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SOME GENERALIZED REFINEMENTS AND REVERSES
OF CONVEX FUNCTIONS AND APPLICATIONS

YONGHUI REN

(Communicated by M. Krni¢)

Abstract. In this paper, we establish several new inequalities associated with different classes
of convexity, including convex, log-convex, and p-convex functions, together with their refine-
ments and reverses. As applications, we establish several refinements and reverses of Holder-
type inequalities involving the quadratic weighted geometric mean.

1. Introduction

Let 57 be a complex Hilbert space endowed with the inner product (-,-). Denote
by B(7¢) the C*-algebra of all bounded linear operators acting on .7 . The subset of
all invertible elements in B(s#) is denoted by B(#)~'. An operator A € B(J%) is
said to be positive if (Ax,x) > 0 for all x € 7, and denoted by A > 0. The collection
of all positive operators on 7 is represented by B(.%#)" . Furthermore, the set of all
invertible positive operators is denoted by B(2#)™. In the finite-dimensional case
where dim.# = n, we naturally identify B(7#) with the algebra M, of all n x n
complex matrices. Given a matrix A € M],, the singular values of A are defined as
the eigenvalues of the positive semi-definite matrix |A| := (A*A)'/2, where A* denotes
the conjugate transpose (adjoint) of A. These singular values are denoted by s;(A) for
i=1,2,...,n. Anorm |||-]|| on M, is said to be unitarily invariant if it satisfies

[|[UAV||| = |||A]|| forall A € M, and all unitary matrices U,V &€ M,.

Two commonly used unitarily invariant norms are the trace norm and the Frobenius
norm defined by

n
|Ally :=tr(JA[) = D si(A), where tr denotes the standard matrix trace
i=1

and
1/2

|A]lF = (w(A* AN = (Y ai;? ), where A = (a;))
iJ
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respectively.
Let A,B € B(2#)" and v € [0,1], the weighted arithmetic mean of A and B is
given by
AVyB:=(1-Vv)A+VB.

In 1980, Kubo and Ando [10] introduced the weighted geometric mean for two
operators A € B(2#)™" and B € B(J#)*, defined by

At B = Al (A*1/2BA*1/2>VA1/2, velo1].
It is well known that this mean satisfies the operator inequality
Aty,B <AV, B. (D
In the special case when v = %, we denote this two means by AVB and AfB, respec-
tively.

2016, Dragomir introduced in [4] a notion called the quadratic weighted geometric
mean for T € B(#)~! and V € B(#), given by

2
T@,V = ‘ ! }VT‘ — Tt |V]2, V>0,
Consequently, the following inequality extends the relation (1):
TV < |T]PVy V.

Moreover, we denote
2
TOV:=T®,V = |y !|*1| =T vr T = 1 (1) vevr ) T
McCarthy [11] established the following results

(A'x,x) < (Ax,x)", re(0,1) (2)
(Ax,x)" < (Ax,x), 1€ (1,00) 3)

for A € M all x € 2 with ||x|| = 1. Employing McCarthy’s inequality, Fujii et al.
[6] proved a Holder-type inequality for the weighted geometric mean:

(AyBx,x) < (Ax,x) "V (Bx,x)V, ABeB(J)", xe . 4)
2018, Dragomir [5] extended (4) to the quadratic weighted geometric mean:
(TOVV x,x) < (|T)Px,x)' "V (|V|’x,x)¥, T eB#)", VeBH).

Convexity plays an essential role in deriving and refining matrix inequalities due to
its strong connections with matrix analysis and operator theory. Let I be a real interval
and f:I — R be a given function. A function f is said to be convex on [ if

FIL=V)xi+vxy) < (1=v)f(x1) + v f(x),
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forall x;,x, €I and v € [0,1]. A closely related class of functions is that of log-convex
functions, defined by

S =V)x1+vx) < f(x)' Y f(x),

where f:1 — (0,00), x1,x2 € I, and v € [0,1]. This shows that log-convexity is a
stronger property than ordinary convexity for positive-valued functions, and thus pro-
vides a useful framework for obtaining stronger inequalities and refined estimates in
matrix analysis.

The theory of convexity has witnessed substantial development, leading to nu-
merous extensions and generalized notions adapted to different mathematical settings.
Among these generalizations, p-convexity has attracted considerable interest due to its
ability to encompass several important convexity classes within a unified framework.
Specifically, let I C [0,o0) be a p-set. A function f: I — R is called p-convex [19] if,
forevery xj,x; € I and v € [0,1], one has

=

fOU—VW?+WQ ><O—VV@O+vﬂn%

where p € R\ {0}. This concept provides a flexible framework that includes several
well-known types of convexity as particular cases, such as classical convexity, harmonic
convexity, and geometric convexity, obtained through suitable choices of the parameter
p.

For some interesting papers on refinements involving certain classes of convexity,
the reader is encouraged to consult the following works [7, 8, 9, 13, 14, 15, 16, 17, 18].

Very recently, Zuo et al. [20] established several important inequalities related
to p-convex functions, providing new refinements and estimates that extend classical

convexity results. For the reader’s convenience, we recall below one of their main
results.

THEOREM 1.1. ([20]) Let f: [x1,x2] C [0,00) — R be a p-convex function, and
let m € N with m > 1. Suppose 0 <v <n <1 and p€R\{0}.

1. If f is increasing, then

(=) +vpe)” = (=g +vd) 7)oy
(1=n)f(x1) +nf()" —fm<(( M + 12 /,,> ST

2. If f is decreasing, then
(1= () +vF(e2)" = 17
) (

((L=n)f (o) +nf(x2))" = fm

(1 =) +vaf) "7
((1=m)xf +1‘]x2) v )

S|<
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A natural question arises: can the above theorem be extended by replacing the in-
teger parameter m with an arbitrary real number? Motivated by this question, one of the
main objectives of the present paper is to establish a more general result involving in-
creasing convex functions, which enables a significant extension of the aforementioned
theorem.

The remainder of this paper is organized as follows. In Section 2, we establish sev-
eral new inequalities associated with different classes of convexity, including convex,
log-convex, and p-convex functions, together with their refinements and reverses. Sec-
tion 3 is devoted to deriving new refinements and reverses of Holder-type inequalities
involving the quadratic weighted geometric mean.

2. Further inequalities for various types of convexity

In this section, we establish several new inequalities associated with different
classes of convexity, including convex, log-convex, and p-convex functions. Our ap-
proach is mainly based on the use of increasing convex functions, which enables us to
derive new refinements and reversed inequalities extending several known results in the
literature. These developments will serve as fundamental tools for obtaining applica-
tions to matrix inequalities in the subsequent sections.

2.1. New inequalities for convex and log-convex functions

In the sequel, we will frequently make use of some well-known refinements and
reverses of the convexity inequality, which provide tighter bounds and reveal deeper
structure in convex and log-convex functions.

LEMMA 2.1. ([12]) Let f:1— [0,) be convex and 0 < v < 1. Then

2r0<f(x1)+f(x2) _f<x1+x2>>

2 2

< (1=v)f )+ vf ) = (1= v)n+vxo)
g2R0<f<x1>+f<xz> _f<x1+x2>>7

2 2
where ro =min{v,1 — v} and Ry = max{v,1 —v}.

LEMMA 2.2. ([1]) Let ¢ be a strictly increasing convex function defined on an
interval 1. If x,y,z and w are points in I such that

WS XY,
where w < z < x and y < x, then

0<) 0(x) —o(w) <9(x) = o).
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THEOREM 2.3. Let f :1 — [0,00) be convex, ¢ be a strictly increasing convex
function defined on R and 0 < v < 1. Then

O R )

<o ((L=v)fGe) +vf(2)) = 90 £((1= V)i + V)

< <2Rof(x1>;f(xz>> iy <2R0 (o ;x2>>7

where ro =min{v,1 — v} and Ry = max{v,1 —v}.

Proof. Let us define the following quantities:

x=(1=Vv)f(x1)+Vvf(x), y=r((1=v)xi+vx),
o B o (20,

= ) 5
Z/ZZRO'M, w’zzRo-f<x1;x2).

Then, by invoking Lemma 2.1, we obtain the double inequality:
Z—ng—yéz/—w/.

On the other hand, ryp = min{v,1— v} and Ry = max{v,1— v} implies w < z <x and
y < x. This completes the proof by applying Lemma 2.2. [J]

By substitute f by logf, and setting ¢ (x) = exp(x) in Theorem 2.3, we derive
new refinements and corresponding reverses of classical inequalities for log-convex
functions.

COROLLARY 2.4. Let f:[0,1] — (0,00) be log-convex and 0 < v < 1. Then

T~ £20(3) < £ 0" (0 - 7)< VA~ 125(3).

where ro =min{v,1 — v} and Ry = max{v,1 —v}.

2.2. Further inequalities for p-convex functions

We begin by establishing a generalized inequality involving increasing convex
functions, which will play a fundamental role in the subsequent developments. This
result provides a useful tool for deriving several refinements and extensions of inequal-
ities associated with different classes of convex functions.
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THEOREM 2.5. Let x,y,z,w =20 with x >y, z>w >y, and z > x. Let ¢ be a
strictly increasing and convex function defined on an interval J that includes the real
numbers x,y,z, and w. Let o« > 0 be such that

Xy

<a. (5)
—w
Then 60— o)
x) =9y
—r—— <. 6
60 —o0w) =@ ©

Proof. As stated in [2, Theorem 1], any convex function can be approximated uni-
formly by smooth convex functions. Therefore, it is sufficient to establish (6) for a
differentiable convex function ¢. Furthermore, the subgradient inequality for a differ-
entiable convex function ¢ defined on an interval J asserts that

¢(u) —o(v) = ¢’ (v)(u—v), (7
for all u,v € J. For further details, see [3].

Assuming w > x, and utilizing the fact that ¢ is a convex and increasing function,
we obtain

o (9(x) =9(w) +0(¥) = 9(x) = Az —w)9' () + (y —x)9"(x)
> (a(z=w)+(y—x)¢'(x)
207

where we have used (7) to obtain the first inequality, while the second inequality arises
from the fact that ¢’(w) > ¢’(x) since ¢ is convex, and the third inequality follows
from the assumption (5) and the fact that ¢ is increasing. This proves the desired
inequality when w > x.

Now, suppose that w < x. Combining this with the inequality x < z, there exists a
scalar B € [0,1] such that x = Bw + (1 — f)z. So, we have

x—y=PBw+(1-PB)z—y
=({1=B)z=w)+w—y

z(1=B)z—w). (8)
Combining this with (5), it follows that
o 2 i 2 1- ﬂa

which implies &+ 8 — 1 > 0. Furthermore, by the convexity of ¢, we have

a[p(2) =90 W)]+9 () —o(x)
Zafp(z)—¢w)]+9()-Bo(w)—(1-B)o(2)
=(@+B-1D[oE)-oW]+o()—¢w)

> (o+B—1)(z=w)¢' (w)+ (y—w) e’ (w)
[(a+B—=1)(z—w)+y—w]¢'(w)

0,

WV
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where
(a+B—1)(z—w)+y—w=0

is derived from the inequality
afz—w) = (x—y)=(1-B)z—w)+w-y,
which can be justified using inequalities (5) and (8). [

We now show a generalized extension of Theorem 1.1, where the integer m is
replaced by an arbitrary strictly increasing and convex function.

THEOREM 2.6. Let f: [x1,x3] C [0,%0) — R be a p-convex function and ¢ be a
strictly increasing convex function defined on an interval J. Suppose that 0 < v <1 <

1 and p € R\ {0}.
1. If f is increasing, then
O -V +v/G) = /(- +v) ")) 1y
O((1=m)f (1) +nf00) = 9 (F((L=maf +naf) 7)) 1=

2. If f is decreasing, then

<

3|<

O((1=v)fGxn) + v (a2) = ¢ (£(((1= V) +vad) 7))
O((1=m)f () + 17 () =6 (£ (((1=mf + 1) 7))

Proof. Assume that p € R\ {0} and that f is increasing and p-convex. Define
x=(1=v)f(x1) +vf(x),
_ p n1/p
y=r(((1=v)x] + vab) ,

= (L=n)f(x1) +nf(x2),

2\l

and X
w=f(((=maf+n)'7).
Since f is p-convex, we have
y<x and w<z

Moreover, because 0 < v < 1 < 1, we obtain

l-v>1-—n.
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Using the monotonicity of f, together with x; < x,, yields
(1=m)x} + nx’z’)l/p > ((1—v)xl + Vxlz’)l/p7

and hence

Similarly,

which implies

Next, observe that
Xy = (1= v)fCa) +vim) — F(((1 = +vad) 7))
cmw= (L m)fn) + ) — (1 maf ) 7).

By Theorem 1.1, we know that

xX—y < l—v.
z—w 1—n

Therefore, all assumptions of Theorem 2.5 are fulfilled with

_I—=v

I-n
Applying Theorem 2.5, we conclude that

00— 90) _1-v
@)~ 90 S T-n’

that is,

O((1=Vv)flx1)+Vvf(x))— ¢(f(((1 - V)xf+vx§)l/p>> _lov
O((1—)f )+ /() =0 (F(((L=mpxd+ma) 7)) 1=

For part (b), using the decreasing property of f and applying Theorem 2.5 together
with the corresponding inequality established in Theorem 1.1, we similarly obtain

O((L=Vv)f(x1)+Vvf(x2)) —(b(f(((l _ v)lea+ng)l/P>>
O((1=m)f () +nf(x2) — o (£(((1=m)f )" 7) )

This completes the proof. [

~

S|<

As a direct consequence of Theorem 2.6, by choosing ¢ (x) = x* for 4 > 1, we
obtain the following corollary.
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COROLLARY 2.7. Let f : [x1,x3] C [0,00) — [0,00) be a p-convex function and
A > 1. Suppose that 0 < v <1 <1 and p € R\ {0}.

1. If f is increasing, then

A

(=g +vrt) = (r(( =g+ 7)) 4,
(1= mf) st~ (£(((-mafenag) 7)) T

2. If f is decreasing, then

(L=v)f(x1) "“’16(362))}L - (f(((l — v)x‘i’—|—v;c‘§)l/p>>)L
((1=m)f(x) +nf(x2)* — <f<((1 —n)xi’+nx§)1/1’)>l

<

S|<

By specializing the parameter to p = 1 in Theorem 2.6, we immediately derive
the following consequence for convex functions.

COROLLARY 2.8. Let f: [x1,x2] C[0,00) — R be a convex function, and let ¢
be a strictly increasing and convex function defined on an interval J. Suppose that
O<vn<l.

1. If f is increasing, then

O((L—v)f(x) +vf(x) —¢(f(1 V)i +Vvx)) 1-v
O((1—n)f(x1)+nf(x2) —o(f(1-mxi+nx)) ~1-n

2. If f is decreasing, then

¢ =v)f(x) +vf () -
(1 =m)f (1) +1f(x2)) —

(f(A=Vv)x1 +vxp))
(F(L=m)x1 +71x2))

\%
v« ¢
n o

The following proposition establishes sufficient conditions ensuring the mono-
tonicity of the function

v — (AfyBx,x)
on the interval [0, 1].
PROPOSITION 2.9. Let A,B € B()™ and let x € H. Then the function
f(v) = (AgyBx,x), v el0,1],

is increasing whenever B > A, and decreasing whenever B < A.
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Proof. Set
X =A"12pA"1/2,

Then
AﬁvB :141/2)(VA1/27

and therefore
f(v) = (XVA2x, AV %y).

Assume that B > A. Then
X=A12BA" 12>

Since the scalar function 7 — ¢V is increasing with respect to v for every r > 1, it
follows from the functional calculus that

XV <X, 0<vi<w <1l

Consequently,
Ay, B=A"2XVA2 < AVPX VAV = A, B.

Hence,
(Afly,Bx,x) < (Afly,Bx,x),

which shows that f(V) is increasing.
Similarly, if B <A, then X <. Since ¢V is decreasing in v forevery 0 <7 <1,
we obtain
X" = X", 0<vi<wv <1,

and thus
<Aﬁlex,x> 2 <AﬁvZB.X,.X>.

Therefore, f(v) is decreasing. [
THEOREM 2.10. Let A,B € B(#)*t, x € 2, and define
f(v) = (AgyBx,x), velo,1].

Let ¢ be a strictly increasing and convex function defined on an interval J containing
the range of f. Suppose that 0 <v <n < 1.

1. If B> A, then

& ((1 —v){Ax,x) + v(Bx,x)) — ¢ ({AyBx,x)) . 1—v
¢((1—m){Ax,x) + 1 (Bx,x)) — ¢((Afy Bx,x)) ~ 1-7

2. If B<A, then

¢((1—v){Ax,x) + v(Bx,x)) — ¢ ((AfyBx,x))

S O((1— m)(Axx) + 1 (Br.x) — ((AbnBrx,))’

S| <
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Proof. Observe that
F(v) = (AfyBx,x)
is convex on [0, 1]. Moreover, by Proposition 2.9 and Corollary 2.8 to the function f
on the interval [0, 1], with x; = 0 and x, = 1, we obtain the desired inequalities. [J

COROLLARY 2.11. Let f: [x1,x3] C[0,00) = R be a log-convex function. Sup-
posethat 0 <v <n<l1.

1. If f is increasing, then

FO) V()Y — £((1—v)x; + vxa) o 1—v
SO f )= f(T=m)xi+nx) ~ 1—-n°

2. If f is decreasing, then

o SO ™V f ()Y = F((1 = V)xi + vaa)
)T Go) = F((1=1)x 4 1x0)

S|<

Proof. The result follows from the previous corollary by replacing f with log f
and taking ¢(x) =e*. O

3. Refinements and reverses of Holder type inequalities for
quadratic weighted geometric mean

In this section, we derive several new refinements and reverses of operator inequal-
ities related to the quadratic weighted geometric mean by choosing suitable log-convex
functions. We begin this section with a lemma.

LEMMA 3.1. Let T € B(7¢)~ and V € B(5).Then
o(v) =(TOVVx,x)

is log-convex on [0,1] with x € .

Proof. Notice that ¢ is continuous, so it is enough to prove the mid-point log-

convexity, i.e,
o (M572) <000 R0 0.

Put A= |VT~! |2 >0 and z="Tkx.

VitV
¢ (Vl “2%) - <T@W2 Vx,x> - <A L 2z,z>
2

<ATZ||[AZ 2| = (A"12,2)7 (A"27,2)?
= (T®y, Vx.x)? (T®),Vx,x)?
=) 2 (o(m)'*. O
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Combination Lemma 3.1 and Corollary 2.4, we have the following refinement and
reverse of Holder type inequality for quadratic weighted geometric mean.

THEOREM 3.2. Let T € B()~', V € B(J¢) and v € [0,1]. Then we have

2ro
VAVRE TR — (TEVr, 2™
< (TP, )YV, %)Y = (TEVx,x)

2Ry
<\JIVPxR) TPy — (T@Vx )™,

where ro = min{v,1 — v} and Ry = max{v,1 — v} and x € .

Taking T :A% and V = B% in Theorem 3.2, then we get
COROLLARY 3.3. Let A,B€ B()"" and v € |0,1]. Then

(Ax,x) <Bx,x>2r0 — (AfBx,x)*0
< (Ax,x)'7V(Bx,x)" — (AtyBx,x)
< V/(Ax, x) <Bx,x>2RO — (AfBx,x) R0,
where ro =min{v,1 — v}, Ry =max{v,1 —v} and x € .
Setting A =1 in Corollary 3.3, we get the following refinement and reverse of the

McCarthy’s inequality (2).

COROLLARY 3.4. Let B€ B()"" and v € [0,1]. Then

2ro 2R 1

(Br,x) " — (B2x,x)"0 < (Bx,x)" — (B'x,x) < \/(Bx,x) * — (Bix,x)o,
where ro =min{v,1 — v}, Ry =max{v,1 —v} and x € .

Next, we further give n-tuple result about the quadratic weighted geometric mean,
which generalized the conclusions mentioned above.

LEMMA 3.5. Let T; € B()~Y, V; € B(SF) for j=1,...,n and (p1,...,pn) €
(0,00)" be an n-tuple of nonnegative weights not all of them equal to zero. Then

o(v) = < > P,/Tj©ijx,X>
=

is log-convex on [0,1] with x € .
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Proof. Notice that ¢ is continuous, so it is enough to prove the mid-point log-
convexity. We have

VitV c
¢ (T) = <ijTj®v142rv2 ij,x>

1 (T3 V)

I
M=

~.
Il
—_

1

pi{T®v,Vjx,x)> (T;®y, ij7x>% (by Lemma 3.1)

N
M=

~.
Il
—_

1
2 (i T®v Vixx)? (p i@, Vir.x)

I
T M=

~.
I

1 1
n 2 n 2
< <ZPJ'TJ'®V1VJ'X»X> <Zpﬂ}@v2ij,x>
Jj=1 j=1
(by Cauchy-Schwarz inequality )

=(@(vi) 2 (o (m))'?. D

THEOREM 3.6. Let Tj € B(s)™', V, € B(J) for j=1,....n and (p1,...,pn)
€ (0,00)" be an n-tuple of nonnegative weights not all of then equal to zero and v €
[0,1]. Then

2 )

<2PJ|VJ|ZX7X> <2PJIT12X»X> —<

J=1 Jj=1 J
v n n

<< pilVil xx> <ijTj|2x7x> <Zp T,8yVx, x>
. s s

2R,
n n n

< <ZPj|Vj2x,x><ZPj|Tj2x,x> —<2P T;0Vx, X> ;
= = =

where ro = min{v,1 — v} and Ry = max{v,1 — v} and x € .

M:

2}’0
p;iTi®Vx, x>

—_

\
HM:
L

Proof. Combination Lemma 3.5 and Corollary 2.4, we complete the proof. [
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