1(x⊗ f )V (x⊗ f )U−1 = φ(x⊗ f ) = h2(x⊗ f )U(x⊗ f )V−1

for all x⊗ f ∈ F1(X), This implies that,

h1(x⊗ f )Vx⊗ (U−1V )∗ f = h1(x⊗ f )V (x⊗ f )U−1V = h2(x⊗ f )Ux⊗ f

for all x⊗ f ∈ F1(X). Hence Ux and Vx are linearly dependent for all x ∈ X . It then
follows that there exists β ∈ C such that Vx = βUx for all x ∈ X , and then, V = βU.
So, φ(A) = h(A)UAU−1, with h(A) = βh1(A). Finally, we claim that |h(A)| = 1 for
all A ∈A . Indeed, let us first show that |h| : F1(X)−→ C\{0}, A �→ |h(A)| is in fact
constant. Let A ∈ A , (x, f ) ∈ X ×X∗ and natural number n � 1, from equation (1.1),
we have

nr ε
n
(h(A)h(nx⊗ f )Ax⊗ f ) = rε(h(A)h(nx⊗ f )A(nx⊗ f ))

= rε(h(A)UAU−1h(nx⊗ f )U(nx⊗ f )U−1)
= rε(φ(A)φ(nx⊗ f ))
= rε(A(nx⊗ f ))
= nr ε

n
(Ax⊗ f ).

Therefore,
r ε

n
(h(A)h(nx⊗ y)Ax⊗ f ) = r ε

n
(Ax⊗ f ) (5.1)

for all A ∈A , (x, f ) ∈ X ×X∗. Now, let A,B∈ A , let us fix (x, f ) ∈ X ×X∗ such that
Ax �= 0, Bx �= 0 and 〈Ax, f 〉 = 〈Bx, f 〉 �= 0. Letting n → +∞, by Lemma 2.2 and the
equation (5.1), we get

|h(A)| = 1
limn→+∞ |h(nx⊗ f )| . (5.2)
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Similarly, we have

|h(B)| = 1
limn→+∞ |h(nx⊗ f )| .

This, together with Equation (5.2) imply that

|h(A)| = |h(B)|.

Consequently, there exists a complex unit scalar μ such that

|h(A)| = μ

for all A ∈ A . Finally, we claim that μ = 1. Indeed, let us fix A ∈ A , and (x, f ) ∈
X ×X∗ such that Ax �= 0 and 〈Ax, f 〉 �= 0, by applying Lemma 2.2, and the equation
(5.1), we conclude that

μ = 1,

and this completes the proof. �

Now, we prove Corollary 1.6. Checking the “if” part is straightforward. For the
“only if” part, assume that φ ,ψ : A −→ B are two surjective maps satisfying (1.2)
By Theorems 1.2 and 1.4 there exist two nonzero scalars μ and ν such that μν = 1,
and two bounded invertible linear operators U,V on X such that ‖Vx‖ = ‖x‖ for each
x ∈ X , and

φ(A) = μVAU−1

and
φ(A) = νUAV−1

for all A ∈ A . In particular, we have

μVx⊗ (U−1)∗ f = φ(x⊗ f ) = νUx⊗ (V−1)∗ f (5.3)

for all x⊗ f ∈ F1(X). Equation (5.3) implies that Ux and Vx are linearly dependent
for all x ∈ X . It then follows that there exists α ∈ C such that Vx = αUx for all x ∈ X ,
and then, V = αU. So, φ(A) = λUAU−1, with λ = αμ . Finally, we claim that λ 2 = 1.
Indeed, let A ∈ A , (x, f ) ∈ X ×X∗ with 〈Ax, f 〉 = 1, by equation (1.2), we have

nσ ε
n
(λ 2Ax⊗ f ) = σε (λ 2A(nx⊗ f ))

= σε (λUAU−1λU(nx⊗ f )U−1)
= σε (φ(A)φ(nx⊗ f ))
= σε (A(nx⊗ f ))
= nσ ε

n
(Ax⊗ f )

for all natural number n � 1. Therefore,

σ ε
n
(λ 2Ax⊗ f ) = σ ε

n
(Ax⊗ f )
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for all natural number n � 1. It then follows that{
λ 2} =

{
λ 2〈Ax, f 〉} = σ

(
λ 2Ax⊗ f

)
=

⋂
n�1

σ ε
n
(λ 2Ax⊗ f ) =

⋂
n�1

σ ε
n
(Ax⊗ f )

= σ (Ax⊗ f ) = {〈Ax, f 〉} = {1} .

Thus, λ 2 = 1, so, we conclude that φ(A) = λUAU−1 for all A ∈ A ; as desired. The
proof is therefore complete. �

QUESTION. Under which conditions the assertion of Theorems 1.1, 1.2, 1.3 and
1.4) are valid in some C∗ -algebras?
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