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A SHORT PROOF OF FAGUNDES’S THEOREM

LAN LU AND YU WANG*

(Communicated by I. Klep)

Abstract. In 2019, Fagundes used a tedious argument to prove that every multilinear polynomial
on strictly upper triangular matrix algebras over any field is a vector space. The goal of the paper
is to give a short proof of the result.

1. Introduction

Let F be afield. By U,(F) we denote the set of all n x n upper triangular matrices
over F. By U,(F )(i) we denote the set of all upper triangular matrices over F whose
entries (j,k) are zero, for k — j < i, where i > 0 is an integer. Note that U, (F )(O) is
the set of all n x n strictly upper triangular matrices over F .

In 2019, Fagundes [3] used some tedious arguments to prove that the image of
every multilinear polynomial on U, (F)(© is a vector space.

THEOREM 1.1. [3, Theorem 3] Let F be any field, let n > 2 and m > 1 be
integers. Let f(x1,...,xn) be a nonzero multilinear polynomial over F. If m > n, then
f(Un(F)(O)) ={0}. If m <n, then f(Un(F)(O)) = Un(F)(m_l)'

We remark that [3, Theorem 3] is a profound result because it holds true for any
field. However, the proof of Theorem 1.1 is very complex and not easy to understand
for readers. It is necessary to give a short proof of Theorem 1.1.

In 2019, Fagundes and Mello [5] discussed the images of multilinear polynomi-
als of lower degrees on U,(F). For the case of multilinear polynomials of arbitrary
degrees, they presented the following:

CONJECTURE l.1. [3] The image of a multilinear polynomial over F on U,(F)
is always a vector space.

Since 2019, Conjecture 1.1 has been investigated extensively in [1,4,6,8—-10]. We
remark that Conjecture 1.1 remains open for |F| < n (see [1] for details).

Recently, Chen and Wang [2] gave a description of the images of generalized mul-
tilinear polynomials on U,(F), which is a generalization of the results on Conjecture
1.1.

In the present paper, by using some arguments from [1] we shall give a short proof
of Theorem 1.1.
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2. The proof of Theorem 1.1

Let f(x1,...,X») be a nonzero multilinear polynomial over F'. By W,, we denote
the set of all permutations of {1,...,m}. Without loss of generality we can write
flxe,.xm) = Z Oy iy Xiy *** Xy (1)
(il ,...,in1)€Wn1

where ¢;,...;,, € F with ¢tj...,, #0.
The following result gives an expression of the image of a multilinear polynomial
on U, (F)).

LEMMA 2.1. Let m < n. For A; = (ayk))nxn IS Un(F)(O), i=1,...,m, we have

f(Ala“' 7Am) = (h.\',ereru)an S Un(F)(m_l)a

where ( ) (im)
_ 2! e Im
hs,s+m+u - ) ) Z all lm Jij2 ajmjm+l
s=j1<j2 < <jmy1=S+tm+u
(il,.,,,im)EWm

is the (s,s+m~+u)-thentry of f(Ay,...,An), where 1 <s<s+m+u<

Proof. 1t follows from (1) that

f(Ala~~~7Am) = 2 ail"'imAil "'Aim

(il,...,in1)€Wn1
— - (i1) (im)
- Z iy iy ( o Z ajljz ajmjm+1
(i1 5eesim) EWin s=J1<J2<-<Jmt1=S+m+u nxn
= (hS,S+m+u)n><n N
This proves the result. [

The following result is crucial for the proof of Theorem 1.1.

LEMMA 2.2. Let m < n. Let
(il) (lm 1)

8s,5+m = Z ail"'im—lmy.\',erl y\+m 2,s+m—1
(ilv-"vimflvm)EWm

be a polynomial in commutative variables over F, where 1 < s < s+m < n. Then

there exist b§7.)/+1 EF,where j=1,....n—mand i=1,...,m with i # m, such that
(i) _ (i1) (im
gS=5+’”(bj7j+l) - 2 iy iy lmbs ;-‘rl ’ bs-‘rml 2, s+m—1 #0

(i1 5+eesm—1,11) EWip

forall 1 <s<s+m<
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Proof. Set

8= H 8s,s+m-

1<s<s+m<n
It is clear that g is a nonzero homogenous polynomial. We claim that g(F) # {0}. If
F is an infinite field, we get from Theorem 2.19 [7] that g(F) # {0}. We now assume
that F is a finite field. We assume on the contrary that g(F) = {0}. Set

_ (1) (m—-1)
M\',Ser = O‘l'~'my_y7s+1 o 'ys+m72,s+m71

forall 1 <s<s+m<n,and
M= H Ms,s+1n~

1<s<s+m<n
Since ay...,, # 0, we get that M is a nonzero monomial of g such that the exponent
of every variable in M is 1. By [1, Proposition 4.2] we have that M must contain a
variable whose exponent is not less than |F|. Since |F| > 2 we get a contradiction.
Therefore,.g(F) # {0}. Thus there exist b;i)jﬂ €F,where j=1,...,n—mand i =
1,...,m with i # m, such that
g(bﬁ'i)j+1) = H gS7S+m(b§'l,)j+1) # 0.

1<s<s+m<n

This implies that gy s (b #0forall l<s<s+m<n. O

We are ready to give

The proof of Theorem 1.1. If m > n, we note that f(U,(F)®) = {0}. We now
assume that m < n. It is clear that f(U,(F)®)) C U,(F)"~Y _ It suffices to prove that
Un(F)m=D) C f(U(F) ).

Take A; = (a (k)) € Uy(F) 9, i=1,...,m. It follows from Lemma 2.1 that

f(Ala"'vAm) = (hs,s+1n+u)n><na

jj+1)

where

— (ll) (im)
hsstmiu = ) z iy ovin@jyjy " L g
(ll7~'~~,ln1)€Wm
s=j1<j2 < <Jmp1=stmtu

forall 1 <s<s+m+u<n. Moreover, 0..,, # 0. We have

— (i) (im—1) (m)
hsv-\'erJru - < 2 all Ay ymy, s a.v+m72,.\'+m71 a.\'erfl,.\'erJru
(

i seeesim—1,) EWnp

L. (ll) (im—1) (lm)
+ 2 all"'lmas,.\'+1 . 'a.v+m72,.\'+m71 Agim—1, S+m—+u 2)
(ll....,im)EWm
im#m
(ll) (im)
+ Z iy im@jyjy " Dyt

S < <1 SsHmtu
(/m 7jm+l )#(-\'J"m* 1 7.\'+m+u)
(il 7~'~~,im)EWm
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forall 1 <s<s+m+u<n. Weset

_ o (i1) (im—1)
8s,5+m = Z all"'lm—lmys,s+l Vstm— 2,5+m—1
(ilv-"vimflvm)EWm

(1)

forall 1 <s<s+m<n. By Lemma 2.2 we get that there exist bJ

j=1,....n—mand i=1,...,m with i # m, such that

i1 € F, where

(i) — (ll) (lm 1
gs7-8'+m(bj7j+1) = Z Ol -iy,_ymby, s+ bs+m 2. 5+m— 17&0
(ilv-"vimflvm)EWW

forall 1 <s < s+m < n. We define an order on the following set of the variables

{xETL717s+m+u | 1 s<s+m+ u }

as follows:
o (m) (m)
(1) x.¥+m71,.¥+m+u <x s'+m—1,5'+m+u

>ii) x (m)

(m)
s+m—1,s+m+u <X s'+m—1,5'+m+u

Jifu<u;

yifu=u and s<ys'.
By taking

0 0

aj i1 =)y

(m) _ (m)
as+1n—1,s+1n+u - xs+1n—1,s+1n+u7

where j=1,...,n—mandi=1,...,m with i # m;
where | <s<s+m+u<

a%? =0, otherwise
in (2), we get that

hs,s-‘rm-‘ru = 8s,5+m (by,)j+l )xgrﬁzn_175+,n+u + Ys,s+m-+u 3
forall 1 <s<s+m+u<n, where ¥ 1, is a polynomial in some commutative

(m)

s+m—1,s+m+u"
Forany A’ = (ag ¢4 i u)nxn € Un(F )t=1)  we consider the following the group of
equations:

variables that rank in front of x Moreover, ¥i,14+m = 0.

8s.5+m (by)j-&-l)xg?m—l,s+m+u + Yostmiu = a-/%SerJrM (4)

forall 1 <s <s+m+u<n.Itiseasy to check that (4) has a solution p™

s+m—1,s+m+u
F,where 1 <s<s+m+u<n. Taking x£+2n Lstmtu = bg'_tzn Lsmiy forall 1<

s+m+u<nin(3), we get from (4) that

€

fAL, ... Ap) = (hs,ereru (bETL,LSerJru)) nxn - (a;,s+m+u)n><n =

This implies that U, (F)™=1 C f(U,(F)), as desired. The proof of the result is com-
plete. U
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