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Abstract. In the context of studying C∗ -algebras generated by Toeplitz operators acting on the
poly-Bergman space A 2

n (Π) of the upper half-plane Π , we introduce a system of all-but-one
orthogonal projections in generic position. We show that the C∗ -algebra generated by these
orthoprojections is closely related to the C∗ -algebra generated by all Toeplitz operators with
vertical symbols satisfying boundary conditions. This result suggests a new approach in the study
of Toeplitz operators acting on other reproducing kernel Hilbert spaces. Furthermore, the range
of one of the orthoprojections herein has a reproducing kernel expressed in terms of the digamma
and the Nielsen’s beta functions. The harmonic function also emerges in this development.

1. Introduction

Although the study of algebras generated by orthogonal projections and those gen-
erated by Toeplitz operators have both received attention in the literature, they have
largely been developed independently. Based on recent descriptions of C∗ -algebras
generated by Toeplitz operators, as well as on studies concerning orthogonal projec-
tions, we have identified a profound connection between these topics. The approach
adopted in this work represents a fertile ground that deserves further exploration, given
its potential to enhance the understanding of Toeplitz operators acting on various repro-
ducing kernel Hilbert spaces with a wide range of symbols.

In this paper we focus on the poly-Bergman spaces A 2
n (Π) of the upper half-plane

Π = {z ∈ C : Imz > 0},
and investigate a close connection between C∗ -algebras generated by Toeplitz operators
with vertical symbols and C∗ -algebras generated by certain systems of all-but-one or-

thogonal projections in generic position. Let L{0,∞}
∞ (R+) denote the set of bounded

measurable functions on R+ that admit limits at 0 and at +∞ , extended to Π as
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functions depending on the imaginary part of the complex variable. The C∗ -algebra

C∗(T 0,∞
n ) , generated by Toeplitz operators with symbols in L{0,∞}

∞ (R+) acting on
A 2

n (Π) , was characterized in [11]. The subalgebra C ∗(T 0,0
n ) arises by restricting

to symbols whose limits at 0 and +∞ coincide. It follows from [11] that

C ∗(T 0,0
n ) ∼= DCI

n ,

where DCI
n consists of all continuous Mn(C)-valued functions on [0,∞] whose values

at 0 and +∞ reduce to scalar multiples of the identity matrix.
On the other hand, C∗ -algebras generated by orthogonal projections in generic

position have been described in different works (see for example [6], [14] and [15]).
The study of C∗ -algebras generated by systems of all-but-one orthogonal projections
in generic position has revealed structures that are remarkably close to C ∗(T 0,0

n ) . Mo-
tivated by this observation, we consider the C∗ -algebra

C ∗(P,{BΠ,( j)}n
j=1),

generated by the orthogonal projections P , BΠ,(1) , . . . , BΠ,(n) , where BΠ,( j) denotes
the orthogonal projection from A 2

n (Π) onto the true- j -poly-Bergman space A 2
( j)(Π) ,

and P is constructed in terms of Toeplitz operators acting on the Bergman space of
Π . Although there exist techniques to describe C∗ -algebras generated by a system of
all but one orthogonal projections in generic position (see, for example, [15]), in this
work we use a noncommutative Stone-Weierstrass Theorem instead. As a result, we
prove that the algebra C ∗(P,{BΠ,( j)}n

j=1) is isometrically isomorphic to the algebra

D1,n
n , consisting of all M ∈ Mn(C)⊗C[0,∞] such that M(0) and M(∞) are diagonal

matrices, and for all j = 2, . . . ,n−1, the diagonal entries satisfy Mj j(0) = Mj j(∞) .
One of the main results of this work consists in the comparison between the alge-

bra C ∗(T 0,0
n ) and the algebra C ∗(P,{BΠ,( j)}n

j=1) . To better understand the behavior
of C∗ -algebras generated by Toeplitz operators, we study the C∗ -algebra generated by
a single Toeplitz operator Tn,a0 and the orthogonal projections BΠ,(1), . . . ,BΠ,(n) . We
show that C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)) is isomorphic and isometric to the algebra of
continuous functions on the positive real line with values in Mn(C) , subject to the con-
dition that they are diagonal at the points x = 0 and x = ∞ . All the algebras mentioned
above are related as follows

C ∗(T 0,0
n ) ⊂ C ∗(P,{BΠ,( j)}n

j=1) ⊂ C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)).

We also have
C ∗(T 0,∞

n ) ⊂ C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)).

It is worth mentioning that, for n = 2, we have

C ∗(P,{BΠ,( j)}2
j=1) = C ∗(Tn,a0 ,{BΠ,( j)}2

j=1),

that is, the C∗ -algebra C ∗(T 0,∞
n ) is contained in the algebra generated by the orthog-

onal projections P,BΠ,(1) and BΠ,(2) . Finally, a section of this work is devoted to the
description of the image and an integral representations of the projection P .
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2. On the Stone-Weierstrass theorem for noncommutative C∗ -algebras

Our primary goal is to put forward an alternative in the study of C∗ -algebras gen-
erated by Toeplitz operators acting on polyanalytic function spaces, which lead us to
the task of describe C∗ -algebras generated by continuous matrix-valued functions on
a compact Hausdorff space, where a Stone-Weierstrass theorem for noncommutative
C∗ -algebras becomes a fundamental tool.

Let us recall some facts about the general theory of C∗ -algebras. For the time
being, let A denote a unital C∗ -algebra. For each irreducible unitary representation
π : A → B(H ) , there is a collection Pπ(A ) of pure states given by the general for-
mula fπ ,v(a) = 〈π(a)v,v〉H with ‖v‖H = 1; and if fπ ,v = fπ ,w , then there exists a
unimodular complex number λ such that w = λv . Now any irreducible representation
of A , unitarily equivalent to π , generates the same collection of pure states associated
to π . Besides, each pure state of A has the form fπ ,v(a) = 〈π(a)v,v〉H for some
irreducible representation π . Furthermore, if ρ is an irreducible representation of A ,
which is not unitarily equivalent to π , then Pρ(A )∩Pπ (A ) = /0 . All these facts are
consequences of the Gelfand-Naimark-Segal (GNS) construction for C∗ -algebras, for
example see Section 5.1 in [9], and Sections 2.4 and 2.5 in [2].

Pure states play a fundamental role in Stone-Weierstrass’s theorems for noncom-
mutative C∗ -algebras. Suppose that B is a C∗ -subalgebra of A . In the case of CCR
(liminal) C∗ algebras, I. Kaplansky proved that B = A if the intersection B∩ (J \K)
is nonempty for any two regular maximal right ideals J and K of A (see Theo-
rem 7.2 in [7]). This statement holds for regular maximal left ideals. Now the map
ϕ �→ Nϕ = {a ∈ A : ϕ(a∗a) = 0} is a one-to-one- correspondence from the set of
pure states of A onto the set of regular maximal left ideals of A (Theorem 5.3.5 in
[9]). Then Kaplansky’s theorem says: B = A if for any distinct pure states ϕ and ψ
of A , there exists a positive element b ∈ B such that ϕ(b) = 0 and ψ(b) 
= 0. Cer-
tainly Glimm’s contributions on Stone-Weierstrass’s theorems deserve an outstanding
atention [4]; the author remarks that the statement “B separates the set pure states of
A is a sufficient condition for A = B ” follows from Kaplansky’s paper. In this work
the following theorem fits to our porpuse, and we refer to it as Kaplansky’s theorem,
where positiveness on b ∈ B is an unnecessary condition.

THEOREM 1. ([2], pp. 252) Let A be a unital postliminal C∗ -algebra, and B a
C∗ -subalgebra of A . Suppose that B separates the set of pure states of A , that is, for
each distinct pure states ϕ and ψ of A , there exists b ∈ B such that ϕ(b) 
= ψ(b) .
Then A = B .

In particular, take A = Mn(C)⊗C(X) = Mn(C(X)) , where X is a compact Haus-
dorff space. In this case, A is the C∗ -algebra of all continuous sections of the C∗ -
bundle E = Mn(C)×X , where p : E → X is the canonical projection onto X . Note
that Mn(C) and C(X) are nuclear C∗ -algebras, thus there exists only one C∗ -norm on
A . For each x0 ∈ X , the evaluation map πx0 : A → Mn(C) given by πx0(M) = M(x0)
is an irreducible representation because it is surjective. Then for each unimodular vec-
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tor v ∈ Cn we have the pure state given by

fx0,v(M) = 〈M(x0)v,v〉. (1)

Let us see how this pure state can be obtained from another approach. The C∗ -algebra
Mn(C) has only one irreducible representation, which is the natural identification with
B(Cn) , then all of its pure states have the form fv(A) = 〈Av,v〉 with ‖v‖ = 1, see also
[8]. On the other hand, the space of pure states of C(X) consists of all multiplicative
functionals, that is, it consists of all evaluation maps given by Fx0( f ) = f (x0) ∀ f ∈
C(X) . It is easy to see that fv ⊗Fx0 = fx0,v . Since C(X) is abelian, every pure state of
A has the form fv ⊗Fx0 , see Theorem 4.14 in [13] pp. 211, and Theorem 6.4.13 in [9]
pp. 204; according to the uniqueness up to unitary equivalence of the GNS construction,
the set of all πx0 ’s exhausts the space of irreducible representations of A . Finally, by
Urysohn’s lemma, πx1 is not equivalent to πx0 whenever x1 
= x0 .

3. Bergman and poly-Bergman spaces

In this section we include some interesting results concerning poly-Bergman spaces
of functions defined on the upper half-plane. To simplify notation, the identity operator
is denoted by I regardless of the space on which it acts. As usual, C denotes the com-
plex plane with the area measure dxdy , and Π stands for the upper half-plane. That
is,

Π = {z = x+ iy ∈ C : y > 0}.
A continuous function f (z) = u(x,y)+ iv(x,y) : Π → C having partial derivatives

up to order n is called polyanalytic of order n if it belongs to the kernel of the gen-
eralized Wirtinger operator (∂/∂ z)n . Each polyanalytic function f of order n can be
written as

f (z) =
n−1

∑
k=0

ak(z)zk,

where ak is an analytic function for every k = 0, . . . ,n−1, see [1].
The poly-Bergman space of order n 
= 0, denoted here by A 2

n (Π) , is the closed
subspace of L2(Π) consisting of all polyanalytic functions of order n . We denote
by A 2

0 (Π) the space consisting only of the zero function. It is clear that A 2
0 (Π) ⊂

A 2
1 (Π) ⊂ . . . ⊂ A 2

n (Π) , then we consider the true-poly-Bergman spaces which are
defined as follows:

A 2
(n)(Π) = A 2

n (Π)�A 2
n−1(Π), for n 
= 0.

Let BΠ,n and BΠ,(n) be the orthogonal projections from L2(Π) onto A 2
n (Π) and

A 2
(n)(Π) , respectively.

Now we include a unitary operator mapping poly-Bergman spaces into spaces
of functions defined on the positive real line, see [16] for details. There, the author
considers the following unitary operators acting on L2(Π) = L2(R)⊗L2(R+) :

U1 = F ⊗ I,
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(U2ϕ)(x,y) =
1√
2|x|ϕ

(
x,

y
2|x|

)
,

where F is the Fourier transform on L2(R) given by

F( f )(t) =
1√
2π

∫ ∞

−∞
f (x)e−itxdx.

The unitary operator U = U2U1 transforms the poly-Bergman space of order n onto
the set of all functions of the form

n−1

∑
k=0

χ+(x) fk(x)�k(y),

where χ+ is the indicator function of R+ , fk belongs to L2(R) , and �k is the normal-
ized Laguerre function

�k(y) = (−1)kχ+(y)e−y/2 ey

k!
dk

dyk (e−yyk), k = 0,1,2, . . . . (2)

For k = 0,1, . . . , let Lk denote the one-dimensional space generated by �k , and
consider the direct sum

L⊕
n =

n⊕
k=0

Lk.

THEOREM 2. ([16, Theorem 4.1]) The unitary operator U = U2U1 gives an iso-
metric isomorphism of the space L2(Π) , under which

1) the true-poly-Bergman space A 2
(n)(Π) is mapped onto the space L2(R+)⊗Ln−1 ,

2) the poly-Bergman space A 2
n (Π) is mapped onto the space L2(R+)⊗L⊕

n−1 .

By the last theorem, we can identify each true-poly-Bergman space A 2
(n)(Π) with

L2(R+) . To be precise, let R0,(n) : L2(R+) → L2(Π) be the operator given by the rule

(R0,(n) f )(x,y) = χ+(x) f (x)�n−1(y).

According to Theorem 2 1) , the operator

R(n) := R∗
0,(n)U

isometrically maps A 2
(n)(Π) onto L2(R+) . Further

R∗
(n)R(n) = BΠ,(n) : L2(Π) → A 2

(n)(Π),

R(n)R
∗
(n) = I : L2(R+) → L2(R+).

From now on, for a Hilbert space H , let

H n = {h = (h1, . . . .,hn)t : h j ∈ H }
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with the usual inner product, and the superscript denotes the transpose matrix.
Introduce the embedding R0,n : (L2(R+))n → L2(Π) given by the formula

(R0,n f )(x,y) = χ+(x)[Nn(y)]t f (x),

where f = ( f1, . . . , fn)t and Nn(y) = (�0(y), . . . , �n−1(y))t . It is easy to prove (see [11,
pp. 1807–1808]) that R∗

0,n : L2(Π) → (L2(R+))n is given by

(R∗
0,nϕ)(x) = χ+(x)

∫
R+

ϕ(x,y)Nn(y)dy, (3)

and that the operator
Rn := R∗

0,nU (4)

isometrically maps A 2
n (Π) onto (L2(R+))n . Thus,

R∗
nRn = BΠ,n : L2(Π) → A 2

n (Π), (5)

RnR
∗
n = I : (L2(R+))n → (L2(R+))n. (6)

Combining the results in [16, Corollary 2.5, Theorem 2.4] with the construction
given in [11, pp. 1807–1808] we obtain the explicit formulae for Rn and R∗

n , which are
used in the upcoming sections. They are given by

(Rnϕ)(x) =
χ+(x)√

2π

∫
R

e−xti
∫

R+
ϕ(t,r)

√
2|x|Nn(2|x|r)drdt, ϕ ∈ L2(Π) (7)

and

(R∗
n f )(x,y) =

1√
2π

∫
R+

exti
√

2tNn(2ty)t f (t)dt, f ∈ (L2(R+))n. (8)

Note that the integral in (3) as well as the integral in (7) refer to the vector integral,
which means that we are integrating each component individually.

4. Toeplitz operators with vertical symbols

In [5], the authors characterized all commutative C∗ -algebras generated by Toeplitz
operators acting on the Bergman space of the unit disk D , or alternatively, on the upper
half-plane Π . Each of these algebras is generated by Toeplitz operators whose symbols
are invariant under the action of a maximal abelian group of Möbius transformations
acting on Π . One of these groups is the group of real numbers R acting on the upper
half-plane by horizontal translations. That is, each h ∈ R induces the Möbius transfor-
mation

z �→ z+h.

Those symbols invariant under the above action of R are precisely all functions that
depend only on the imaginary component of the complex variable z . They are called
vertical symbols and have been used in different settings to describe C∗ -algebras gen-
erated by the corresponding Toeplitz operators (see [11], [12] and [17] for example).
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In this work we use Toeplitz operators acting on different spaces. In order to pre-
vent any confusion, below we explain the notation that we use throughout this work.
For n ∈ N and a bounded measurable symbol a , we denote by T(n),a the Toeplitz op-
erator with symbol a acting on A 2

(n)(Π) by the rule T(n),a( f ) = BΠ,(n)(a f ) . Finally,

Tn,a stands for the Toeplitz operator acting on A 2
n (Π) . It is well known that, if a is

a bounded vertical symbol, the Toeplitz operator T(n),a is unitarily equivalent to the

multiplication operator γ(n),aI = R(n)T(n),aR
∗
(n) acting on L2(R+) ([11, Theorem 3.2]),

where

γ(n),a(x) =
∫

R+
a

(
y

2|x|
)

(�n−1(y))
2 dy. (9)

Analogously, the Toeplitz operator Tn,a is unitarily equivalent to the matrix-multiplication
operator γn,aI = RnTn,aR∗

n : (L2(R+))n → (L2(R+))n ([11, Theorem 3.3]), where

γn,a(x) = (γn,a
jk (x)) j,k=1,...,n =

∫
R+

a

(
y

2|x|
)

Nn(y)[Nn(y)]t dy, (10)

and Nn(y) = (�0(y), . . . , �n−1(y))t .
In case n = 1, we use the standard notation for a Toeplitz operator, namely, T(1),a

is denoted by Ta , and γ(1),a by γa (see [17, Theorem 5.2.1]).
In order to get boundary conditions for the matrix-valued function given in (10),

in [11] the authors considered a subclass of vertical symbols, denoted by L{0,∞}
∞ (R+) ,

and consisting of all functions in L∞(R+) having limit values at the points 0 and +∞ .

That is, for each a ∈ L{0,∞}
∞ (R+) the following limits exist

a0 := lim
y→0+

a(y), a+∞ := lim
y→+∞

a(y).

Here every function a ∈ L{0,∞}
∞ (R+) is identified with its extension a(z) := a(y) to the

upper half-plane Π , where y = Imz . Elementary calculations show that

a+∞I = lim
x→0+

γn,a(x), a0I = lim
x→+∞

γn,a(x).

For a family F of bounded linear operators acting on a Hilbert space, the C∗ -
algebra generated by F is denoted by C ∗(F ) .

THEOREM 3. ([11, Theorem 4.7]) Let T 0,∞
n = {Tn,a : a∈ L{0,∞}

∞ (R+)} . The C∗ -
algebra C ∗(T 0,∞

n ) is isomorphic and isometric to the C∗ -subalgebra D0,∞
n of Mn(C)⊗

C[0,∞] consisting of all matrix-valued functions M such that M(0) and M(∞) belong
to CI . The isomorphism from C ∗(T 0,∞

n ) onto D0,∞
n is given on the generators by the

rule
Tn,a �−→ γn,a.

Denote by T 0,0
n the set of all Toeplitz operators Tn,b with symbols b∈ L{0,∞}

∞ (R+)
satisfying the condition b0 = b+∞ . The proof of the following corollary is similar to
that of Theorem 3.
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COROLLARY 1. The C∗ -algebra C ∗(T 0,0
n ) is isomorphic and isometric to the

C∗ -algebra DCI
n , which consists of all matrix-valued functions M ∈ Mn(C)⊗C[0,∞]

such that M(0) = M(∞) .

5. Toeplitz operators and orthogonal projections

In [3, 6, 10, 14] and [15], the authors delve into the description of C∗ -algebras
generated by orthogonal projections. Building upon these works, we observed that cer-
tain C∗ -algebras generated by Toeplitz operators acting on A 2

n (Π) can alternatively
be studied through a system of all-but-one orthogonal projections in generic position.
Following [15], the orthogonal projections from A 2

n (Π) onto the true-polyBergman
subspaces are natural candidates for our purpose; of course, one more orthogonal pro-
jection must be constructed. We overcome this difficulty by means of an isomorphism
from A 2

n (Π) onto (A 2(Π))n . Thus, a system of all-but-one orthogonal projections in
generic position acting on (A 2(Π))n is constructed below, one of orthoprojections is
given in terms of Toeplitz operators acting on the Bergman space A 2(Π) . As a con-
sequence, the C∗ -algebra generated by such orthoprojections is related to a C∗ -algebra
generated by Toeplitz operators acting on A 2

n (Π) , see Corollary 1.
According to [15], we say that all-but-one orthogonal projections P,P1, . . . ,Pn are

in generic position if

(ImP)⊥∩ ImPj = {0} = ImP∩ (ImPj)⊥, j = 1, . . . ,n.

The following theorem provides the general method (up to isomorphism) for con-
structing a system of all-but-one orthogonal projections in generic position.

THEOREM 4. ([15, Theorem 2.6]) Let L be a Hilbert space. Suppose that Ck :
L −→ L are injective positive operators for k = 1, . . . ,n which satisfy CjCk = CkCj

and
n

∑
k=1

Ck = I.

Then the set of operators

i) P := (C
1
2
j C

1
2
k ) j,k=1,...,n : Ln −→ Ln ,

ii) Pj := diag(0, . . . , I, . . . ,0) : Ln −→ Ln, j = 1, . . . ,n,

is a system all-but-one orthogonal projections in generic position.

We take L = A 2(Π) . For j = 1, . . . ,n , let

QΠ,( j) : (A 2(Π))n → (A 2(Π))n

be the orthogonal projection given by

QΠ,( j) f = (0, . . . , f j, . . . ,0)t , (11)
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where f = ( f1, . . . , fn)t ∈ (A 2(Π))n . The orthogonal projections given above are quite
natural and hold the following properties

QΠ,( j)QΠ,(k) = 0 if j 
= k,
n

∑
j=1

QΠ,( j) = I.

We proceed to the construction of an orthoprojection PT : (A 2(Π))n → (A 2(Π))n

according to Theorem 4. To do so, introduce the Toeplitz operators Tak : A 2(Π) →
A 2(Π) with vertical symbols

an(z) = χ[n−1,∞)(y) and ak(z) = χ[k−1,k)(y) for k = 1, . . . ,n−1. (12)

Consider the operator PT : (A 2(Π))n → (A 2(Π))n defined by the formula

PT =
(√

Taj

√
Tak

)
j,k=1,...,n

. (13)

LEMMA 1. The set of operators PT ,QΠ,(1), . . . ,QΠ,(n) is a system of all-but-one
orthogonal projections in generic position.

Proof. Equation 9 implies that the Toeplitz operator Tak : A 2(Π) → A 2(Π) is
unitarily equivalent to γak I : L2(R+) → L2(R+) , where

γak(x) =
∫ 2kx

2(k−1)x
(�0(y))2dy =

∫ 2kx

2(k−1)x
e−ydy = e−2kx [−1+ e2x] (14)

for k = 1, . . . ,n−1, and

γan(x) =
∫ ∞

2(n−1)x
e−ydy = e−2(n−1)x. (15)

Each Toeplitz operators Tak is injective and positive since the multiplication operator
γak I holds these properties. From the equality a1(z)+a2(z)+ . . .+an(z) = 1 it follows
that

Ta1 +Ta2 + . . .+Tan = I.

Theorem 4 completes the proof. �

We now move on to describing the C∗ -algebra C ∗(PT ;{QΠ,( j)}n
j=1) , we start by

introducing a Bargmann-type transform that establishes an identification between the
spaces (A 2(Π))n and (L2(R+))n . We introduce the operator

R =
n⊕

k=1

R1 : (L2(Π))n → (L2(R+))n,
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where R1 is given in Equation 4. Recall that R1 isometrically maps A 2(Π) onto
L2(R+) , this is the meaning of equations (5) and (6) for n = 1. Then the operator R
holds the following properties

R∗R =
n⊕

k=1

BΠ,1 : (L2(Π))n → (A 2(Π))n,

RR∗ = I : (L2(R+))n → (L2(R+))n.

Then the restriction of R to (A 2(Π))n is a unitary operator. Thus, we can identify each
bounded operator acting on (A 2(Π))n with a bounded operator acting on (L2(R+))n

through the map
T �→ RTR∗. (16)

In particular, the orthogonal projection given in (11) is unitarily equivalent to

RQΠ,( j)R
∗ = Qj,

where Qj is the orthogonal projection, acting on (L2(R+))n , and given by

Qj( f1, . . . , fn)t = (0, . . . , f j, . . . ,0)t . (17)

In what follows the operator Qj will be identified with the n×n matrix whose entries
are zero except the ( j, j)-entry which is 1. Of course QjQk = δ jkQ j and Q1 + · · ·+
Qn = I .

Let Pγ I be the orthogonal projection defined by PγI := RPT R∗ . Note that γa j I =
R1TajR

∗
1 , then R1

√
Taj

√
TakR

∗
1 =

√
γa j

√
γak I . Thus

Pγ I = RPT R∗ =
(√

γa j
√

γak

)
j,k=1,...,n

I ∈ B((L2(R+))n). (18)

COROLLARY 2. The set of operators Pγ I,Q1, . . . ,Qn is a system all-but-one or-
thogonal projections in generic position.

5.1. The C∗ -algebra generated by PT and QΠ,(1), . . . ,QΠ,(n)

In this section we have a two-fold purpose. First, the operators Pγ I,Q1, . . . ,Qn are
identified with continuous matrix-valued functions on the two-point compactification
of the positive real line. Instead of using the techniques given in [3], [6], [10], [14] and
[15], we describe the C∗ -algebra C ∗(Pγ ;{Qj}n

j=1) using the noncommutative Stone-
Weierstrass theorem. As a consequence, we get a description up to isomorphism of the
C∗ -algebra C ∗(PT ;{QΠ,( j)}n

j=1) , which is a subalgebra of B((A 2(Π))n) . Secondly, an

isomorphism from (A 2(Π))n onto A 2
n (Π) allow us to construct a system of all-but-

one orthogonal projections P,BΠ,(1), . . . ,BΠ,(n) in generic position acting on the poly-
Bergman space A 2

n (Π) . At the end of the section we make a comparison between
C ∗(P;{BΠ,( j)}n

j=1) and the C∗ -algebra generated by Toeplitz operators with vertical

symbols in L0,∞
∞ (R+) .
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According to the isomorphism (16), the C∗ -algebra C ∗(PT ;{QΠ,( j)}n
j=1) is iso-

morphic to the C∗ -algebra C ∗(Pγ I;{Qj}n
j=1) . In turn, this C∗ -algebra is identified

with the C∗ -algebra B1,n generated by the matrix-valued functions Q1, . . . ,Qn and
Pγ =

(√
γa j

√
γak

)
j,k=1,...,n , where Qj also denotes the constant matrix-valued function

whose components are zero except the ( j, j)-entry which equals 1. Of course these ma-
trices are continuous on the interval [0,∞] . Equations 14 and 15 imply that γa1(0) =
γan(∞) = 0, γan(0) = γa1(∞) = 1 and γak(0) = γak(∞) = 0 for k = 2, . . . ,n−1. That
is,

Pγ(0) = Enn and Pγ(+∞) = E11,

where Ejk stands for the n×n -matrix whose components are zero, except for the ( j,k)-
entry which equals 1.

NOTATION 1. Let D1,n
n be the C∗ -algebra consisting of all matrices M∈Mn(C)⊗

C[0,∞] such that M(0),M(∞) are diagonal, and Mj j(0)= Mj j(∞) for all j = 2, . . . ,n−
1 .

Note that the generators of B1,n := C ∗(Pγ ;{Qj}n
j=1) belong to the algebra D1,n

n ,

thus B1,n ⊂ D1,n
n . To prove that these algebras coincide we use the noncommutative

Stone-Weierstrass theorem for postliminal C∗ -algebras. Now every liminal C∗ -algebra
is postliminal, and every C∗ -subalgebra of a postliminal C∗ -algebra is postliminal ([2]).
Since A := Mn(C)⊗C[0,∞] is liminal, the C∗ -algebra D1,n

n is postliminal. Actually
D1,n

n is liminal. Of course, we have to identify all pure states of D1,n
n in order to

prove that B1,n = D1,n
n . For every pure state ϕ of D1,n

n there is a pure state ψ of
A extending ϕ , see Theorem 5.1.13 in [9], thus all pure states of D1,n

n have the form
given in (1). For x0 ∈ (0,+∞) , the evaluation map πx0 : D1,n

n → Mn(C) = B(Cn) is an
irreducible representation because it is surjective. Thus we have the pure states of D1,n

n

given by

fx0,v(M) = 〈M(x0)v,v〉, M ∈ D1,n
n , (19)

where v ∈ Cn is a unimodular vector. In addition, for x1 ∈ (0,+∞) with x0 
= x1 ,
take a function f ∈C[0,∞] such that f (0) = f (∞) = f (x1) = 1 and f (x0) = 0. Since
fD1,n

n ⊂ D1,n
n , the representation πx1 is not unitarily equivalent to πx0 . In each case

x0 = 0,∞ , the representation πx0 : D1,n
n → Mn(C) = B(Cn) is completely reducible,

actually πx0 is unitarily equivalent to the direct sum πx0,1 ⊕ ·· · ⊕ πx0,n , where πx0, j

is the one-dimensional representation of D1,n
n given by πx0, j(M) = Mj j(x0) . These

one-dimensional representations are pure states of D1,n
n , and they can be rewritten as

fx0,e j (M) = 〈M(x0)e j,e j〉,

where {e1, . . . ,en} is the canonical basis for Cn . Moreover, each M ∈ D1,n
n satisfies

that Mj j(0) = Mj j(∞) for all j = 2, . . . ,n− 1, then the pure states f0,e j and f∞,e j

coincide. There are no more pure states of D1,n
n .
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THEOREM 5. The C∗ -algebra C ∗(PT ;{QΠ,( j)}n
j=1) is isomorphic and isometric

to the C∗ -algebra D1,n
n . Equivalently, the C∗ -algebra D1,n

n is generated by

Pγ ,Q1, . . . ,Qn.

Moreover, the map C ∗(PT ;{QΠ,( j)}n
j=1) � S �−→ RSR∗ ∈ D1,n

n is an isometric isomor-
phism of C∗ -algebras, where

PT �−→ Pγ and QΠ,( j) �−→ Qj.

Proof. Lemmas 2, 3 and 4 show that B1,n separates all the pure states of D1,n
n .

Then, the noncommutative Stone-Weierstrass theorem implies that D1,n
n = B1,n . �

We proceed to prove that the algebra B1,n separates all pure states of D1,n
n . The

following lemma states that the C∗ -algebra B1,n separates the pure states fx0,v and
fx1,w when x0, x1 ∈ (0,∞) are distinct real numbers.

LEMMA 2. Let v,w ∈ Cn be unit vectors, and x0,x1 ∈ (0,∞) . Suppose that

fx0,v(QjPγIQk) = fx1,w(QjPγIQk), (20)

fx0,v(QjPγ IQkPγ IQj) = fx1,w(QjPγ IQkPγ IQj) (21)

for all j,k = 1, . . . ,n. Then x0 = x1 and v = λw, where λ is a unimodular complex
number.

Proof. From (20) and (21) we get

〈Qj(x0)Pγ(x0)Qk(x0)v,v〉 = 〈Qj(x1)Pγ(x1)Qk(x1)w,w〉,
〈Qj(x0)Pγ(x0)Qk(x0)Pγ(x0)Qj(x0)v,v〉 = 〈Qj(x1)Pγ(x1)Qk(x1)Pγ(x1)Qj(x1)w,w〉.

That is, √
γa j (x0)γak(x0)vkv j =

√
γa j(x1)γak(x1)wkwj, (22)

γa j(x0)γak(x0)|v j|2 = γa j(x1)γak(x1)|wj|2. (23)

In the case j = k , Equation 22 reduces to

γa j (x0)|v j|2 = γa j(x1)|wj|2. (24)

For x0,x1 ∈ (0,∞) , the values γa j (x0) and γa j (x1) are different from zero for all
j = 1, . . . ,n . Then (24) implies that v j 
= 0 if and only if wj 
= 0. Choose j such that
v j 
= 0. Substituting (24) in (23) and reducing, we obtain

γak(x0) = γak(x1), for all k = 1, . . . ,n.
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In particular γan(x0) = γan(x1) . That is,∫ ∞

2(n−1)x0

(�0(y))2dy =
∫ ∞

2(n−1)x1

(�0(y))2dy,

which implies x0 = x1 . From (22) we get vkv j = wkwj for all k = 1, . . . ,n. Thus

vk

wk
=

wj

v j
,

for all k with vk 
= 0. At this point, define λ = wj/v j , note that λ does not depend
on j . Then we can write vk = λwk for all k = 1, . . . ,n , or equivalently v = λw , where
|λ | = 1. �

The following lemma shows that the algebra B1,n separates the pure states fx0,v

and fx1,ek , where x0 ∈ (0,∞) , x1 ∈ {0,∞} and k ∈ {1, . . . ,n}.

LEMMA 3. Let v = (v1, . . . ,vn)t ∈ C
n be a unit vector, x0 ∈ (0,∞) and x1 = 0,∞ .

If v j 
= 0 , then

fx0,v(QjPγIQj) 
= fx1,ek(QjPγ IQj), k = 1, . . . ,n.

Proof. Since Pγ(0) = Enn and Pγ(∞) = E11 , we have

f0,ek (QjPγ IQj) = 〈Qj(0)Pγ(0)Qj(0)ek,ek〉
= 〈Ej jEnnE j jek,ek〉
= δ jnδkn, k = 1, . . . ,n.

Similarly

f∞,ek (QjPγ IQj) = δ j1δk1, k = 1, . . . ,n.

Finally, we have fx0,v(QjPγ IQj) = γa j (x0)v jv j with γal (x0) ∈ (0,1) . Suppose that
v j 
= 0, then fx0,v(QjPγ IQj) ∈ (0,1) . Hence, fx0,v(QjPγ IQj) 
= fx1,ek (QjPγ IQj) for
k = 1, . . . ,n . �

LEMMA 4. The algebra B1,n separates all the pure states

f0,e1 , . . . , f0,en , f∞,e1 , f∞,en

of the algebra D1,n
n .

Proof. Since f0,ek (Qj) = δk j , then Qj separates the pure states f0,e j and f0,ek for
j 
= k .

Note that f0,ek (Qk) = 1 and f∞,e1(Qk) = δ1k , then f0,ek and f∞,e1 are separated
by Qk for k = 2, . . . ,n. Similarly, for k = 1, . . . ,n− 1, the pure states f0,ek and f∞,en

are separated by Qk .
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Finally

f0,e1(Pγ I) = 〈Enne1,e1〉 = 0, f∞,e1(Pγ I) = 〈E11e1,e1〉 = 1,

f0,en(Pγ I) = 〈Ennen,en〉 = 1, f∞,en(Pγ I) = 〈E11en,en〉 = 0.

From this, Pγ I separates the states f0,e1 and f∞,e1 , it also separates the states f0,en and
f∞,en , additionally it separates f∞,e1 and f∞,en . The proof is complete. �

We now turn to our main purpose: on the existence of orthogonal projections
and their relationship with C∗ -algebras generated by Toeplitz operators acting on poly-
Bergman spaces. Since A 2

n (Π) = ⊕n
k=1A

2
(k)(Π) , and A 2

(k)(Π) is isomorphic to the

Bergman space A 2(Π) , the poly-Bergman space A 2
n (Π) is isomorphic to (A 2(Π))n .

Then, the system of orthogonal projections PT ,QΠ,(1), . . . ,QΠ,(n) has a counterpart in
a system of orthoprojections acting on A 2

n (Π) . We shift the scenario from the first
part of this section to the study of the C∗ -algebra generated by the system of all-but-
one orthogonal projections P,BΠ,(1) ,. . . ,BΠ,(n) in generic position, where BΠ,(k) is the
orthogonal projection from A 2

n (Π) onto A 2
(k)(Π) , and

P := R∗
nRPT R∗Rn : A 2

n (Π) −→ A 2
n (Π). (25)

Section 6 is devoted to identifying the image of P as a reproducing kernel Hilbert space.
On the other hand, we have

BΠ,( j) = R∗
nRQΠ,( j)R

∗Rn,

where the operator Rn , given in (4), identifies A 2
n (Π) with (L2(R+))n . Then the

following commutative diagram shows the operators and spaces we are dealing with

(A 2(Π))n

R
��

PT , QΠ,( j) �� (A 2(Π))n

R
��

(L2(R+))n

R∗
n

��

Pγ I, Qj �� (L2(R+))n

R∗
n

��
A 2

n (Π)
P, BΠ,( j) �� A 2

n (Π)

THEOREM 6. The C∗ -algebra C ∗(P;{BΠ,( j)}n
j=1) is isomorphic and isometric to

the C∗ -algebra D1,n
n . Moreover, the map C ∗(P;{BΠ,( j)}n

j=1) � T �−→ RnTR∗
n ∈ D1,n

n

is an isometric isomorphism of C∗ -algebras, where

P �−→ Pγ and BΠ,( j) �−→ Qj.

Recall that DCI
n is the C∗ -subalgebra of D1,n

n consisting of all matrix-valued func-
tions M such that M(0) = M(∞) .
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REMARK 1. According to Theorem 3, the C∗ -algebra C ∗(T 0,0
n ) is isomorphic

and isometric to DCI
n , that is, the C∗ -algebra generated by all Toeplitz operators Tn,b ,

with symbols b∈ L{0,∞}
∞ (R+) satisfying the condition b0 = b+∞ , is a C∗ -subalgebra of

C ∗(P;{BΠ,( j)}n
j=1) .

6. Reproducing kernels for the ranges of PT and P

We have seen that a C∗ -algebra generated by Toeplitz operators acting on A 2
n (Π)

can be obtained from a system of all-but-one orthogonal projections in generic position,
where one of the orthoprojections is P , which plays a fundamental role in our study.
Now A 2

n (Π) is a reproducing kernel Hilbert space; hence, all of its subspaces are as
well. In this section, we derive integral representations of the reproducing kernel of the
image of P , and exhibit their connection to some special functions. The operator P is
constructed via PT and Pγ by a unitary equivalence; we also describe the images of
these projections. With this in mind, introduce the bounded continuous vector-valued
function

Mn = (
√

γa1 , . . . ,
√

γan)t : [0,∞] −→ R
n. (26)

Note that Pγ = MnMt
n , and the Euclidean norm of Mn(x) ∈ Cn equals 1 for each x ∈

[0,∞] . That is, Mt
nMn = 1.

PROPOSITION 1. The following results hold:

1. The operator Pγ is the orthogonal projection from (L2(R+))n onto the space of
all functions of the form g = aMn with a ∈ L2(R+) .

2. The operator PT is the orthogonal projection from (L2(Π))n onto the space of
all vector-valued holomorphic functions of the form

h(z) =
1√
2π

∫
R+

eitz
√

2t a(t)Mn(t)dt, z = x+ iy,

where a ∈ L2(R+) .

Proof. To prove the first statement, let f = ( f1, . . . , fn)t ∈ (L2(R+))n . Thus,

g := Pγ f = Mn(Mt
n f ) = (Mt

n f )Mn = ãMn,

where ã = Mt
n f = ∑n

k=1
√

γak fk belongs to L2(R+) . On the other hand, if a∈ L2(R+) ,
the function g := aMn belongs to (L2(R+))n , and

Pγ(g) = MnM
t
naMn = aMn(Mt

nMn) = aMn = g.

Thus, g ∈ ImPγ if and only if there exists a ∈ L2(R+) such that g = aMn almost
everywhere.

On the other hand, since PT = R∗PγR , the image of PT consists of all functions of
the form h = R∗g, where g = aMn and a ∈ L2(R+) . Since R∗ =

⊕n
k=1 R∗

1 , the second
statement in the proposition follows from (8). �
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THEOREM 7. The orthogonal projection PT : (A 2(Π))n → (A 2(Π))n admits the
integral representation

(PT φ)(z) =
∫

Π
φ(u,v)K(z,w)dudv, w = u+ iv,

where

K(z,w) =
1
2π

∫
R+

eit(x−u) 2t �0(2ty)�0(2tv)Pγ(t)dt,

with z = x+ iy and w = u+ iv .

Proof. Let I be the n×n identity matrix. Then R =
⊕n

k=1 R1 = R1I . According
to (18) we have PT = R∗PγR . Explicit formulae for the values of R and R∗ follow
from (7) and (8), they are given by

(Rφ)(t) =
χ+(t)√

2π

∫
R+

∫
R

e−itu
√

2t �0(2tv)φ(u,v)dudv, φ ∈ (A 2(Π))n

and

(R∗ f )(x,y) =
1√
2π

∫
R+

eitx
√

2t �0(2ty) f (t)dt, f ∈ (L2(R+))n.

Take φ = (φ1, . . . ,φn)t ∈ (A 2(Π))n . Then,

(PT φ)(x,y) =
([

R∗PγR
]

φ
)
(x,y)

=
1√
2π

∫
R+

eitx
√

2t �0(2ty)Pγ(t)(Rφ)(t)dt

=
1
2π

∫
R+

eitx
∫

R+

∫
R

e−itu 2t �0(2ty)�0(2tv)Pγ(t)φ(u,v)dudvdt.

The integral representation of K(z,w) immediately follows from last integral. �
An interesting fact is that the image of PT involves the digamma function, which

in turn, is related to the Harmonic numbers given by Hn =
n
∑

k=1
1/k , with n ∈ N. Recall

that the digamma function is defined by

ψ(z) =
Γ′(z)
Γ(z)

= −γ +
∞

∑
n=0

(
1

n+1
− 1

n+ z

)
, z /∈ {0,−1,−2,−3, . . .}

where Γ is the Gamma function and γ =−ψ(1) is the Euler-Mascheroni constant. The
function ψ satisfies ψ(n) = Hn−1 − γ , where H0 = 0. Thus, Harmonic numbers are
values of the harmonic function

H(z) = ψ(z+1)+ γ.

Since ψ(z + 1) = ψ(z) + 1/z , one can easily prove that H(z− 1) = H(z)− 1/z . In
addition, the Nielsen’s beta function also emerges in this framework, it is defined by
the formula

β (z) =
∫ ∞

0

e−zt

1+ e−t dt =
∞

∑
n=0

(−1)n

z+n
, Re z > 0.
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This function satisfies

β (z) =
1
2

(
ψ

(
z+1

2

)
−ψ

( z
2

))

=
1
2

(
H

(
z+1

2

)
−H

( z
2

))
+

1
z
− 1

z+1
.

Some computations below require the following result∫ ∞

0
e−pt(1− e−t/α)ν−1dt = αB(α p,ν), Reα, Reν, Re p > 0,

where B(z,w) is the usual beta function. In particular, we introduce the following
function defined by the Laplace transform of the function h(t) = (1− e−2t)1/2 :

J(p) :=
∫ ∞

0
e−pt(1− e−2t)1/2dt =

1
2
B(p/2,3/2) =

√
π

4
Γ(p/2)

Γ
( p

2 + 3
2

) .

LEMMA 5. The Laplace transform of function th(t) is given by

∫ ∞

0
e−pt t(1− e−2t)1/2dt = − d

dp
J(p) = J(p)

(
β (p)+

1
p+1

)
. (27)

Proof. Compute

∫ ∞

0
e−pt t(1− e−2t)1/2dt = − d

dp
J(p)

= −
√

π
4

1
2

Γ
( p

2 + 3
2

)
Γ′ ( p

2

)−Γ
( p

2

)
Γ′ ( p

2 + 3
2

)
(
Γ

( p
2 + 3

2

))2

= −
√

π
8

Γ
( p

2

)
ψ

( p
2

)−Γ
( p

2

)
ψ

( p
2 + 3

2

)
Γ

( p
2 + 3

2

)
=

√
π

4

Γ
( p

2

)
Γ

( p
2 + 3

2

) · 1
2

(
ψ

(
p
2

+
3
2

)
−ψ

( p
2

))
.

Formula (27) follows from the identity ψ(z+1) = ψ(z)+1/z . �
Introduce now the functions

Gm(z,w) =
−1

π [z−w+mi]2
, m ∈ Z.

THEOREM 8. Let z = x+ iy and w = u+ iv . The reproducing kernel K(z,w) of
the image of PT is given by

K(z,w) = (Kjk(z,w)) j,k=1,...,n,
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where

Knn(z,w) = G2(n−1)(z,w) =
−1

π [z−w+2(n−1)i]2
,

Kjk(z,w) = −Gj+k(z,w)+Gj+k−2(z,w), j,k = 1, . . . ,n−1,

and

Kjn(z,w) =
1
π

J(p)
(

β (p)+
1

p+1

)

=
J(p)
2π

[
H

(
p+1

2

)
−H

( p
2

)
+

2
p

]

where j = 1, . . . ,n−1 and p = −i(z−w)+ j +(n−2) .

Proof. From Theorem 7, the reproducing kernel of the image of PT equals

K(z,w) = (Kjk(z,w)) j,k=1,...,n,

where

Kjk(z,w) =
1
2π

∫
R+

eit(x−u)2t�0(2ty)�0(2tv)
√

γa j(t)γak(t)dt,

and the functions γak are defined in (14) and (15). Recall that �0(t) = χ+(t)e−t/2 . For
j = k = n , we have that

Knn(z,w) =
1
π

∫
R+

teit(x−u)−ty−tve−2(n−1)t dt

=
1
π

∫
R+

teit[z−w+2(n−1)i] dt, Im(z−w) > 0

=
−1

π [z−w+2(n−1)i]2
.

On the other hand, for j,k = 1, . . . ,n−1, we have

Kjk(z,w) =
1
π

∫
R+

teit(x−u)−ty−tv
√

e−2 jt [−1+ e2t]e−2kt [−1+ e2t]dt

=
1
π

∫
R+

teit[z−w+ ji+ki][−1+ e2t]dt

=
−1
π

∫
R+

teit[z−w+ ji+ki]dt +
1
π

∫
R+

teit[z−w+ ji+ki−2i]dt.

=
1

π [z−w+( j + k)i]2
− 1

π [z−w+( j + k−2)i]2
.
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Finally, let j ∈ {1, . . . ,n−1} and introduce q = i(u− x)+ y+ v+ j+n−1. Note
that Req > 2. Then

Kjn(z,w) =
1
π

∫
R+

teit(x−u)−ty−tv
√

γa j(t)γan(t)dt

=
1
π

∫
R+

te−t[i(u−x)+y+v+ j+n−1]
√
−1+ e2tdt

=
1
π

∫
R+

te−pt
√

1− e−2tdt, p = q−1,

where p = −i(z−w)+ j +(n−2) . Formula (27) finishes the proof. �

In order to have an integral representation of P , recall that the image of Pγ consists
of all functions of the form g = aMn , where a∈ L2(R+) and Mn is given in (26). Thus,
the image of P consists of all functions h = R∗

n(aMn) , where a ∈ L2(R+) , that is,

h(z) =
1√
2π

∫
R+

eixt
√

2t a(t)[Nn(2ty)]tMn(t)dt.

THEOREM 9. The orthogonal projection P : A 2
n (Π) → A 2

n (Π) admits the inte-
gral representation

(Pφ)(z) =
∫

Π
φ(u,v)Kγ (z,w)dudv, w = u+ iv,

where

Kγ(z,w) =
1
π

∫
R+

eit(x−u)t Nn(2ty)tPγ(t)Nn(2tv)dt, z = x+ iy. (28)

Proof. We have P = R∗
nPγRn . Take φ ∈ A 2

n (Π) , then

(Rnφ)(t) =
χ+(t)√

2π

∫
R+

∫
R

e−ituφ(u,v)
√

2tNn(2tv)dudv,

and

(Pφ)(x,y) = (R∗
nPγRnφ)(x,y)

=
1√
2π

∫
R+

eitx
√

2tNn(2ty)tPγ(t)(Rnφ)(t)dt

=
1
2π

∫
R+

eitx2t
∫

R+

∫
R

e−ituφ(u,v)Nn(2ty)tPγ(t)Nn(2tv)dudvdt

=
∫

R+

∫
R

φ(u,v)
1
2π

∫
R+

eit(x−u)2tNn(2ty)tPγ(t)Nn(2tv)dtdudv

=
∫

R+

∫
R

φ(u,v)Kγ (z,w)dudv. �
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It is easy to see that Kγ (z,w) = ∑n
j=1 ∑n

k=1 Kγ
jk(z,w) , where

Kγ
jk(z,w) =

1
π

∫
R+

eit(x−u)t
√

γa j(t)γak(t)� j−1(2ty)�k−1(2tv)dt.

Even though this integral representation of the reproducing kernel seems to be fairly
simple, a cumbersome computation of the integral in terms of the coefficients of La-
guerre polynomials reveals no substantial information of the reproducing kernel. How-
ever, P is unitarily equivalent to PT , thus the reproducing kernel K(z,w) theoretically
contains all the information encoded in Kγ (z,w) . We proceed to compute another inte-
gral representation of Kγ . Introduce the functions

φm(t,y) =
m

∑
j=1

e−( j−1)t� j−1(2ty),

where �k is given in (2) for k = 0,1,2, . . . .

THEOREM 10. The reproducing kernel Kγ(z,w) is given by

Kγ(z,w) =
1
π

∫
R+

eit(x−u) t (φn(t,y), φn−1(t,y))
(

1 φ(t)
φ(t) [φ(t)]2

)(
φn(t,v)

φn−1(t,v)

)
dt,

where φ(t) = −1+
√

1− e−2t , z = x+ yi and w = u+ vi .

Proof. We write Mn = (M′t
n ,
√

γan)t and Nn = (Nt
n−1, �n−1)t , where

M′
n = (

√
γa1 , . . . ,

√
γan−1)t .

Thus, by (14),

Nn−1(2ty)tM′
n(t) =

√
1− e−2tφn−1(t,y).

According to (28), we calculate

k := Nn(2ty)tPγ(t)Nn(2tv)
= [Nn(2ty)tMn(t)] [Nn(2tv)tMn(t)]

= [Nn−1(2ty)tM′
n(t)+ �n−1(2ty)

√
γan(t)][Nn−1(2tv)tM′

n(t)+ �n−1(2tv)
√

γan(t)]

= (1− e−2t)φn−1(t,y)φn−1(t,v)+ �n−1(2ty)�n−1(2tv)γan(t)

+
√

1− e−2t
√

γan(t)[φn−1(t,y)�n−1(2tv)+ φn−1(t,v)�n−1(2ty)].

Recall that γan(t)= e−2(n−1)t , moreover e−(n−1)t�n−1(2ty)= φn(t,y)−φn−1(t,y) . Then

k =(1− e−2t)φn−1(t,y)φn−1(t,v)
+ [φn(t,y)−φn−1(t,y)][φn(t,v)−φn−1(t,v)]

+
√

1− e−2t) [φn−1(t,y){φn(t,v)−φn−1(t,v)}+ φn−1(t,v){φn(t,y)−φn−1(t,y)}].
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The last form of k is a quadratic expression with respect to φn(t,y) , φn−1(t,y) , φn(t,v)
and φn−1(t,v) . One can easily see that

Nn(2ty)tPγ(t)Nn(2tv) = (φn(t,y), φn−1(t,y))
(

1 φ(t)
φ(t) [φ(t)]2

)(
φn(t,v)

φn−1(t,v)

)
,

where φ(t) = −1+
√

1− e−2t , for which [φ(t)]2 = 2− 2
√

1− e−2t − e−2t . Finally,
(28) completes the proof. �

All reproducing kernels Kγ
nn and Kγ

jk , with 1 � j,k � n− 1, can be expressed in
terms of functions of the form

(2yi) j(2vi)k
∫

R+
eit(z−w)−mtt j+k+1dt = ( j + k+1)!

(z− z) j(w−w)k

[−i(z−w)+m] j+k+2 .

Of course, this kind of integral appears in Theorem 10. However, integrals correspond-
ing to the reproducing kernels Kγ

jn and Kγ
n j , with 1 � j � n−1, are given in terms of

integrals of the form∫ ∞

0
tme−pt(1− e−2t)1/2dt = (−1)m dm

dpm J(p).

This integral involves some special functions, and it suggests a further research for the
reproducing kernel Kγ (z,w) .

7. Algebra generated by a Toeplitz operator and n orthogonal projections

In this section we study the C∗ -algebra C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)) generated by
the orthogonal projections BΠ,(1), . . . ,BΠ,(n) and a Toeplitz operator Tn,a0 : A 2

n (Π) →
A 2

n (Π) with vertical symbol a0 to be defined below. This C∗ -algebra is closely re-
lated to both the C∗ -algebra C ∗(PT ,BΠ,(1), . . . ,BΠ,(n)) , and the C∗ -algebra generated
by Toeplitz operators acting on the poly-Bergman space, as we see at the end of this
section. We apply technique given in the Subsection 5.1 to the study of the algebra
under consideration.

Recall the orthogonal projection Qj given in (17). This orthoprojection is unitarily
equivalent to BΠ,( j) . We saw that

Qj = RnBΠ,( j)R
∗
n,

where Rn is given in (4). Let α > 0 and

a0(z) = χ[0,α/2](y).

According to (10), the corresponding Toeplitz operator Tn,a0 is unitarily equivalent to
the operator γn,a0I , acting on (L2(R+))n , where

γn,a0(x) =
∫ αx

0
Nn(y)[Nn(y)]t dy,
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and Nn(y) = (�0(y), . . . , �n−1(y))t .
Let us consider the following commutative diagram:

A 2
n (Π)

Rn

��

Tn,a0 , BΠ,( j) �� A 2
n (Π)

Rn

��
(L2(R+))n

γn,a0 I, Qj

�� (L2(R+))n

Recall that Q1, . . . ,Qn are identified with multiplication operators by matrix-valued
functions defined on the positive real line. From this perspective, introduce the C∗ -
algebra

Bn := C ∗(γn,a0 ,Q1, . . . ,Qn).

We will prove that Bn equals to the following C∗ -algebra

Dn = {M ∈ Mn(C)⊗C[0,∞] : M(0),M(∞) are diagonal}.

Each generator of Bn evaluated at the points 0,∞ is a diagonal matrix, thus Bn ⊂
Dn . In order to prove that these C∗ -algebras coincide, we will prove that Bn separates
all the pure states of Dn . For x0 ∈ (0,∞) , we have the following pure states of Dn :

fx0,v(M) = 〈M(x0)v,v〉, M ∈ Dn,

with v ∈ Cn a unit vector. For the boundary points x0 = 0,+∞ , the pure states of Dn

are given by

fx0,e j (M) = 〈M(x0)e j,e j〉, j = 1, . . . ,n,

where {e1, . . .en} is the canonical basis of Cn . There are no additional pure states of
Dn .

THEOREM 11. The C∗ -algebra C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)) is isomorphic and
isometric to the C∗ -algebra Dn . Equivalently, the C∗ -algebra Dn is generated by

γn,a0 ,Q1, . . . ,Qn.

Moreover, the map C ∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)) � T �−→ RnTR∗
n ∈ Dn is an isometric

isomorphism of C∗ -algebras, where

Tn,a0 �−→ γn,a0I and BΠ,( j) �−→ Qj.

Proof. Of course Dn is a liminal C∗ -algebra. The C∗ -algebra Bn separates all
the pure states of Dn as shown in Lemmas 6, 7 and 8 below. By the noncommutative
Stone-Weierstrass theorem, we have that Dn = Bn . �
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LEMMA 6. Let v,w ∈ Cn be unit vectors, and x0,x1 ∈ (0,∞) . Let γn,a0 be the
spectral function of the Toeplitz operator Tn,a0 , where a0(z) = χ[0,α/2](y) . Suppose
that

fx0,v(Qjγn,a0IQk) = fx1,w(Qjγn,a0IQk), (29)

fx0,v(Qjγn,a0IQkγn,a0IQl) = fx1,w(Qjγn,a0IQkγn,a0IQl), (30)

for all j,k, l = 1, . . . ,n. Then x0 = x1 and v = λw, where λ is a unimodular complex
number.

Proof. For the sake of simplicity, a denotes the symbol a0 along the proof. Ele-
mentary calculations show that Qjγn,aIQk = γn,a

jk E jk and EjkEkl = Ejl . From (29) and
(30) we obtain

γn,a
jk (x0)vkv j = γn,a

jk (x1)wkwj,

γn,a
jk (x0)γn,a

kl (x0)vlv j = γn,a
jk (x1)γn,a

kl (x1)wlwj

for all j,k, l = 1, . . . ,n. Note that

γn,a
jk (x) =

∫ αx

0
� j−1(y)�k−1(y)dy 
= 0 ∀x ∈ (0,∞).

Thus, vkv j 
= 0 if and only if wkwj 
= 0. In particular, v j 
= 0 if and only if wj 
= 0.
Therefore

γn,a
jk (x0)

γn,a
jk (x1)

=
wkwj

vkv j
, (31)

γn,a
jk (x0)

γn,a
jk (x1)

· γn,a
kl (x0)

γn,a
kl (x1)

=
wlwj

vlv j
(32)

whenever vkv j 
= 0 and vlv j 
= 0. Since v 
= 0, there exists k ∈ {1, . . . ,n} such that
vk 
= 0. Then, using (31) and (32) with j = l = k we get that

wkwk

vkvk

wkwk

vkvk
=

wkwk

vkvk

or |wk|2 = |vk|2. Using last result and (31) with j = k we obtain γn,a
kk (x0) = γn,a

kk (x1) .
That is, ∫ x0α

0
(�k−1(y))2dy =

∫ x1α

0
(�k−1(y))2dy,

which implies that x0 = x1 . Consequently, from (31) we find that vkv j = wkwj for all
j . Thus, if v j 
= 0, then

vk

wk
=

wj

v j
.

As in the proof of Lemma 2, λ := wj
v j

does not depend on j . As a consequence, v = λw

with |λ | = 1. �
We proceed to separate the rest of the pure states of Dn .
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LEMMA 7. Let γn,a0 be the spectral function of the Toeplitz operator Tn,a0 , where
a0(z) = χ[0,α/2](y) . Then

f0,e j (γ
n,a0I) 
= f∞,ek (γ

n,a0I) for all j,k = 1, . . . ,n.

In addition, the pure states fx,e1 , . . . , fx,en are separated by Q1, . . . ,Qn , where x =
0,+∞ .

Proof. Recall that γn,a0(0) = 0I and γn,a0(∞) = I . Then

f0,e j (γ
n,a0I) = 0 and f∞,ek (γ

n,a0I) = 1.

That is, the pure states f0,e j and f∞,ek are separated by Bn for j,k ∈ {1, . . . ,n} .
Let x = 0,+∞ . Note that fx,ek (Qj) = δ jk , thus fx,e j (Qj) 
= fx,ek (Qj) for j 
=

k . �

LEMMA 8. Let v = (v1, . . . ,vn)t ∈ Cn be a unit vector, x0 ∈ (0,∞) and x1 ∈
{0,+∞} . Let γn,a0 be the spectral function of the Toeplitz operator Tn,a0 , where
a0(z) = χ[0,α/2](y) . If v j 
= 0 , then

fx0,v(Qjγn,a0IQj) 
= fx1,ek(Qjγn,a0IQj) for all k = 1, . . . ,n.

Proof. Note that f0,ek(Qjγn,a0IQj) = 0 and f∞,ek (Qjγn,a0IQj) = δ jk. Choose j
such that v j 
= 0. Since γn,a0

j j (x0) ∈ (0,1) ,

fx0,v(Qjγn,a0IQj) = γn,a0
j j (x0)|v j|2 ∈ (0,1),

which means that fx0,v and fx1,ek are separated by Bn for all k = 1, . . . ,n. �
By bringing together all of our main results, we reveal a relationship between

C∗ -algebras generated by Toeplitz operators with vertical symbols and C∗ -algebras
generated by orthogonal projections acting on the poly-Bergman space A 2

n (Π) . Recall
that Tn,a0 : A 2

n (Π) → A 2
n (Π) is the Toeplitz operator with vertical symbol a0(z) =

χ[0,α/2](y) , where α > 0 is fixed. On the other hand, the orthogonal projection P :
A 2

n (Π) → A 2
n (Π) was constructed via an orthoprojection given in terms of Toeplitz

operators acting on the Bergman space A 2(Π) ; see (12), (13), and (25).
According to Corollary 1 and Theorem 6, the C∗ -algebra generated by all Toeplitz

operators Tn,b , with vertical symbols satisfying b0 = b+∞ , is contained in the C∗ -
algebra generated by the orthogonal projections P , BΠ,(1), . . . ,BΠ,(n) . In turn, this C∗ -
algebra is a C∗ -subalgebra of C∗(Tn,a0 ,BΠ,(1), . . . ,BΠ,(n)) , as follows from Theorem
11. The following diagram summarizes these relationships:

C ∗(T 0,0
n ) ⊂
∼=

��

C ∗(P;{BΠ,( j)}n
j=1) ⊂

∼=
��

C ∗(Tn,a0 ;{BΠ,( j)}n
j=1)

∼=
��

DCI
n D1,n

n Dn
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In addition, the C∗ -algebra C ∗(T 0,∞
n ) generated by all Toeplitz operators Tn,a ,

with a ∈ L{0,∞}
∞ (R+) , is contained in C ∗(Tn,a0 ;{BΠ,( j)}n

j=1) , see Theorem 3. Further-

more, for a ∈ L{0,∞}
∞ (R+) , the vertical symbol ba(z) = a(z)+(a0−a+∞)a0(z) satisfies

b0
a = b+∞

a . Thus, we have

C ∗(T 0,∞
n ) = C ∗(T 0,0

n )+CTn,a0 .

All the C∗ -algebras here differ from each other just by their irreducible one-dimensional
representations corresponding to x = 0,+∞ . In this sense, the C∗ -algebra generated by

all Toeplitz operators with symbols in L{0,∞}
∞ (R+) is closely related to the C∗ -algebra

generated by a system of all-but-one orthogonal projections in generic position.
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e-mail: maribel.loaiza@cinvestav.mx

Miguel Antonio Morales-Ramos
NovaUniversitas

Carretera a Puerto Ángel km 34.5
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