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ESTIMATES FOR THE NORM OF THE VOLTERRA
OPERATOR IN WEIGHTED LEBESGUE SPACES

KoMIL KULIEV* AND MOHLAROYIM ESHIMOVA

(Communicated by R. Oinarov)

Abstract. In this paper, we study the Volterra integral operator with so-called Oinarov’s ker-
nel acting between weighted Lebesgue spaces L, and Ly, , where 1 < p,q < . We derive
new two-sided estimates for the operator norm and provide refined upper and lower estimates
explicitly expressed in terms of the kernel and the associated weights.

1. Introduction

Let 1 < g,p <o, and let u and v be weight functions, that is, nonnegative mea-
surable functions defined almost everywhere on an interval (a,b) C R. Denote by L,
the weighted Lebesgue space consisting of all measurable functions f such that

£l g = (/ub If(x)qu(x)dx) . < oo,

The space L, is defined analogously by replacing ¢ with p and u with v.
Consider the Volterra operator (or Hardy—Volterra operator)

Kilp =Ly (KW= [ ko) f0)dr, (1)

where k(x,#) is a measurable kernel defined on the domain D = {(x,7) :a <t <x <b}.

A fundamental problem in the theory of integral operators is to determine condi-
tions on the parameters p, q, the weight functions «, v, and the kernel & that guarantee
the boundedness of the operator K. More precisely, one seeks necessary and sufficient
conditions for the existence of a finite constant C > 0 such that

1K

This problem has been extensively studied by many authors, including K. Andersen,
S. Bloom, H. Heinig, R. Kerman, A. Kufner, M. Martin-Reyes, R. Oinarov, L.-E. Pers-
son, E. Sawyer, and V. D. Stepanov; see, for example, [1]-[16] and the references
therein.
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In the majority of these works, the primary focus was on deriving necessary and
sufficient conditions for the boundedness of the operator, whereas comparatively little
attention was devoted to determining the operator norm or obtaining explicit estimates
for it. However, in recent years, especially in the study of qualitative properties of
differential equations, the role of the operator norm has become increasingly signifi-
cant. In particular, sharp or explicit estimates of operator norms are often crucial in
applications. Beginning around 2020, a growing body of literature has emerged that is
specifically devoted to deriving various estimates for operator norm. Below, we briefly
summarize some results in this direction.

In these studies, the kernel of the operator is typically assumed to satisfy the so-
called Oinarov conditions. Namely, the continuous function k(x,#) is assumed to be
nondecreasing with respect to the first argument and nonincreasing with respect to the
second argument, and there exists a constant /2 > 1 such that

k(x,t) < h(k(x,s)+k(s,t)), a<t<s<x<b. 3)

A kernel satisfying these properties is referred to as an Oinarov kernel.
In 2021, A. Kalybay and A. Baiarystanov [5] established the following two-sided
estimates for the operator norminthecase 1 < p < g < oo :

A< K| < (h41)*pMa(p) 17 A, €

where ||K|| denotes the operator norm, p’ = 1% and A = max{A,A,}. Here,

1

b A v
A = sup (/ k”(t,x)u(t)dt) (/ y1=p (t)dt) :
x€(a,b) \/x a

1

1
b 7 X, , -
Ay = sup (/ u(t)dt)q (/ kP (x, 1) v P (t)dt)p.
x€(a,b) \/x a

Later, in 2023, K. Kuliev, G. Kulieva, and M. Eshimova [9, 8] obtained the esti-
mates

and

ALK <X,

where X denotes the positive solution of the nonlinear equation

!
!

AT, ®)

'E\l&

/ 1 1 1 1
X —hqt1(q)TTATTX = hqo T (p')

with ¢’ = q%l. More recently, in 2024, A. Kufner, K. Kuliev, G. Kulieva, and M. Es-
himova [7] derived new equivalent conditions that led to further improvements in the
estimates of the operator norm.

Additionally, in 2022, K. Kuliev [10] obtained estimates for the operator norm in
the case 1 < g < p < e. In these results, the upper estimates is again expressed in
terms of the positive solution of a nonlinear equation of the form (5). Upper and lower
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estimates for the norm of the operator (1) were also established in [3] for a special
choice of the kernel.

In this paper, we obtain explicit and readily applicable estimates for the operator
norm. The principal advantage of our results lies in the fact that the upper estimates
are given in explicit form and improve upon the estimate in (4). The paper is organized
as follows. In Section 2, we present the main results, where two-sided estimates for
the operator norm are established (see Theorems 1 and 2). Section 3 is devoted to the
proofs of these results.

2. Main part

This section presents the main results of the paper, together with the auxiliary
results.
Let denote

B = ( / ' ( / "kq(t,m(z)dzf ( / xvl_pl(t)dt> ‘ vl—P’<x>dx>

B, = (/ab (/xbu(t)dt) ' (/axkﬁ’(x,t) VIP’(z)dz) v u(x) dx) ' .

Then our first result reads:

1
;

>

and

THEOREM 1. Let 1 < g < p < oo, and let k(x,t) be an Oinarov kernel. Assume
that the operator K defined by (1) is bounded; that is,

B| <o and Bj < ee.

Then the norm of K satisfies the following two-sided estimate:

PNT . (ayh r\’ LN
maxs g (£)" 81y ()" Bap < IKI <4 | () Bitht ()7 By

Our second result reads as follows.

THEOREM 2. Let 1 < p < g < oo, and let k(x,t) be an Oinarov kernel. Assume
that the operator (1) is bounded; that is,

Al <o and Ap < oo,

Then the operator norm of K satisfies the two-sided estimate

1 1
max{Aj,Ay} < ||K|| < 4h [Al +h(q") f”q‘iAg} :
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REMARK 1. We note the following results.

1. If 1 < g < p < <o, then the conditions By < e and B, < e are equivalent to the
boundedness of the operator (1).

2. If 1 < p < g < oo, then the conditions A; < e and A, < e are equivalent to the
boundedness of the operator (1).

For further details and proofs, we refer the reader to [11].

Duality principle. The concept of duality plays a crucial role in the proofs of the
main results when working with conjugate inequalities.

LEMMA 1. Let 1 < p,qg <o, 0 < C < oo, and let k(x,t) be a nonnegative mea-
surable function on (a,b) x (a,b). Then the inequality
1/p

( /ah qu(x) dx) v <C ( / ’ £ (x)|Pv(x) dx) (6)

holds for all f € Ly, if and only if the dual inequality

)

holds for all g € Lq,

/axk(x,t)f(t)dt

/

p ) 4 b L, 1/q'
pl=r (x)dx) <C</ lg(x)]9 u' 1 (x)dx) @)

/, with the same constant C.

b
/x K(t,x) g(1) dt

7”17!1

The proof of the lemma can be found in [11].

REMARK 2. Using the duality principle together with the main results, we also
derive estimates for the norm of the operator

b
KLy — Ly (Hg)1)= [ k(x,1) g(x) dx. @®)

o et ] <g< p< oo andset

B = (/ab (/{jk%x,t)u(t)dt)g (/xh le’(t)dt> ’ le’(x)dx>

and

|~

1
;

By = (/b (/axu(t)dt>% (/kap'(z,x)vl—l"(t)dt) ’ u(x)dx>

If the operator #~ defined by (8) is bounded, that is,

By <o and HBH < o,
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then its norm satisfies the following two-sided estimate:

N 1 1
7 1 r 1 1
max{q(”;)q%’17p’(§)”%}<%||<4h[<17) By +hq? (p >'%].

o Let 1 < p< g < e anddefine

i ([ omoa) ([ 00)
s g ([0e) ([ oa)

If the operator %~ defined by (8) is bounded, that is,

and .
_/

@) <oo and @h < oo,

then its norm satisfies the following estimates:

1
max{.a}, o} < || A < 4h | +h(q )”'cﬁﬂfz :

3. Proofs

In this section, we present proofs of the main theorems.

3.1. Proof of Theorem 1

Proof. (Upper estimate). Using the principle of duality, in order to obtain the
upper estimates for the operator norm, we work with the adjoint operator

b
KLy =Ly (Kg0)= /[ k(x,1) g (x) dx. ©)

Further, we divide the proof into two parts.

L. Assume that g € C.(a,b), that is, g is a continuous function with compact
support contained in (a,b), and that g is nonnegative. Then the function (K*g)(z) is
bounded and nonincreasing on (a,b). Let d > h be arbitrary but fixed. Then there
exists an integer m € Z such that

(K*g)(t) < (d+1)™",  forall t€ (a,b).
Define

mo=max{meZ: (K'g)(t)<(d+1) " forallt € (a,b)},
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and set
P {z € (a,b): (K*g)(t) = (d + 1)*’6} . k> mo.
Since (K*g)(¢) is continuous, it follows that

(K*g)(t) = (d+1)*
Furthermore, for every integer k > my we have #; < ;1. Indeed,
(K*g) () = (d+1)7* > (d+ 1)~ = (K"g) (tr41),
and the monotonicity of (K*g) implies #; < #441 -
Thus, the sequence {#};7_,, C (a,b) satisfies

=

(a,b) = U (te—1,11],

k:m0+l

where the intervals (7;_1,#] are pairwise disjoint.
Next, observe that

(d+1) E (@4 1—h) = (d+ 1) *—h(d+ 1) *D
= (K*¢)(tx) = h(K"g)(tx11)

b
—/ k(x,1)g(x)dx—h k(x,t541)g(x) dx

Tk+1
fk+l b b
= / k(x,11)g(x)dx+ k(x,t1)g(x)dx—h k(x,t541)g(x)dx
Uit 1 Tkt 1
Tkt 1 b
< [ kg dv e hkgn) [ godx
I lk+1

Using the monotonicity of K*g(¢) together with the above estimate, we obtain
h / /
1K) i = [ (K517 (5)ds
a
i Ik / /
[ s (5)ds

k=mgy+1" k-1

oo

<X W)y [T

k=mg+1 lk—1
= X @ [f I gas
k=mg+1 k-1
d+1)¥ & , ;o '
:L), D (d+1)*17(k+1)(d+1_h)p/k VTP (5)ds
(d+ - h)P k=mgp+1 T—1
d+D¥ & [ /fk+1 b p
< ——— k(x,t)g(x) dx + hk(ti1,t) | g(x)dx
(d +1- h)p k:;.i,-l " lk+1

i 1 ,
></ v P (s)ds,
Tk—1
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i.e.,

/ g () dx +

Tk

. (d+1)? & {
K oy < — E
” ng"Vl r d+1-h k=mgp+1

b P , v
+ hk(tpi1,t) g(x)dx] / vITP(s)ds | .

Tk+1 -1

Applying Minkowski’s inequality we get

. (d+1)?
K by <K ————— (I} + hiy),
H ngﬂ;lI d+1—h(l+ 2)
where
oo . o 1y
k+1 T 11—y
L= Y [/ k(x7tk)g(x)dx] / v P (s)ds
k=my+1 Lk Tk—1
and /
o b P / 1/p
b 3 [ram [ ewar] [0 ras)
k=mgy+1 Tk+1 Tg—1

II. We further estimate the quantities /; and I, separately.
Applying Holder’s inequality twice, we obtain

nd Tk41 P , ’%
L= Y [/ k(x,tk)g(x)dx} / V=P (s)ds
k=mo+1 L/t lk—1
hind Tkt1 %/ T+l I—d Z_’ e _y
D [/ kq(x,tk)u(x)dx} [/ gl (x)u 1 (x)dx} / P
k=mo—+1 L/ Tk k-1

(k Y [/I:”'kq(x,tk)u(x)dxr’/

=mp+1

N

/N
N
8
| — |
;:\“
2
T
=
=
=
=
—~
=
=
=
| I
Q=
;:\“
L =~
<>—‘
|
’v\
“
N—
U
N
_ 1
ﬁ\‘ ~
N———
Sl—

gl

I
N
DM
| a— |
;:\“
2
R
=
=
=
=
—~
=
=
=
| I
E~)

=
| =~
<
.
|
m\
—
[
N—
IS
[N
—_ 1
s
v
o
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(10)

(s)ds
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Using the equality

U ’ I’L, r Tk ’ 4 ’
VP (s)ds ) = = vi=P (1) vITP(s)ds ) dt
/
Ik—1 P I fk—1

and monotonicity of k(x,7) we have:

Lapeic o ).

k=mp+1
lk+1 q
S [0 e
k-1

N

k=mo+

v

/b [/ k(x,t)u ] (/atvlp’(s)ds> d vlp’(t)d,>
-(3)m

Thus, we get

Il
N
= |~
~—

~l=

1

A\ T
h< (5) Bllslre

Further, we estimate the term /> . To this end, we rewrite I, as

o b P 1/p
ko
n={ 3 | [ swa] [* 0 0as
Tk+1 Tg—1

k=mp+1
— o 1/p'
- ( [ | stoax du(f)) |
where .
gl ’ ’
u(lt,) =Y kP (t141,00)v' P (s5) ds.
I=mg+1711-1

al
RS
;\N
<
-
|
.B\
—
(A
SN—
QL
[
~_
U~
<
-
|
S|
—
-~
S~—
QL
~

(koal/wa14<gwwwgaWMm

(11)

and then applying the generalized Hardy inequality (see page 48 in [13]), we obtain

€L
/

b<qi (o))" Bllgll 1o
The validity of this estimate follows from the monotonicity of the kernel,

k(tis1,te) <k(t,s) for fry <s <t <ty <,
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and from the estimate

VRS
\
N
\
k‘
S
=
Q,
*:
\_/
&‘
\_/
=~
I/~
—
ol
=
~—
SN~—
=
S~
=
=
S
SN~—
Q
-~
~_—
|
o]
N~
AN
3

Using this together with (11) in (10), we obtain

(d+1)?

1
« r (N
IK'ely 0 < ey | (5) B1o4na (017 Bz] el e (2

p/

. . ... . d+1)2 .
Choosing d = 2h — 1, which minimizes the expression EI :17)}[ , We arrive at

1

1
" r -7 7B
||Kg||p,,vlp/<4h[(;) By +hqi (p')7 ]gq

From this and by the definition of the norm we have

1K°8ll 0
KN = swp

g¢07g€Lq,>ul,q/ ||g||qr7,417q/
HK*ng’.rvlfpl

sup
220,8€Cc(a,b HquQulfq’

)

1

r 1
/

' L
§4hl<?> B+ hgra ( ) B;

The upper estimate is proved.
(Lower estimate). Assume that the operator (1) is bounded, that is, inequality (2)
holds. Then the following Hardy-type inequality

(1 (o)) (v

holds for all nonnegative functions f € L.

1/p
) (13)
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Using the monotonicity of the kernel k(x,7) and integration by parts, we obtain

c (/ahfp(x)v(x)dx)q/p > /ah (/axk(x,t)f(t)dt>qu(x)dx
_ q/ab l/ (/t k(x,s)f(s)ds) q_lk(x7t)f(t)dt] u(x) dx
> q/ab [/ (/a[f(s)dsy_lkq(x,t)f(t)dt] u(x) dx

. q/ab (/atf(s)ds)ql [/tbkq(x,t)u(x)dx] or
_ /ah [/thkq(x,z)u(x)dx] d (/a[f(s)ds>q
_ /ab (/atf(s)ds>q% [_ /tbkq(xj)u(x)dx} dr.

Hence, we arrive at the generalized Hardy inequality

([(/atf(S)d) [/k’fxt dx}dt)l/q<C</ubfl’(x)v(x)dx>l/:1.4)

The necessary and sufficient conditions for the validity of inequality (14) are given
n [15], see Theorem 1.15 on page 13. In particular, the following lower estimate for

the constant C holds:
(g
q (—) B <C.
,

Next, we prove the second part of the lower estimate, namely,

L la\ P
()P (M) B, <C.
r

To this end, we apply Lemma 1. From the boundedness of the operator (1), that
is, from inequality (2), we deduce the validity of the dual Hardy-type inequality (7).
Repeating the same arguments as in the proof of the first part of the lower estimate, we
obtain the following generalized Hardy inequality:

</ah (/jg(ﬁd;)p, % [/:kl’/(X,l‘)VlI’,(t)dt} dx) (/ olx dx)l/q,

15)
which holds forall g €L, 1, with the same constant C.

The necessary and sufﬁment conditions for the validity of inequality (14), as well
as lower and upper estimates for the best constant C, follow from Theorem 1.15 on
page 13 in [15] and Lemma 1.

The proof is complete. [
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3.2. Proof of Theorem 2
Proof. (Upper estimate). Repeating same procedure as the part I of the proof of
Theorem | we get

o la+1)y
PV S g1 —h

o . o 1/p'
k+1 Tk /
L= Y [/ k(x, 1) g (x) dx] / V=P (s)ds
k=mo+1 L/t lg—1

oo b P 1y
(O
h={ 3 [k<tk+1,tk> g(x)dx} [ rwas)
Tkt1 Tk—1

k=mp+1

IK*g] (I +hb), (16)

where
and

Then we estimate the integrals I; and I, separately.
In I; by applying Holder’s inequality, we obtain that

<k':2°“ [ o] p/ [ (S)dS> 17
/tkaQ(x,tk)u(xmx}%/ [/rkﬂgq/(x)ulf/(x)dx} 7 /tk V1= (5)ds p

Tk k-1
> [
k=mo+1 L7tk Tk l-1

L

N

I
7N
-

DM
| u— |
;\N

=

x
»
)

—

=

=

N

=
—~
=
=
=
| I
2
| u— |
?;\N
>
<>—-
|
hc\

—~

175

NP

QU
175
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Thus, we get
L <Ar-llglly ¢ 17

Next, we estimate the quantity 1. To this end, we apply Hardy’s inequality (5.7)
from [ 1], which yields

12=< S [etunn) [ g(x)dx]p, /<>d>/

k=mg+1 Tk+1

- (/ab [/tbg(x)dx] ’ du(t)) v <C (/abgq,(x)ul‘q,(X)dx> 1/q’.

In deriving this estimate, we used the monotonicity property of the kernel, namely,
k(tr1,tr) < k(t,s) for foy <s<f <ty <1

Consequently, we have

k gl ’ ’ L ’
u(fr,) = 3 kP (1,07 (S)dsé/ kP (1,5)v! 77 () ds,
I=mg+171-1 a
and
b 1/p
a= sup (o)) ([ uoax) <<
te(a,b) 4

Therefore, we obtain )
L< (@) a4 |l g 1o

Using this together with (17) in (10), we get

(d+1)?

L1
R 1 LARTCCA LUV PP D

K" gl

. . .. . d+1)2 .
Choosing d = 2h — 1, which minimizes the expression ((1 ++1_)h , we arrive at

: b
K6l < 40 A1+ 806) ] el

From this and by the definition of the norm we have

K8l i
IK| = Ik = sup = ——2rC
87’5078€Lq,‘u1,q/ ||g||q/7ulfq/
HK*g” 1-p 1 1
= sup T elpvir < 4h [Al +h(q/)l"q‘1A2} '
£20,8€Cc(a,b) Hqugul—q’

The upper estimate is proved.
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(Lower estimate). The lower estimate is proved analogously to the proof of the

lower estimate in the previous theorem. In particular, it follows from the generalized
Hardy inequalities (14) and (15), Theorem 1.14 on page 13 of [15], and Lemma 1.

The proof is complete. []
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