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A SHORT PROOF OF FAGUNDES’S THEOREM

LAN LU AND YU WANG ∗

(Communicated by I. Klep)

Abstract. In 2019, Fagundes used a tedious argument to prove that every multilinear polynomial
on strictly upper triangular matrix algebras over any field is a vector space. The goal of the paper
is to give a short proof of the result.

1. Introduction

Let F be a field. By Un(F) we denote the set of all n×n upper triangular matrices
over F . By Un(F)(i) we denote the set of all upper triangular matrices over F whose
entries ( j,k) are zero, for k− j � i , where i � 0 is an integer. Note that Un(F)(0) is
the set of all n×n strictly upper triangular matrices over F .

In 2019, Fagundes [3] used some tedious arguments to prove that the image of
every multilinear polynomial on Un(F)(0) is a vector space.

THEOREM 1.1. [3, Theorem 3] Let F be any field, let n � 2 and m � 1 be
integers. Let f (x1, . . . ,xm) be a nonzero multilinear polynomial over F . If m � n, then
f (Un(F)(0)) = {0} . If m < n, then f (Un(F)(0)) = Un(F)(m−1) .

We remark that [3, Theorem 3] is a profound result because it holds true for any
field. However, the proof of Theorem 1.1 is very complex and not easy to understand
for readers. It is necessary to give a short proof of Theorem 1.1.

In 2019, Fagundes and Mello [5] discussed the images of multilinear polynomi-
als of lower degrees on Un(F) . For the case of multilinear polynomials of arbitrary
degrees, they presented the following:

CONJECTURE 1.1. [5] The image of a multilinear polynomial over F on Un(F)
is always a vector space.

Since 2019, Conjecture 1.1 has been investigated extensively in [1,4,6,8–10]. We
remark that Conjecture 1.1 remains open for |F | < n (see [1] for details).

Recently, Chen and Wang [2] gave a description of the images of generalized mul-
tilinear polynomials on Un(F) , which is a generalization of the results on Conjecture
1.1.

In the present paper, by using some arguments from [1] we shall give a short proof
of Theorem 1.1.
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2. The proof of Theorem 1.1

Let f (x1, . . . ,xm) be a nonzero multilinear polynomial over F . By Wm we denote
the set of all permutations of {1, . . . ,m} . Without loss of generality we can write

f (x1, . . . ,xm) = ∑
(i1,...,im)∈Wm

αi1···imxi1 · · ·xim , (1)

where αi1···im ∈ F with α1···m �= 0.
The following result gives an expression of the image of a multilinear polynomial

on Un(F)(0) .

LEMMA 2.1. Let m < n. For Ai = (a(i)
jk )n×n ∈Un(F)(0) , i = 1, . . . ,m, we have

f (A1, . . . ,Am) = (hs,s+m+u)n×n ∈Un(F)(m−1),

where
hs,s+m+u = ∑

s= j1< j2<···< jm+1=s+m+u
(i1,...,im)∈Wm

αi1···ima(i1)
j1 j2

· · ·a(im)
jm jm+1

is the (s,s+m+u)-th entry of f (A1, . . . ,Am) , where 1 � s < s+m+u � n.

Proof. It follows from (1) that

f (A1, . . . ,Am) = ∑
(i1,...,im)∈Wm

αi1···imAi1 · · ·Aim

= ∑
(i1,...,im)∈Wm

αi1···im

(
∑

s= j1< j2<···< jm+1=s+m+u
a(i1)

j1 j2
· · ·a(im)

jm jm+1

)
n×n

= (hs,s+m+u)n×n .

This proves the result. �
The following result is crucial for the proof of Theorem 1.1.

LEMMA 2.2. Let m < n. Let

gs,s+m = ∑
(i1,...,im−1,m)∈Wm

αi1···im−1my(i1)
s,s+1 · · ·y(im−1)

s+m−2,s+m−1

be a polynomial in commutative variables over F , where 1 � s < s + m � n. Then

there exist b(i)
j, j+1 ∈ F , where j = 1, . . . ,n−m and i = 1, . . . ,m with i �= m, such that

gs,s+m(b(i)
j, j+1) = ∑

(i1,...,im−1,m)∈Wm

αi1···im−1mb(i1)
s,s+1 · · ·b(im−1)

s+m−2,s+m−1 �= 0

for all 1 � s < s+m � n.
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Proof. Set
g = ∏

1�s<s+m�n

gs,s+m.

It is clear that g is a nonzero homogenous polynomial. We claim that g(F) �= {0} . If
F is an infinite field, we get from Theorem 2.19 [7] that g(F) �= {0} . We now assume
that F is a finite field. We assume on the contrary that g(F) = {0} . Set

Ms,s+m = α1···my(1)
s,s+1 · · ·y(m−1)

s+m−2,s+m−1

for all 1 � s < s+m � n , and

M = ∏
1�s<s+m�n

Ms,s+m.

Since α1···m �= 0, we get that M is a nonzero monomial of g such that the exponent
of every variable in M is 1 . By [1, Proposition 4.2] we have that M must contain a
variable whose exponent is not less than |F | . Since |F| � 2 we get a contradiction.

Therefore, g(F) �= {0} . Thus there exist b(i)
j, j+1 ∈ F , where j = 1, . . . ,n−m and i =

1, . . . ,m with i �= m , such that

g(b(i)
j, j+1) = ∏

1�s<s+m�n

gs,s+m(b(i)
j, j+1) �= 0.

This implies that gs,s+m(b(i)
j, j+1) �= 0 for all 1 � s < s+m � n . �

We are ready to give

The proof of Theorem 1.1. If m � n , we note that f (Un(F)(0)) = {0} . We now
assume that m < n . It is clear that f (Un(F)(0)) ⊆Un(F)(m−1) . It suffices to prove that
Un(F)(m−1) ⊆ f (Un(F)(0)) .

Take Ai = (a(i)
jk ) ∈Un(F)(0) , i = 1, . . . ,m . It follows from Lemma 2.1 that

f (A1, . . . ,Am) = (hs,s+m+u)n×n,

where
hs,s+m+u = ∑

(i1,...,im)∈Wm
s= j1< j2<···< jm+1=s+m+u

αi1···ima(i1)
j1 j2

· · ·a(im)
jm jm+1

for all 1 � s < s+m+u � n . Moreover, α1···m �= 0. We have

hs,s+m+u =

(
∑

(i1,...,im−1,m)∈Wm

αi1···im−1ma(i1)
s,s+1 · · ·a(im−1)

s+m−2,s+m−1

)
a(m)

s+m−1,s+m+u

+

⎛
⎜⎜⎝ ∑

(i1,...,im)∈Wm
im �=m

αi1···ima(i1)
s,s+1 · · ·a(im−1)

s+m−2,s+m−1

⎞
⎟⎟⎠a(im)

s+m−1,s+m+u

+ ∑
s� j1<···< jm+1�s+m+u

( jm, jm+1) �=(s+m−1,s+m+u)
(i1,...,im)∈Wm

αi1···ima(i1)
j1 j2

· · ·a(im)
jm jm+1

(2)
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for all 1 � s < s+m+u � n . We set

gs,s+m = ∑
(i1,...,im−1,m)∈Wm

αi1···im−1my(i1)
s,s+1 · · ·y(im−1)

s+m−2,s+m−1

for all 1 � s < s +m � n . By Lemma 2.2 we get that there exist b(i)
j, j+1 ∈ F , where

j = 1, . . . ,n−m and i = 1, . . . ,m with i �= m , such that

gs,s+m(b(i)
j, j+1) = ∑

(i1,...,im−1,m)∈Wm

αi1···im−1mb(i1)
s,s+1 · · ·b(im−1)

s+m−2,s+m−1 �= 0

for all 1 � s < s+m � n . We define an order on the following set of the variables{
x(m)
s+m−1,s+m+u | 1 � s < s+m+u � n

}
as follows:

(i) x(m)
s+m−1,s+m+u < x(m)

s′+m−1,s′+m+u′ if u < u′ ;

(ii) x(m)
s+m−1,s+m+u < x(m)

s′+m−1,s′+m+u′ if u = u′ and s < s′ .

By taking⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a(i)
j, j+1 = b(i)

j, j+1, where j = 1, . . . ,n−m and i = 1, . . . ,m with i �= m;

a(m)
s+m−1,s+m+u = x(m)

s+m−1,s+m+u, where 1 � s < s+m+u � n;

a(i)
jk = 0, otherwise

in (2), we get that

hs,s+m+u = gs,s+m(b(i)
j, j+1)x

(m)
s+m−1,s+m+u + γs,s+m+u (3)

for all 1 � s � s + m + u � n , where γs,s+m+u is a polynomial in some commutative

variables that rank in front of x(m)
s+m−1,s+m+u . Moreover, γ1,1+m = 0.

For any A′ = (a′s,s+m+u)n×n ∈Un(F)(m−1) , we consider the following the group of
equations:

gs,s+m(b(i)
j, j+1)x

(m)
s+m−1,s+m+u + γs,s+m+u = a′s,s+m+u (4)

for all 1 � s < s+m+u � n . It is easy to check that (4) has a solution b(m)
s+m−1,s+m+u ∈

F , where 1 � s < s+m+u � n . Taking x(m)
s+m−1,s+m+u = b(m)

s+m−1,s+m+u for all 1 � s <
s+m+u � n in (3), we get from (4) that

f (A1, . . . ,Am) =
(
hs,s+m+u(b

(m)
s+m−1,s+m+u)

)
n×n

=
(
a′s,s+m+u

)
n×n

= A′.

This implies that Un(F)(m−1) ⊆ f (Un(F)) , as desired. The proof of the result is com-
plete. �
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