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ANALYTIC oo-MORREY SPACES AND
VOLTERRA INTEGRAL OPERATORS
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(Communicated by R. A. Martinez-Avendaiio)

Abstract. A family of analytic o -Morrey spaces & 24, in the unit disc is introduced. Subse-
quently, some basic properties of .22*® are established. Moreover, the boundedness, compact-
ness, norm, and essential norm of the Volterra integral operators 7, and S, acting on analytic
o -Morrey spaces L2 gre investigated comprehensively.

1. Introduction

Let D= {z€ C: |z] < 1} be the open unit disc in the complex plane C, and
let H(DD) be the space of all analytic functions on ID. The M&bius group, denoted by
Aut (D), is the collection of all bi-holomorphic analytic mappings on D of the form
¢ = €90, with 8 € [0,27) and b € D. Here o,(z) = f’_lfz , which plays a pivotal role

in various aspects of complex function theory.

For a positive real-valued parameter o, let f € H(D), and ¢ : D — D be a holo-
morphic mapping. The weighted composition of f and ¢, which was first introduced
by Zhao [33], is denoted by f oy ¢ and is defined by

foud(z) = /Ozf’(¢(W))(¢’(W))°‘dw+f(¢(0))(¢’(0))°"1-

Here (¢'(0))*~! is taken to be its principal value. This construction generalizes the
standard composition and provides a powerful tool in the investigation of various prob-
lems in complex analysis. In particular, when o =1, f o, ¢ will be denoted by fo¢.

For 0 < p < e, the Hardy space H” (D) is defined as the collection of all f € H(DD)
satisfying (cf. [4]):

1 21 X
fl%, = sup —/ F(re'®)|PdO < oo.
11 = sup 5= [ 170

Let H” denote the space of all bounded analytic functions with the supremum norm

£ = = sup.ep | £ (2)]-
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In 1961, F. John and L. Nirenberg [ 1 1] introduced the space of functions of bounded
mean oscillation, BMO, during their investigation of differential equations. The BMOA
space is a fundamental object in complex analysis, defined as the collection of all an-
alytic functions within the Hardy space H?, where the boundary values of these func-
tions lie in BMO. Formally,

BMOA = {feHz( :sup i /|f 9y f]2d9<oo}’

IcoD

where f; = ﬁ L& )% represents the mean value of f over the arc I of the unit

circle dD. A well-established and highly useful characterization of BMOA states that
a function f belongs to BMOA if and only if

sup|f G = f0 0(0) 2 <=
Q)
The BMOA space plays a crucial role in numerous problems. C. Fefferman’s [5, 6]
celebrated duality theorem stands as a cornerstone result. This theorem elegantly estab-
lishes that the dual space of the Hardy space H' is precisely BMOA , thereby providing
a deep connection between these two important function spaces and facilitating further
progress in harmonic and complex analysis. If f € H (D) such that limy_; [|f o o} —
f(D)||y2 = 0, then we say that f belongs to VMOA.

Let A satisfy 0 < A < 1. In their work [28], Wu and Xie introduced the analytic
Morrey space .Z>* . A function f in the Hardy space H? belongs to .#>* if and only
if the norm || f|| 421 is finite. The norm || f|| 42 is defined as follows:

£l z22 = 1(0 )\+Sup(1—\b| )2 (1f 0 05— £ 0 04(0)| 2 -

This space exhibits interesting special cases. When A = 0, .Z*" coincides with the
Hardy space H?, and when A = 1, it is identical to the BMOA space. For a compre-
hensive understanding of the most recent research findings regarding various analytic
Morrey spaces, such as Bergman-Morrey, Dirichlet-Morrey, and Besov-Morrey spaces,
one may consult [7, 10, 13, 14,22,24, 26, 28, 29, 30, 31, 32] and the references therein.

Inspired by the concepts of the analytic Morrey space and weighted composition,
we define a new function space .Z>*® namely the analytic o-Morrey space, in this
work. For a function f € H(D), with parameters 0 < oz < o and 0 < A < 1, we say
that f belongs to the analytic c-Morrey space £>*% if the norm | f|| y2..« is finite.
Here,

£l 220 = 1£(0 )\+Sup(1—\b| )= f 0w O — £ 00 30| 2-

It is easy to check that analytic oc-Morrey spaces are indeed Banach spaces. Further-
more, we introduce the little analytic az-Morrey space, denoted by %" 240
f € H(D) is an element of ﬁozla if

. A function

|lljm( \b| ) 7 lf o 0 — foa 0,(0)]| 2 = 0.
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This new function space framework exhibits interesting special cases. When o =
1, the space .Z>* coincides with the well-known .£>* space. When A =0, .£24¢
reduces to the Hardy space H”. In the case where A = 1, we give the spaces more
specialized names: .Z24® is referred to as the o — BMOA space, denoted by BMOA® ,
and 302 4@ s called the o — VMOA space, denoted by VMOA™, respectively.

Let g € H(D). We recall the definitions of the Volterra integral operators 7, and
Sg, which are induced by the function g. These operators are defined as follows:

/f wydw and  Sef(2) /f

where z € D and f € H(D). The operator 7, generalizes the well-known Cesaro
operator. The operator T, was initially introduced by Pommerenke in [21]. In this work,
Pommerenke established a fundamental result: the operator 7, maps the Hardy space
H? to itself boundedly if and only if g € BMOA. Li, Liu, and Lou in [13] delved into
the properties of the .#>* space and explored the boundedness, compactness, norm,
and essential norm of the Volterra integral operators 7, and S, acting on LA Over
the past nearly four decades, the mathematical community has conducted extensive
research on the boundedness, compactness, norm, and essential norm of 7, and S,
when considered between various function spaces. For a comprehensive overview of
results regarding these operators, we refer the reader to [1, 7, 9, 10, 12, 13, 14, 15, 16,
17,19, 22,23, 24, 25, 26, 28, 29, 30, 31] and the references therein.

The paper is organized as follows. In section 2, we establish some basic properties
of the analytic a-Morrey space 224 and the little analytic ct-Morrey space .,2”02 Aa
In section 3, we fully characterize the boundedness, compactness, norm, and essential
norm of the Volterra integral operators 7, and S, on the analytic a-Morrey space
$2,7L,a .

In this paper, we say that f < g if there exists a constant C such that f < Cg. The
symbol f =< g means that f < g < f.

2. Basic properties of analytic ¢« -Morrey spaces

In this section, we consider some basic properties of analytic ¢ -Morrey spaces
Prhe First, let us state some definitions and lemmas, which will be used in the proof
of the main results.

Let u denote a positive Borel measure defined on 1D, and let B > 0 be a fixed
positive real number. We say that the measure u is a f3-Carleson measure on I (cf.
[3]) if the quantity

u(S(1))
= su
H””ﬁ IC(?% II\ﬁ

is finite. Here, for an arc I on the unit circle dD, the Carleson box S(I) is defined as
the set

Sy ={w=re® eD: 1|1 <1< 1,e% e 1},
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where |I| represents the normalized arc-length measure of the arc I on dID. The mea-
sure [ is said to be a vanishing f -Carleson measure if

u(s) _
e

In the special case when 3 = 1, the 3 -Carleson measure reduces to the well - known
classical Carleson measure, as studied in [2, 3].

As established in [20], the measure t on D is characterized in the context of
B -Carleson measures. Specifically, u is a -Carleson measure if and only if

1—[b]?)
up | =PI gy 1) < oo, (1)

beb D |1 — bw|+B

for all + € (—f,e). This integral condition serves as an alternative, yet equivalent,
definition to the more traditional one based on Carleson boxes. Moreover, the measure
U is a vanishing f3 -Carleson measure if and only if

1—|b]?)
tim [ =P ) o, @)

D |1 —bw|+B

for every 1 € (—f3,0). These integral characterizations provide powerful tools for an-
alyzing and working with 3 -Carleson and vanishing f3-Carleson measures, allowing
mathematicians to explore their properties from a different analytical perspective com-
pared to the Carleson box-based definitions.

PROPOSITION 1. Let f € H(D), 0< A <1 and 0 < oo < 1+ 4. Then the fol-
lowing statements are equivalent.

(i) fep>he
(ii)
My =sup(1 = [b)' [ 7/(0)P(1 ol o )2 dA () <
(iii)
My = sup(1 =)'~ /1 O0) (1 = 2221 = o) ) dA ) <
(iv)

1
My = sup e [ 1 0P = [wPdA(w) <
1cop P24 s

(v)

My =sup [ |f/(w)[*(1 = [wP)>* 71 (1 = |op(w)})>* T dA(w) < .
beD /D



ANALYTIC & -MORREY SPACES AND VOLTERRA INTEGRAL OPERATORS 247

Moreover,

1 1p2na = (O = My = My = M3 < M.

Proof. Let us first prove that (i) < (if) < (iii). Making the change of variable
w = 0p(z) and using the following identity

£l = FOF + [ 1f @F (1= EP)dAG),
it follows that
171 250~ FO) = sup(1 = [5)' 2 o 0 — Fou 03(0) 2
S

Xsup(l - \bIZ)H/ 17" (05(2)) P04 (2) 2 (1 — [2I*)dA(z)

=sup(1 =)' [ 1 (@) (1~ [2)' (1~ op(2) ) **dA D)

= sup(1 =[5 [ [7/() P(1 = 0y(w)/)'2(1 = w2 o} () PdA (w)
beD

= sup(1 =[5 [ 17/(6) P(L = [w?) o} (w)~2dA(w)

beD

—sup(1 = [62)1 [ £ On)P(1 = P21 = oy() P 20dAw).

beD D

(ii) = (iv) Given any arc I C 9D, let b = (1 —|I|)&, where & is the center of 1.
We have |1 —bw| =< 1—[b]>=<|I|, weS(I). Hence

1 / 2 2
=l NICOIROR AT
1— b2 3-2a
SR [ 101~ w|2>%fm<w>
Ssup(1—[P)' [ 1f ) (1= Pl 00) A () < 1~ FO)P

as desired.
(iv) = (ii) Let dus(w) = |f'(w)|*(1 — |w|*)dA(w). We obtain

ur(S)) _ 1

1com [1|?720+% B 1com H[?~20+2

[ A7 wP)dA(w) <o,
)

which implies that p; is a(2 — 20+ 4)-Carleson measure. Here we used the fact that
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o< 1+%. Then by (1) we have

sup(1 = 16)'* [ 1/00) (1= [wf?) o} () ~2dA(w)
beD

—sup(1 o) * [ P
beD D |1 _ bw‘2(372a) L

(1— |b|?)—20+4-2
:ilelup)/m |1 —EW‘2*20‘+7L+(472a7;L)d.uf(W)
<oo.

(iv) & (v) Let dus(z) = |f'(w)[>(1 —|w|?)dA(w). By (1), we obtain that {is is a
(2 — 20+ 1) -Carleson measure if and only if

Sup/ L7 )P (L= w221 (1= [op(w) )P 244 dA(w) < oo,
beD /D
The proof is complete. []

REMARK 1. From the proof of Proposition 1, we see that (i) < (ii) < (iii) for
any o € (0,00). Moreover, f € .Z>* if and only if

Sup(l—lb\ )T f o Oplle < .

REMARK 2. When o = 152 f € 22 if and only if

sup \f( )I(1 = lop(w)[*)dA(w) <

beD

This implies that the space 327’1’# is the BMOA space (see [33]). When o =1, the
space . Z2M® is the analytic Morrey space .22+ . Hence, the space .Z>*% not only
generalizes the analytic Morrey space but also include the classical BMOA space.

From the proof of Proposition 1 and (2), we have the following characterization of

the space .,?02’1’0‘. We omit the details of the proof.

PROPOSITION 2. Let f € H(D), 0< A < 1 and 0 < o < 1+ %. Then the fol-
lowing statements are equivalent.

(i) fe LM
(i)

tim (1= )' [ 1 (w) (1~ bof?) o () P> dA () = 0.
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(iii)
fim (1= [6)' % [ 1 (0)(1 = w2 2(1 = o(w) P2 (w) =o.
[b]—1 D
(iv) |
: / 201 _ 2 _
tim gy U 0P (1= A (w) 0.
(v)

tim [ 170001 )2 (1 o) P2 A () =0,

PROPOSITION 3. Let 0 < ot < o0 and 0 < A < 1. Then £>** C H?.
Proof. Let f € £**%_ By Proposition 1, we have
oo > Sup(l - |b|2)1_’1/ /W)= w22 (1 = |op(w)[*)*dA(w)
D
/ 7P (1= wP)dA(w).
The last inequality follows by taking b= 0. So f € H2. Hence, £#>*® C H2. [

LEMMA 1. [18, Lemma2.5] Let s > —1, r,t > 0. If r <s+2 <t, then we have

D |1 —az|r|1 — bzt ~ L —ab|r(1— |bF)y
where a,b € D.

PROPOSITION 4. Letac D, 0< A <1 and % <o<l+ % Then the function

(1—lal?)

(1—az)' T+

falz) = ,2€D,

belongs to Frhe Moreover;
[ fall 2200 S 1.

Proof. Using Proposition 1 and Lemma 1, we get

Iellan = sup(1 =)' [/ 70P(1 = P2 (1 = o)) >aA ()

beD

1— _ 1— b2 3-2a
SSUP(I_W)H/( |a|_>< RO
beD D |1 _ aw|20£+3—7t|1 _ bw‘6_40‘
(1—w[*)
<sup(l—1b - ’1 / dA(w
be]g( | I ) ‘1 bw|3 20‘\1—aw|20‘+3 A ( )

<1

Here we used the assumption that % <o<l+ % . The proof is complete. [
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PROPOSITION 5. Let 0 <A <1 and 0 < o < 1+ 4. If f € L**% then for
ze€D,

11l 2.2, 142

— LT e>

1f(2)] < 1()gm||ijﬂﬁ,m7 a:%,
Hf”f/llﬂv o< %

Proof. For z€ D and r > 0, set D(z,r) = {w e D: B(z,w) < r}. Here B(,-)
denotes the Bergman metric. From [34] we see that

-2 1 1

~
-~

[T=2wl = (1= [w])? 7 (1= ]2’

when w € D(z,7). Hence,

/ 1 / o—
O S (g g OO 2000
1 , . .
S W/D(z,r) |f (W)|2(1 B |W|2)2 2(1 B ‘GZ(W)F)B : dA(W)
1

2
S aope Ml

Therefore,
‘f/(2)| < ||fH“(£2JL,oc

T (12 T e

If a > # , then for b € D and using the last inequality,

10)- 101 = o [ 23] 5 1ol [ 102
1 |bldz
S ”foZZ?La/(; W

< Hf”fllﬂ
1) F et

Because the point b is arbitrary, we obtain

TPy et

Other cases can be proven similarly. The proof is complete. [

The following integral estimate is of great importance in our proof.
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LEMMA 2. [34, Lemma 3.10] Suppose z €D, c isreal, t > —1, and

_w2t
) = [ dan),

D |1 —zw|

(a) If ¢ <0, then as a function of z,1.,(z) is bounded from above and bounded
from below on D.
(b) If ¢ >0, then

1
e lodl—17.

= TRy

(c)If c=0, then

1 _
Ios(z) < log W’ lz| — 1.

The following two propositions are devoted to illustrating the relationship between
polynomials and 9%2 4% We show that 9%2 4+ is the closure of all polynomials in
32,1,05 )

PROPOSITION 6. Let 0 < A <1 and 0 < o <1+ % Then foz’k’a (and so
LM% contains all polynomials.

Proof. If f is a polynomial, then

sup | /()2 < M < e
weD

By Lemma 2, we get

lim (1 — \blz)l_l/ )21 (w22 (1= op(w)[*)* 2 *dA(w)
[b]—1 D

(1—[w?)
‘1 _EW|2(3—20¢)

<M Tim (1— \b|2)4—1—2a/ dA(w) = 0.
D

[b]—1

Thus f € Z2** by Proposition 2. [J

Similarly to the proof of Proposition 2.15 in [33], we get the following proposition.
PROPOSITION 7. Let g € £**% 0<A<1and 0< a<1+%. Then

lim ng - g”ﬂrgzﬁl,a =0,
r—1

where g.(z) = g(rz). In particular, .,2”02’1"0‘ is the closure of all polynomials in £**.
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3. Integral operators 7, and S,

In this section, we precisely determine the boundedness, compactness, norm and
essential norm properties of the operators T, and S, acting on the analytic o-Morrey
space LA

To prove our main results in this section, we need the following lemmas.

LEMMA 3. [8] Suppose that [ is a non-negative measure on D. Then U is a
Carleson measure if and only if the following inequality

JRUCIRTES
holds for all f € H?. Moreover;

S
swp [ 1= sup LED),
1l,p=17D icop I

LEMMA 4. [8] Suppose that f € HD). Then f € BMOA if and only if the
measure dpiy = |f'(z)|*(1 — |2|?)dA(z) is a Carleson measure. Moreover,

sy S0

icop M|

1f I Bar0a = 1F(0) +

From the proof of Lemma 1 in [14], we have the following lemma.

LEMMA 5. Let f € H(D) and b,z € D. Then
) e 2 (= )3
Fo0u(e)~ foaOF £ (1-1dP) [[(Foa) (P = aaw)
Now we are in a position to state and prove the main result in this section.

THEOREM 1. Let g € H(D), 0 < A <1< & < oo such that B2 <o <144,
Then Ty : LM P2A s bounded lfand only if g € BMOA. Moreover,

[Tl < |lgllBMoOA-

Proof. Suppose that g € BMOA. By Lemma 4, 1, is a Carleson measure where
dug = |g'(2)[>(1 — |z|*)dA(z). For any I C D, let & be the center of I and b = (1 —
))& . For any f € £>M,

1
Tt VPl

! 2 1 5
e o WOt ez [ 1) 0Pt

=G|+ G.
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By Proposition 5, Lemma 4 and the assumption that # < o, we have

1 2
= MO

] £l 200 )2
ST <<1 oy et ) W
He(S(1))

N”ijZ?LO! |I‘

1 (S(1))

< sup £l 2.1,
cop 20

G

2 2
Sliglamoall f'g2ra-

Since [, is a Carleson measure, by Lemma 3 we see that I; : H 217 (Ug) is bounded.
Using Lemmas 3 and 4, and the facts that

i(f(Z)—f( ))' LI 1f(@) = fw)]

dz 1—wz [1—wz] [1—wz|?
and
71 < 1AO)P + [ 1F QPO EPdAG),
we have
1 2
T G R OI
e [ |F@—F0)
Pyt [ FEE an)
e [ |f@—fB)[
S pppyet [IEEEE dg()
2 [ |4 f(Z)—f(b)>2 o He(S(1))
St=ppyet [ dz( o R T
i [ P @PA=P)
< llglzaoa(1 = [61%) A/wdfl(z)
o [ Q)= FOR( - 1P
+laluon(1 ~ P2 [ T Al
S llgllEvoa®n + llgllErone-
e QPP
Za)L — |2
=(1 |b\ /WdA(Z)
and

1_
— [p|?)2~ A/ |f(2) |1_bz|4 j2/? )dA(Z).
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1—|b|?
1—bz]

4—4o
Using the assumption that 1 < «, we have ( ) > 1, which implies that

2pacn [ L@P=1P) (1=1bPY
su-weret [ () e
<= [ 17 QR[22 = 00 2 dAG)

Sz”fo(ZZJL.ow

In addition, making the change of variables twice, by Lemma 5, Lemma 1 and the
assumption that & > 1 we obtain

= 1=yt [ HOZIOR o opanco

—(1 _ |p|2\20—A—1 o _fo 21—\Z|2
== P [ 1o0u(o) - foamO) [ A

)i _1,2):
st [ oo P G ase T e

: )
SA= PR (7o) @P (- uP)’ ( [ %ma) dA(u)

- [ [(rom) P WPy A= BPY2

11— bul?
—[p*)"* / 1 (o)) (1 = [0 (u >|2>2°‘<1—u|2>32"‘7(|11__|§Z§2
x |1 —Eu|4°‘—47(ld_A(:|)2)2
=P /D f/(Gh(u))|2(1—Gb(“)|2)2a(1—’4|2)3M%
=(1— o) /D £ @P (1 =[2)*72(1 = |op(2)?)**"dA(2)

Sz”fo(ZZJL.ow

Therefore, for any f € £24@,

1

2 2 2
su Fw)|7du,(w) < sup (G1+G) < ||g S rre-
Ica% 22057 /s(1)| (w)["dig(w) IC&D( ) S Iglzmonll £l 2
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Let f € %% We get

1
T,f|* = su 7/
| ngjMﬂ Ica%) |I|2—2a+l B

1

2
= — dlg
s ey [ 1700t

" [(Te ) (W)P (1= [w]*)dA(w)

§Hf||§/m‘a &llZar0a < o
Therefore T, : £>*% — £>*% jsbounded and || Ty < |lgllaamon-

Conversely, suppose that T, : Z?*® — #24% is bounded. For any I C JDD, let
a=(1—|1])¢ € D, where { is the center of . Set

1— 2
fa(W) = —( |al|72 , web.
(1—aw) =z T«
By Proposition 4, f, € P2 and | fall g24.0 S 1. Thus,

1Tefall p20.a S Tl fall p200 SN Tell-
By the fact that |[I| =1 —|a| < [l —aw|, w e S(I), we have

1 ! 2 2 1 5 5 )
m/su) &' (W)[7(1 = [w|)dA(w) < W/S(I) [ fa(W) |7 lg" (W) |7 (1 — [w[*)dA(w)

N III%"‘” /sm [(Tefa) (w)1P (1= [w]*)dA(w)

S ITefal’pone SITl? < oo

Since I is arbitrary, by Lemma 4 we see that ¢ € BMOA, moreover ||g||amoa S || T |-
The proof is complete. [

THEOREM 2. Let g€ H(D), 0 <A <1 and % <a< 1+%. Then Sy : L% —
L2 s bounded if and only if g € H”. Moreover;

[1Sgll =< lg]lee-
Proof. Assume that S, : Lrhe_, prha s pounded. For any a € D, take f,, in

Proposition 4. Let » > 0. From [34] we see that

I—la?? 1 1
[L—awl* = (1= w22 (1—]a])?’
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when w € D(a,r). By Proposition 4.13 in [34] and the fact that S, f,(0) =0 we have,
1611 2 1S fall 2.

= sup(l — \blz)l”l/ £a ) Plew) P (1 = [wf)|op (w) P 2#dA(w)
beD

ng( w)2(1 = [wl*) | (w) > 2*dA(w)

D
2 [ J8OOP ) 2aa0w)
1 2
2 T o, 18004
2 ls(@)P,

which implies that
IS¢l 2 [18]leo-

Conversely, let g € H*. For any f € Z>*
Hng”jZ)La ASUP —[p*)'" A/ [(Sef)' (W) [2(1 — |w|?)|op(w) P 2*dA(w)

=wweww*/mwwmm%—wwwmﬁ%wm
beD D
S pnallglz,
which implies that S, : .Z>*% — #%*% is bounded and
15611 < llgll-

The proof is complete. [

Finally, we conduct a comprehensive study of the essential norm of 7, as well as
Sg on the space & 2.4, Tet X be a Banach space and T’ be a bounded linear operator
on X . Recall that the essential norm of T, denoted as ||T||., is defined as follows:

IT |l =inf{||T — K|| : K are compact operators on X }.
LEMMA 6. [12, Lemma 3] Let g € BMOA. Then

limsup ||g — g-||Bmoa =< limsup ||g o 6, — g(b) || 2.

r—1- |b|—1
Here g,(w)=g(rw), 0<r<1, weD.

Similar to the proof of Lemma 4.3 in [13], we have the following result.

LEMMA 7. Let g € BMOA, 0 <A <1< o < oo suchthat 52 <o <1+4.If
0<r<1, then Q,.leaef2kazscompact.
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THEOREM 3. Let g € BMOA, 0 <A <1< o < oo such that 42 <o < 1+4.
Then Ty : LM% — P24 satisfies

Tl 20220 = limsupll 00— (0) e
—1

Proof. Let {I;} be a sequence of arcs with |I;| — 0 as j — oo. Set d; = (1 —
II;|)&;, where &; is the center of /;. Take

(1—1d;]*)

———— 5, weDb
(1—djw) 2" +e

filw) =

It is easy to check that f; € & 24,0 and {fj} converges to zero uniformly on every
compact subsets of I as j — oo. Let K : £24¢ — 2A% pe 3 compact operator.
Using Lemma 2.10 in [27], we have

tim K g2 = 0.

Therefore,

HTg —K| z limsup H(Tg _K)fjH,?Z,l#a
Jj—oo

T fill p20.a — K fill p20.0) = limsup|| T fj]| y21.0

J=

2 limsup (

J=

1
2

. (1=|d;>)?* , 2\ 20-A—1 2\2-204A
>1lims / — 7 1— o 1—|oy, AT dA
2 1},*3;)( e el 0P (2 1y ()P 2 R

1

. s FNI2ET 2 :

Z limsup 1g'(wW)[~(1 = |[w|")dA(w) |
joe MGl sy

which implies that

. 1 2
1Tl g2 g2ra 2 limsup (7 IR |w|2>dA<w>)
|1|—0 1] Js)

From the proof of [25, Lemma 3.4], we see that, for g € BMOA,

. 1 z
limsup <—/ 1g'(w)*(1 - |W|2)dA(W)) = limsup||go o, — (D)2,
-0 \ M Jsw b1

which implies that

| 7—:§||e7$2*l~a4>$2~x*a 2 li‘f;‘l S‘TP g0 0, —8(b)|| 2
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On the other hand, for 0 < r < 1, by Lemma 7 we see that T, : prhe_, i
is compact. By Theorem 1,

1Telle 200, g2ia < | Ty = To |l = [ Tg—g. [ = |l g — rllBrr0a-

Using Lemma 6, we get

| Tell, 210, g0 Slimsupl[g — grl[pmoa < limsup|[g 0 0}, — g(b) || 2

r—1 ‘ ‘—>

The proof is complete. [

Itis clear that 7 : X — Y is compact if and only if ||T'||ox—y = 0. The following
result can be directly obtained by Theorem 3.

COROLLARY 1. Let g € BMOA, 0 <A <1< o0 < oo suchthat B2 <o <1424,
Then Ty : LM% — L24% is compact if and only if g € VMOA.

THEOREM 4. Let g€ HD), 0 <A<l and 2 <o <1+4. [fS,: >4
LA s bounded, then

IS¢l 200 200 X ||8]leo-

Proof. By Theorem 2,

I1Sglle 220 2200 =[S = K| < [[Sgll S 8]l

Next we prove that

1glle 220, 2200 Z 18]l
Let {d;} C D such that |d;| — 1 as j — oo. Set

(1=

——— 5 — weD.
(1—dyw) 2"+

filw) =

From the proof of Theorem 3 we see that f; € .Z* 2% and { fj} converges to zero
uniformly on every compact subsets of ). By the proof of Theorem 2,

IS¢ = (167112 [ 1500l (1 = (1 = 0P 2
€
2 le(d)))*.
Let K : £2M®% . #2240 be a compact operator. By Lemma 2.10 in [27], we have

lim [|Kfjl 210 =0.
J‘}oc
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Hence,
1Sg =Kl = “‘;‘jjp 1(Sg = K)fill 220
> liIJ?fLSotlp (1S fill p2ra — IKfill p22.0)
> limsup [ Sgfjl p2.2.0-
oo
Therefore,

HSgHe,fflha_;;ﬂma 2 limsup ‘g(dj) .

J—roo
Since {d;} is arbitrary, we get the desired result. The proof is complete. [J

The following result can be directly derived by Theorem 4.

COROLLARY 2. Let g € HD), 0 <A <1 and 4 <a<1+%. Then S, :
LM, prh s compact if and only if g = 0.

REMARK 3. The operators T, and S, exhibit a close connection with the multi-
plication operator M, . Specifically, we have the relation

Tof +Sgf = Mg f — £(0)g(0),

where the multiplication operator M, is defined by M,f(z) = f(z)g(z) for all f €
H (D). From Corollaries 1 and 2, it can be deduced that the operator M, : £>*% —
£>*% is bounded if and only if g € H* when 0 <A <1< o < oo and 2 < o0 <
1+ % Moreover, the operator M, : Z>*® — £>*® is compact if and only if the
function g is identically zero.
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