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TWO–EXPONENT WEIGHTED BEESACK–OPIAL

INEQUALITIES ON TIME SCALES AND APPLICATIONS
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(Communicated by M. Krnić)

Abstract. In this paper, we establish a class of weighted Beesack–Opial inequalities with two
independent exponents on arbitrary time scales. The resulting estimates extend the weighted
Opial framework by allowing the powers of the function and its delta derivative to vary inde-
pendently, while an auxiliary nondecreasing function contributes through both its value and its
delta derivative. The main result is a product-type inequality obtained by combining a weighted
Hölder estimate with the exact triangular change-of-order formula on time scales. Corresponding
additive and balanced forms are also derived by means of Young’s inequality.

The general results yield several dynamic Opial-type consequences, including composite
weighted inequalities, power-type estimates, and classical discrete inequalities of Wong–Lasota
type. In the continuous case, the main product estimate includes the p = q = 2 case of the two-
weight Beesack–Opial inequality of Chesneau as a special case. Discrete and quantum versions
are also obtained, with the forward-jump structure preserved explicitly.

1. Introduction

The classical continuous Opial inequality, due to Opial [24], states that if x ∈
C1([α,β ]) satisfies x(α) = x(β ) = 0, then

∫ β

α
|x(t)x′(t)|dt � β −α

4

∫ β

α
|x′(t)|2 dt. (1)

Because the left-hand side couples a function to its derivative while the right-hand side
involves the derivative alone, (1) has become a fundamental tool in the qualitative
analysis of differential equations, in particular in disconjugacy and uniqueness crite-
ria. Opial’s result was simplified by Olech [23] and refined in several directions shortly
afterwards, notably by Yang [35] and Hua [17], who replaced the pair of powers (1,2)
by more general ones.

A separate and, for the present paper, decisive step was taken by Beesack [7], who
established the one-sided inequality

∫ β

α
|x(t)x′(t)|dt � β −α

2

∫ β

α
|x′(t)|2 dt,
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for functions satisfying x(α) = 0. This result replaced the two-endpoint condition
in the classical Opial inequality by a condition at only one endpoint. The theory was
subsequently developed by Beesack and Das [8] and Das [15], who introduced auxiliary
weight functions and obtained a broad class of weighted extensions now commonly
referred to as Beesack–Opial inequalities. A systematic account of the resulting body
of continuous results is given by Agarwal and Pang [6].

In the discrete framework, the corresponding development was initiated by Wong
[33] and Lasota [18]. In particular, Lasota proved that, for a finite sequence {xi}h

i=0
satisfying x0 = xh = 0,

h−1

∑
i=1

|xi Δxi| � 1
2

⌊
h+1

2

⌋ h−1

∑
i=0

|Δxi|2.

This result helped establish the theory of discrete analogues of (1) and their applications
to difference equations.

The two lines of development were unified by the time-scale calculus introduced
by Hilger and presented systematically in the monograph of Bohner and Peterson [10].
In this setting, Bohner and Kaymakçalan [11] obtained the dynamic inequality∫ h

0
|x(t)+ xσ(t)| |xΔ(t)|Δt � h

∫ h

0
|xΔ(t)|2 Δt,

which contains the continuous and discrete forms simultaneously and thereby opened a
still active line of research. Improved dynamic Opial-type inequalities with applications
were established in [12], a unified treatment of the discrete, continuous, delta, nabla,
and diamond–α cases was given in [13], and weighted dynamic forms were obtained
in [27, 28, 31, 34].

Among the more recent contributions, the ones closest to the present work are the
weighted dynamic estimates of the last few years, and it is worth recording precisely
which structural features they carry, since it is exactly the combination of these features
that the present paper addresses. To make the comparison transparent, the cited formu-
las are restated in the notation used throughout this paper, that is, with interval [α,β ]T ,
dependent function u , delta derivative uΔ , and weight w .

Saker, Alzabut, Sayed, and O’Regan [29] obtained convexity-based Opial-type
inequalities on time scales, among them

∫ β

α
w(t)|u(σ(t))|ν |uΔ(t)|Δt � 1

ν +1

(∫ β

α
w(t)ϕ(t)Δt

)ν

×
∫ β

α
ϕ(t)|uΔ(t)|ν+1 Δt.

(2)

Two weights, w and the auxiliary function ϕ , are available here, but the power of
|uΔ(t)| on the left is fixed and equal to 1, and the remaining two powers, ν and ν +1,
are governed by the single parameter ν . The same coupling of the powers persists in the
very recent refinement of Al-Shehri, El-Sheikh, Zakarya, Ali, Rezk, and Khamis [1],
whose stated aim is to relax the hypotheses in a different direction, namely to permit
nonzero endpoint values of the dependent function and nonincreasing weights.
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A second group of results enlarges the differential rather than the algebraic struc-
ture. Osman, Saker, and Anderson [25] proved higher-order two-function inequalities
bounding

∫ β

α
w1(t)

(
|uΔl

2 (t)|λ |uΔn

1 (t)|δ + |uΔl

1 (t)|λ |uΔn

2 (t)|δ
)

Δt

� K2(λ ,δ ,k)
(∫ β

α
w2(t)

(|uΔn

1 (t)|k + |uΔn

2 (t)|k)Δt

)λ+δ
k

,

with λ ,δ > 0, k > 1, k > δ , and K2 explicit; here two exponents do occur, but they
are attached to delta derivatives of two different orders, and the bounding side is a sin-
gle integral raised to an outer power. Almarri, Makarish, and El-Deeb [3] established
weighted dynamic inequalities with higher-order delta derivatives together with appli-
cations to initial value problems; in the first-order case their estimate takes the form

∫ β

α

|(u+uσ)uΔ|(t)
δ σ (t)

Δt �
(∫ β

α
ζ (t)Δt

)(∫ β

α

|uΔ(t)|2
ζ (t)δ (t)

Δt

)
, (3)

for ζ ,δ � 0 rd-continuous with δ nondecreasing and u(α) = 0. The bound in (3) is
a product of two integrals; its first factor, however, is a pure weight integral in which
neither u nor uΔ occurs, neither factor carries an outer exponent, and both powers on
the left are equal to 1.

Closest to the present paper in spirit are the weighted higher-order Beesack–Opial
inequalities of Mahmoud, Saker, Anderson, and Abdo [19]. For functions that are n
times delta differentiable and whose delta derivatives of orders 0,1, . . . ,n−1 vanish at
the left endpoint, that paper bounds the mixed functional

∫ β

α
w(t) |u(t)|ρ ∣∣uΔn

(t)
∣∣ν Δt

by expressions involving the highest-order delta derivative alone, with a weight struc-
ture generated by a nondecreasing auxiliary function and its delta derivative.

A third group of results decouples the two powers but dispenses with the weights.
Elsaid, Zaghrout, and El-Deeb [16] proved monotonicity-based dynamic inequalities,
including for λ1,λ2 > 0

∫ β

α
|u(t)|λ1 |uΔ(t)|λ2 Δt � λ

λ2
λ1+λ2
2

λ1 + λ2
(β −α)λ1

∫ β

α
|uΔ(t)|λ1+λ2 Δt. (4)

The two left-hand exponents are independent, and the derivative is of first order; the
price is that (4) is unweighted, its right-hand side being a single integral in which no
auxiliary function appears and the whole geometry of the interval is compressed into
the factor (β −α)λ1 .

In the purely continuous setting, on the other hand, the weighted product structure
has recently been pushed considerably further. Chesneau [14] established a Beesack–
Opial-type inequality involving two auxiliary weights g and h interacting through h′ :
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if h(α) = 0, h′(t) > 0, and G(s) =
∫ β
s g(t)dt , then, for p > 1, q = p/(p− 1) , and

u(α) = 0,

∫ β

α
g(t)|u(t)u′(t)|dt �

(∫ β

α
g(t)h(t)|u′(t)|p dt

)1/p(∫ β

α
G(t)

|u′(t)|q
[h′(t)]p−1 dt

)1/q

.

(5)
This unifies several classical results of Beesack and Das [8], Olech [23], Yang [35],
and related authors, and it is structurally the richest of the estimates recalled so far:
the bound is a genuine product of two integrals, each containing the derivative, raised
to conjugate outer exponents, and the second factor involves the tail G of the outer
weight together with the negative power [h′]−(p−1) of the derivative of the auxiliary
weight. Its left-hand side, however, is the product |uu′| , so that both left-hand pow-
ers equal 1, and it is stated only for T = R . The same two limitations appear in the
closely related product-type bound of Alazman and Dragomir [2], who proved Hölder-
type generalizations of Opial’s inequality for two absolutely continuous functions, with
a right-hand side again consisting of two integrals raised to the conjugate powers 1/p
and 1/q , but with explicit kernel weights in place of free auxiliary functions. Paral-
lel to these developments, Opial-type inequalities have been extended to calculi other
than the delta calculus, namely to generalized fractional integral operators [32, 20], to
the conformable calculus on time scales [21], and to the quantum setting [4]; these
frameworks are adjacent to, but structurally different from, the weighted delta setting
considered here.

Reading these results side by side reveals a definite gap. Three structural features
have each appeared, but never together. The first is a free pair of powers on |u| and
|uΔ| in the first-order dynamic setting: present in (4), absent from (2), (3), and (5). The
second is a bounding side that is a genuine product of two integrals, both carrying the
derivative and raised to outer exponents dictated by the powers on the left: present in
(5) and in [2], but only for T = R and only for the powers (1,1) , and absent from
(4) and from (3), whose product degenerates in the sense described above. The third
is an auxiliary monotone function that acts on the bound simultaneously through itself,
through a power of itself, and through its derivative: present in (5) through h , G , and
h′ , and reduced in (2) to ϕ alone. The natural question, and the one that motivates this
paper, is therefore whether the two-weight Beesack–Opial mechanism of (5) survives
on an arbitrary time scale once the powers of |u| and |uΔ| are decoupled. The answer
turns out to be affirmative, but not by a term-by-term transcription: decoupling the pow-
ers creates an additional power of the auxiliary function inside the tail weight, which is
invisible when both powers equal 1, and passing to an arbitrary time scale forces the
change of order of integration to be carried out in its exact, σ -shifted form.

Accordingly, we establish in Theorem 3.2 the dynamic estimate

∫ β

α
w(ζ )|u(ζ )|ρ |uΔ(ζ )|ν Δζ �

(∫ β

α
w(ζ )ϕ(ζ )|uΔ(ζ )|p Δζ

)ν/p

×
(∫ β

α
W (ζ )

|uΔ(ζ )|p
(ϕΔ(ζ ))p−1 Δζ

)ρ/p

,

(6)
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where p = ρ + ν , the tail weight is W (ω) =
∫ β

ω w(ζ )ϕ(ζ )e Δζ , and e = (ρ −1)(ρ +
ν)/ρ . Four features distinguish (6) from (2)–(5). First, the exponents ρ � 1 and ν > 0
of |u| and |uΔ| are independent parameters, whereas the derivative exponent is fixed
at 1 in (2) and in (3), both left-hand powers are fixed at 1 in (5) and in [2], and the
two exponents of [25] belong to derivatives of two different orders; among the dynamic
estimates recalled above, only (4) carries a free pair of powers of |u| and |uΔ| , and it
does so without any weight. Second, the bounding side is a product of two integrals
each of which contains |uΔ|p , raised to the outer powers ν/p and ρ/p ; these are the
reciprocals of the conjugate Hölder indices p/ν and p/ρ , so that the outer exponents
are not free but are dictated by the powers on the left through ν/p + ρ/p = 1, and
the two factors carry different weights, the first ϕ and the second W together with
(ϕΔ)−(p−1) . Third, the auxiliary function enters simultaneously through ϕ , through the
tail power ϕ e , and through ϕΔ ; the tail exponent e is produced by the two-exponent
structure itself and vanishes exactly when ρ = 1. In particular, for T = R with ρ =
ν = 1, the estimate reduces term by term to (5) with p = q = 2 (Remark 3.3). Fourth,
the statement is dynamic, and its discrete and quantum consequences are genuinely σ -
sensitive rather than formal transcriptions of a continuous statement, since the exact
change-of-order formula uses the σ -shifted head integral

∫ σ(t)
α , which leads to the

unshifted tail integral
∫ β
t .

We also state the additive form (Theorem 3.4) and the form with the balanced
constant obtained by optimizing the Young parameter (Theorem 3.5). The scope of
these results is limited in four respects, which we state explicitly: the derivative is of
first order, only one function is involved, the first exponent is restricted by ρ � 1,
which is exactly the condition making e nonnegative and hence W finite at ϕ(α) = 0
on scattered time scales, and no claim of optimality is made for the constants. On the
last point we recall that best constants in Opial-type inequalities form a separate line
of research; sharp unifying forms of (1), including improvements of the constants for
higher-order derivatives, were obtained by Klaassen [22].

The consequences established in Section 4 recover or extend several classical and
recent Opial- and Beesack-type inequalities. These include the discrete inequalities of
Wong [33] and Lasota [18], the composite weighted dynamic inequalities of Saker [27],
and the power-type dynamic estimate (4). In the continuous case, the resulting inequal-
ities are connected with the weighted Opial-type results of Agarwal and Pang [6], Bee-
sack [7], Das [15], Pachpatte [26], and Salem, Agwo, and Khallaf [30].

The paper is organized as follows. Section 2 recalls the required notions from time-
scale calculus and records the triangular change-of-order formula in the form actually
used in the proofs. Section 3 contains the main dynamic two-exponent inequalities, and
Section 4 is devoted to their dynamic, continuous, discrete, and quantum consequences.

2. Preliminaries

In this section we recall the notation, the analytic tools, and the auxiliary lemmas
from time-scale calculus that will be needed in the proofs of our main results. Standard
references are [5, 10]. Throughout, T denotes an arbitrary time scale, α,β ∈ T with
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α < β , and [α,β ]T = [α,β ]∩T . As usual, [α,β ]κ
T

denotes [α,β ]T with the left-
scattered maximum removed, when such a maximum exists.

A function f : T → R is rd-continuous (written f ∈ Crd ) if it is continuous at
right-dense points and has finite left-sided limits at left-dense points. The forward
jump operator is σ(t) , and the graininess is μ(t) = σ(t)− t ; the symbol μ is reserved
for the graininess throughout, the exponents of the main results being denoted by ρ
and ν . If f is delta differentiable, its delta derivative is denoted by f Δ(t) , and we
write f ∈ C1

rd([α,β ]T) if f is delta differentiable on [α,β ]κ
T

with f Δ ∈ Crd([α,β ]κ
T
) .

When T = R , one recovers f Δ = f ′ ; when T = Z , one has f Δ(k) = f (k +1)− f (k) .
The delta integral is defined through antiderivatives: if FΔ = f , then

∫ β
α f (t)Δt =

F(β )−F(α) . On R this reduces to the usual Riemann integral, and on Z one has∫ β
α f (t)Δt = ∑β−1

t=α f (t) . The following lemmas are used repeatedly.

LEMMA 2.1. ([10]) Let f ∈Crd([α,β ]T) and F(t)=
∫ t

α f (τ)Δτ . Then F is delta
differentiable and FΔ(t) = f (t) for all t ∈ [α,β ]κ

T
. Moreover, if f ,g ∈ C1

rd([α,β ]T) ,
then the integration-by-parts formula

∫ β

α
f gΔ Δt = f (β )g(β )− f (α)g(α)−

∫ β

α
f Δ(t)g(σ(t))Δt (7)

holds.

LEMMA 2.2. (Hölder inequality [10]) Let s > 1 and s′ = s/(s− 1) . If v1,v2 ∈
Crd([α,β ]T) and the integrals on the right-hand side are finite, then

∫ β

α
|v1v2|Δt �

(∫ β

α
|v1|s Δt

)1/s(∫ β

α
|v2|s′ Δt

)1/s′

.

We use the established triangular Fubini theorem on time scales in the head-
integral form recorded in [9]: if F is rd-continuous on the relevant triangular region
and the displayed integrals are finite, then

∫ β

α

(∫ σ(t)

α
F(t,s)Δs

)
Δt =

∫ β

α

(∫ β

s
F(t,s)Δt

)
Δs. (8)

3. Main results

Throughout this section, ρ � 1 and ν > 0 are fixed, and we write

p = ρ + ν, r =
p
ν

, r′ =
p
ρ

, e = p−1− ν
ρ

=
(ρ −1)(ρ + ν)

ρ
. (9)

Since ρ � 1 and ν > 0, we have p > 1, r > 1, r′ > 1, e � 0, and 1/r + 1/r′ =
(ν + ρ)/p = 1. The constraint ρ � 1 is used only through the sign of e : it guarantees
that the tail weight ϕ e of (12) remains bounded at the left endpoint, where ϕ(α) = 0.
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We use the convention ϕ 0 ≡ 1, so that e = 0 causes no ambiguity. The auxiliary
function ϕ is always assumed to satisfy

ϕ ∈C1
rd([α,β ]T), ϕ(α) = 0, ϕΔ(ζ ) > 0 for all ζ ∈ [α,β ]κT. (10)

In particular, ϕ is increasing and ϕ(ζ ) > 0 for ζ ∈ (α,β ]T , which makes ϕ suitable
as a monotone weight below.

We begin with the control estimate on which everything rests. Its exponent is the
full derivative power p = ρ + ν occurring in the main theorem; this is what makes
the inner integral appear with outer power exactly 1 and thus makes the head-integral
formula (8) applicable.

LEMMA 3.1. Let p > 1 and let u ∈ C1
rd([α,β ]T) satisfy u(α) = 0 , and let ϕ

satisfy (10). If

Λ(ζ ) :=
∫ ζ

α

|uΔ(η)|p
(ϕΔ(η))p−1 Δη

is finite for ζ ∈ [α,β ]T , then

|u(ζ )|p � ϕ(ζ ) p−1 Λ(ζ ), ζ ∈ [α,β ]T. (11)

Proof. For ζ = α both sides vanish. Let ζ ∈ (α,β ]T . Since u(α)= 0, Lemma 2.1
gives u(ζ ) =

∫ ζ
α uΔ(η)Δη , and therefore

|u(ζ )| �
∫ ζ

α

(
ϕΔ(η)

) p−1
p

|uΔ(η)|(
ϕΔ(η)

) p−1
p

Δη ,

which is legitimate because ϕΔ > 0 on [α,β ]κ
T
. Applying Lemma 2.2 with the conju-

gate exponents s = p/(p−1) and s′ = p yields

|u(ζ )| �
(∫ ζ

α
ϕΔ(η)Δη

) p−1
p
(∫ ζ

α

|uΔ(η)|p
(ϕΔ(η))p−1 Δη

)1
p

= ϕ(ζ )
p−1
p Λ(ζ )

1
p ,

where we used ϕ(α) = 0. Raising this inequality to the power p gives (11). �
We are now ready to state the first main two-exponent Beesack–Opial inequality.

THEOREM 3.2. Let α < β in T , let ρ � 1 and ν > 0 , and let p,r,r′,e be given
by (9). Assume that

u,ϕ ∈C1
rd([α,β ]T), w ∈Crd([α,β ]T) with w � 0,

that u(α) = 0 , and that ϕ satisfies (10). Define the tail weight

W (ω) =
∫ β

ω
w(ζ )ϕ(ζ )e Δζ , ω ∈ [α,β ]T, (12)
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and assume that W (α) < ∞ and that the two integrals on the right-hand side of (13)
are finite. Then

∫ β

α
w(ζ ) |u(ζ )|ρ |uΔ(ζ )|ν Δζ �

(∫ β

α
w(ζ )ϕ(ζ ) |uΔ(ζ )|p Δζ

)1/r

×
(∫ β

α
W (ζ )

|uΔ(ζ )|p
(ϕΔ(ζ )) p−1 Δζ

)1/r′

.

(13)

Proof. Let Λ be as in Lemma 3.1. Raising (11) to the power ρ/p gives

|u(ζ )|ρ � ϕ(ζ )
ρ(p−1)

p Λ(ζ )
ρ
p , ζ ∈ [α,β ]T,

and therefore, since w � 0,

w(ζ ) |u(ζ )|ρ |uΔ(ζ )|ν �
(
w(ζ )ϕ(ζ ) |uΔ(ζ )|p

)1/r(
w(ζ )ϕ(ζ )e Λ(ζ )

)1/r′
. (14)

Indeed, on the right of (14) the factor w carries the power 1/r + 1/r′ = 1, the factor
|uΔ| the power p/r = ν , the factor Λ the power 1/r′ = ρ/p , and ϕ the power

1
r

+
e
r′

=
ν
p

+
ρ
p

(
p−1− ν

ρ

)
=

ρ(p−1)
p

,

which is exactly the power appearing in the bound for |u|ρ ; all powers of ϕ in (14)
are nonnegative because e � 0. Integrating (14) over [α,β ]T and applying Lemma 2.2
with the conjugate exponents (r,r′) gives

∫ β

α
w(ζ ) |u(ζ )|ρ |uΔ(ζ )|ν Δζ � A1/r B1/r′ , (15)

where

A =
∫ β

α
w(ζ )ϕ(ζ ) |uΔ(ζ )|p Δζ , B =

∫ β

α
w(ζ )ϕ(ζ )e Λ(ζ )Δζ .

It remains to estimate B . The functions g(ζ ) = w(ζ )ϕ(ζ )e and h(η) =
|uΔ(η)|p(ϕΔ(η))−(p−1) are nonnegative and rd-continuous. Since Λ(ζ ) � Λ(σ(ζ ))
and Λ(σ(ζ )) =

∫ σ(ζ )
α h(η)Δη , the head-integral Fubini formula (8), applied to F(ζ ,η)

= g(ζ )h(η) , yields

B �
∫ β

α
g(ζ )Λ(σ(ζ ))Δζ =

∫ β

α
W (η)

|uΔ(η)|p
(ϕΔ(η)) p−1 Δη .

Substituting this bound into (15) completes the proof. �
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REMARK 3.3. Let T = R and ρ = ν = 1. Then p = 2, r = r′ = 2, e = 0, and

W (ζ ) =
∫ β

ζ w(η)dη , so that (13) becomes

∫ β

α
w(ζ )|u(ζ )u′(ζ )|dζ �

(∫ β

α
w(ζ )ϕ(ζ )|u′(ζ )|2 dζ

)1/2

×
(∫ β

α
W (ζ )

|u′(ζ )|2
ϕ ′(ζ )

dζ
)1/2

.

This is precisely the case p = q = 2 of the continuous Beesack–Opial inequality (5)
of Chesneau [14], with g = w , h = ϕ , and G = W . For ρ > 1 the tail exponent e is
strictly positive, and we are not aware of a continuous counterpart of (13) in this form.

An equivalent additive formulation of Theorem 3.2, with a free balancing param-
eter, is given next.

THEOREM 3.4. Let the assumptions of Theorem 3.2 hold. Then, for every κ > 0 ,

∫ β

α
w(ζ ) |u(ζ )|ρ |uΔ(ζ )|ν Δζ � κ r

r

∫ β

α
w(ζ )ϕ(ζ ) |uΔ(ζ )|p Δζ

+
1

r′ κ r′

∫ β

α
W (ζ )

|uΔ(ζ )|p
(ϕΔ(ζ )) p−1 Δζ .

(16)

Proof. Let A and B denote the two integrals on the right-hand side of (13), so that
Theorem 3.2 reads

∫ β
α w(ζ )|u(ζ )|ρ |uΔ(ζ )|ν Δζ � A1/rB1/r′ . Young’s inequality

xy � xr

r
+

yr′

r′
, x,y � 0,

applied to x = κA1/r and y = κ−1B1/r′ , gives

A1/rB1/r′ � κ r

r
A+

1

r′κ r′ B,

which is (16). �

THEOREM 3.5. Let the assumptions of Theorem 3.2 hold. Then the choice

κ =
(ρ

ν

) ρν
(ρ+ν)2

in (16) equalizes the two coefficients and yields

∫ β

α
w(ζ )|u(ζ )|ρ |uΔ(ζ )|ν Δζ � K

∫ β

α

[
w(ζ )ϕ(ζ )|uΔ(ζ )|p

+W (ζ )
|uΔ(ζ )|p

(ϕΔ(ζ ))p−1

]
Δζ ,

(17)
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where

K =
1
r

(ρ
ν

)ρ/p
=

(r−1)1−1/r

r
.

Moreover, K is the smallest constant that can be obtained from (16) by a choice of
κ > 0 .

Proof. Write A and B as in the proof of Theorem 3.4. The two coefficients in (16)
coincide when

κ r

r
=

1

r′κ r′ , that is, κ r+r′ =
r
r′

By (9),

r+ r′ =
p
ν

+
p
ρ

=
p2

ρν
,

r
r′

=
ρ
ν

,

so that κ = (ρ/ν)ρν/p2
. For this value,

κ r

r
=

1
r

(ρ
ν

) ρν
p2 · p

ν
=

1
r

(ρ
ν

)ρ/p
= K,

and, since κ r′ = (ρ/ν)ν/p and 1/r′ = ρ/p ,

1

r′κ r′ =
ρ
p

(
ν
ρ

)ν/p

=
ν
p

(ρ
ν

)ρ/p
= K,

where the middle equality follows from ρ(ρ/ν)−ν/p = ν(ρ/ν)ρ/p . Hence the right-
hand side of (16) equals K(A + B) , which is (17). Finally, ρ/ν = r− 1 and ρ/p =
(r−1)/r , whence K = r−1(r−1)1−1/r .

For the last assertion, let Φ(κ) = max{κ r/r, (r′κ r′)−1} . The first entry is increas-
ing and the second is decreasing in κ , so Φ attains its minimum where the two agree,
namely at the above κ , with value K . �

REMARK 3.6. For T = R and ρ = ν = 1 one has K = 1/2, and (17) becomes the

additive Beesack–Opial inequality of [14] for p = q = 2, with W (ζ ) =
∫ β

ζ w(η)dη .

4. Applications

The dynamic inequalities of Section 3 provide a unified tool for recovering and
extending a number of Opial-type estimates. We organize the consequences as follows:
general dynamic consequences in Section 4.1, a polynomial-weight consequence on
arbitrary time scales in Section 4.2, the continuous case in Section 4.3, the discrete case
in Section 4.4, and the quantum case in Section 4.5. Consequences that differ only by
a renaming of parameters are collected in remarks rather than stated separately, and
routine verifications are indicated in one line. Throughout, p = ρ +ν , and r , r′ , e , W
are as in (9) and (12).
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4.1. Dynamic consequences

The simplest admissible auxiliary function on an arbitrary time scale is ϕ(ζ ) =
ζ −α , for which ϕ(α) = 0 and ϕΔ ≡ 1 > 0. It gives the following two-exponent
weighted inequality.

COROLLARY 4.1. Let α < β in T , let q : [α,β ]T → [0,∞) be rd-continuous, and
let y ∈ C1

rd([α,β ]T) satisfy y(α) = 0 . Let λ � 1 and γ > 0 , and put p = λ + γ and
e = p−1− γ/λ . If the integrals below are finite, then

∫ β

α
q(ζ ) |y(ζ )|λ |yΔ(ζ )|γ Δζ �

(∫ β

α
q(ζ )(ζ −α) |yΔ(ζ )|p Δζ

)γ
p

×
(∫ β

α
Q(ζ ) |yΔ(ζ )|p Δζ

)λ
p

,

(18)

where

Q(ω) =
∫ β

ω
q(η)(η −α)e Δη , ω ∈ [α,β ]T.

Proof. This follows from Theorem 3.2 by taking ρ = λ , ν = γ , w = q , and
ϕ(ζ ) = ζ −α ; then ϕΔ ≡ 1, so (ϕΔ)p−1 ≡ 1, and W = Q . �

The product estimate in (18) can be reduced to a one-term inequality whenever
its tail weight is controlled by the original weight. The following proposition records
the unweighted case, a general tail condition, and the important special case of a non-
increasing weight. The unweighted estimate is also a consequence of the power-type
dynamic inequality of Elsaid, Zaghrout, and El-Deeb [16], while the nonincreasing-
weight case applies, in particular, to composite weights of the type considered by Saker
[27].

PROPOSITION 4.2. Let α < β in T , let λ � 1 and γ > 0 , and put

p = λ + γ, e = p−1− γ
λ

.

Let y ∈C1
rd([α,β ]T) satisfy y(α) = 0 . Then the following assertions hold.

(i) Unweighted case. One has

∫ β

α
|y(ζ )|λ |yΔ(ζ )|γ Δζ � (β −α)λ

∫ β

α
|yΔ(ζ )|p Δζ .

(ii) Weights satisfying a tail condition. Let

ω : [α,β ]T −→ [0,∞)
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be rd-continuous, and suppose that there exists a constant C0 > 0 such that

∫ β

ζ
ω(η)(η −α)e Δη � C0ω(ζ ), ζ ∈ [α,β ]T. (19)

Then ∫ β

α
ω(ζ )|y(ζ )|λ |yΔ(ζ )|γ Δζ � (β −α)

γ
pC

λ
p
0

×
∫ β

α
ω(ζ )|yΔ(ζ )|p Δζ .

(iii) Nonincreasing weights. Let ω : [α,β ]T → [0,∞) be rd-continuous and nonin-
creasing. Then (19) holds with

C0 = (β −α)e+1,

and consequently

∫ β

α
ω(ζ )|y(ζ )|λ |yΔ(ζ )|γ Δζ � (β −α)λ

∫ β

α
ω(ζ )|yΔ(ζ )|p Δζ .

Proof. We first prove part (ii). Apply Corollary 4.1 with q = ω . Set

I =
∫ β

α
ω(ζ )|yΔ(ζ )|p Δζ .

Since
0 � ζ −α � β −α,

the first factor on the right-hand side of (18) satisfies

(∫ β

α
ω(ζ )(ζ −α)|yΔ(ζ )|p Δζ

) γ
p

� (β −α)
γ
p I

γ
p .

The corresponding tail weight is

Q(ζ ) =
∫ β

ζ
ω(η)(η −α)e Δη .

By (19), Q(ζ ) � C0ω(ζ ) , and hence

(∫ β

α
Q(ζ )|yΔ(ζ )|p Δζ

) λ
p

� C
λ
p
0 I

λ
p .

Multiplying the last two estimates and using

γ
p

+
λ
p

= 1
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gives part (ii).
To prove part (iii), first observe that

e = p−1− γ
λ

=
(λ −1)(λ + γ)

λ
� 0.

If ω is nonincreasing, then ω(η) � ω(ζ ) whenever η � ζ . Therefore,

Q(ζ ) =
∫ β

ζ
ω(η)(η −α)e Δη

� ω(ζ )(β −α)e
∫ β

ζ
1Δη

= ω(ζ )(β −α)e(β − ζ )

� ω(ζ )(β −α)e+1.

Thus, (19) holds with C0 = (β −α)e+1 . Substituting this value into part (ii) gives

(β −α)
γ
pC

λ
p
0 = (β −α)

γ+λ(e+1)
p

= (β −α)λ ,

because
e+1 = p− γ

λ
.

This proves part (iii). Finally, part (i) follows from part (iii) by taking ω ≡ 1. �

4.2. A polynomial-weight consequence on arbitrary time scales

The additive inequality also yields a useful polynomial-weight consequence that
remains valid on an arbitrary time scale.

COROLLARY 4.3. Let 0 � α < β in T , let m ∈ N0 , and let u ∈ C1
rd([α,β ]T)

satisfy u(α) = 0 . Define

Wm(ζ ) =
∫ β

ζ
ηm Δη , ζ ∈ [α,β ]T.

Then, for every κ > 0 ,∫ β

α
ζm |u(ζ )uΔ(ζ )|Δζ � κ2

2

∫ β

α
ζm(ζ −α)|uΔ(ζ )|2 Δζ

+
1

2κ2

∫ β

α
Wm(ζ )|uΔ(ζ )|2 Δζ .

(20)

In particular, the choice κ = 1 gives the balanced estimate∫ β

α
ζm |u(ζ )uΔ(ζ )|Δζ � 1

2

∫ β

α
ζm(ζ −α)|uΔ(ζ )|2 Δζ

+
1
2

∫ β

α
Wm(ζ )|uΔ(ζ )|2 Δζ .
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Proof. Apply Theorem 3.4 with

ρ = ν = 1, w(ζ ) = ζm, ϕ(ζ ) = ζ −α.

Then
p = 2, r = r′ = 2, ϕΔ ≡ 1, e = 0,

and the corresponding tail weight is

W (ζ ) =
∫ β

ζ
ηm Δη = Wm(ζ ).

The weight w(ζ ) = ζm is nonnegative because α � 0. Consequently, Theorem 3.4
gives (20), while Theorem 3.5 yields the balanced case with constant 1/2 when κ =
1. �

REMARK 4.4. When T = R , the tail weight has the explicit form

Wm(ζ ) =
∫ β

ζ
ηm dη =

β m+1− ζm+1

m+1
.

Hence, (20) becomes the corresponding continuous polynomial-weight additive Opial-
type inequality studied by Salem, Agwo, and Khallaf [30]; see also the related discus-
sion in [14]. On a general time scale, the delta integral defining Wm need not admit the
same elementary closed form.

4.3. The continuous case

We next specialize the general dynamic inequality to the continuous time scale
T = R . In this case,

σ(ζ ) = ζ , uΔ(ζ ) = u′(ζ ), Δζ = dζ .

COROLLARY 4.5. Let α < β be real numbers, let ρ � 1 and ν > 0 , and let
p,r,r′ , and e be defined as in (9). Suppose that u ∈C1([α,β ]) satisfies u(α) = 0 , that
w : [α,β ] → [0,∞) is continuous, and that ϕ ∈C1([α,β ]) satisfies

ϕ(α) = 0 and ϕ ′(ζ ) > 0 for ζ ∈ [α,β ].

Define

W (ω) =
∫ β

ω
w(η)ϕ(η)e dη , ω ∈ [α,β ].

Then ∫ β

α
w(ζ )|u(ζ )|ρ |u′(ζ )|ν dζ �

(∫ β

α
w(ζ )ϕ(ζ )|u′(ζ )|p dζ

)1/r

×
(∫ β

α
W (ζ )

|u′(ζ )|p
(ϕ ′(ζ ))p−1 dζ

)1/r′

.

(21)
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Proof. Set T = R in Theorem 3.2. Then σ(ζ ) = ζ , uΔ = u′ , and the delta inte-
gral reduces to the ordinary integral. Moreover, the triangular change-of-order formula
(8) becomes an equality without a forward shift. Consequently, Theorem 3.2 reduces
directly to (21). �

REMARK 4.6. The continuous inequality (21) belongs to the line of weighted
Opial- and Beesack-type inequalities developed by Beesack [7], Das [15], Pachpatte
[26], and other authors; a systematic account of many of these continuous results is
given by Agarwal and Pang [6]. The distinguishing feature of (21) is that the powers
ρ and ν are independent and that the resulting bound retains a two-factor weighted
structure.

The connection with the recent two-weight inequality of Chesneau [14] is espe-
cially direct. Indeed, when

ρ = ν = 1,

we have

p = 2, r = r′ = 2, e = 0,

and therefore

W (ζ ) =
∫ β

ζ
w(η)dη .

In this case, (21) becomes

∫ β

α
w(ζ )|u(ζ )u′(ζ )|dζ �

(∫ β

α
w(ζ )ϕ(ζ )|u′(ζ )|2 dζ

)1/2

×
(∫ β

α
W (ζ )

|u′(ζ )|2
ϕ ′(ζ )

dζ
)1/2

.

Thus, after identifying

g = w, h = ϕ , G = W ,

the preceding estimate coincides with the case p = q = 2 of the two-weight continu-
ous inequality in [14]. Hence, (21) extends that structure by allowing the independent
powers ρ � 1 and ν > 0.

4.4. The discrete case

Let T = Z , so that uΔ(k) = Δu(k) = u(k+1)−u(k) and
∫ β

α f (ζ )Δζ = ∑β−1
k=α f (k) .

COROLLARY 4.7. Let α < β be integers, let ρ � 1 , ν > 0 , and let p,r,r′,e be
as in (9). Let u,w,ϕ : {α, . . . ,β} → R satisfy u(α) = 0 , w(k) � 0 , ϕ(α) = 0 , and
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Δϕ(k) > 0 for k = α, . . . ,β −1 , and put W ( j) = ∑β−1
k= j w(k)ϕ(k)e . Then

β−1

∑
k=α

w(k) |u(k)|ρ |Δu(k)|ν �
(

β−1

∑
k=α

w(k)ϕ(k) |Δu(k)|p
)1/r

×
(

β−1

∑
k=α

W (k)
|Δu(k)|p

(Δϕ(k)) p−1

)1/r′

.

(22)

Proof. This is Theorem 3.2 on T = Z . �

REMARK 4.8. (Wong–Lasota type) Let α < β be integers and let u(α) = 0.
Taking ρ = ν = 1, w ≡ 1, and ϕ(k) = k−α in Corollary 4.7, we have

p = 2, r = r′ = 2, Δϕ ≡ 1, e = 0,

and hence W ( j) = β − j . Therefore, (22) yields

β−1

∑
k=α

∣∣u(k)Δu(k)
∣∣�
(

β−1

∑
k=α

(k−α) |Δu(k)|2
)1/2(β−1

∑
k=α

(β − k) |Δu(k)|2
)1/2

.

Using
√

XY � (X +Y )/2 for X ,Y � 0, we obtain

β−1

∑
k=α

∣∣u(k)Δu(k)
∣∣� 1

2

β−1

∑
k=α

[
(k−α)+ (β − k)

]|Δu(k)|2

=
β −α

2

β−1

∑
k=α

|Δu(k)|2.

Thus, the corresponding Wong–Lasota-type discrete inequality is recovered.

4.5. The quantum case

Finally, let
T = qN0 = {qk : k ∈ N0}, q > 1,

so that σ(t) = qt , μ(t) = (q−1)t , and the delta derivative is the q -derivative

uΔ(t) = Dqu(t) =
u(qt)−u(t)

(q−1)t
, t ∈ T.

Delta integration becomes the Jackson q -integral: if α = qk0 < β = qk1 with integers
k0 < k1 , then ∫ β

α
f (t)dqt =

k1−1

∑
k=k0

(q−1)qk f (qk).
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COROLLARY 4.9. Let ρ � 1 , ν > 0 , and let p,r,r′,e be as in (9). Let u,w,ϕ :
[α,β ]T →R satisfy u(α)= 0 , w� 0 , ϕ(α)= 0 , and Dqϕ(t)> 0 for t ∈{qk0 , . . . ,qk1−1} ,

and put W (ω) =
∫ β

ω wϕ e dqζ . Then

∫ β

α
w(ζ ) |u(ζ )|ρ |Dqu(ζ )|ν dqζ �

(∫ β

α
w(ζ )ϕ(ζ ) |Dqu(ζ )|p dqζ

)1/r

×
(∫ β

α
W (ζ )

|Dqu(ζ )|p(
Dqϕ(ζ )

) p−1 dqζ

)1/r′

.

Proof. This is Theorem 3.2 on T = qN0 , all sums being finite. �
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[24] Z. OPIAL, Sur une inégalité, Ann. Polon. Math. 8 (1960), 29–32.

[25] M. M. OSMAN, S. H. SAKER AND D. R. ANDERSON, Two weighted higher-order dynamic inequal-
ities of Opial type with two functions, Qual. Theory Dyn. Syst. 21 (2022), Paper No. 57.

[26] B. G. PACHPATTE, On some new generalizations of Opial inequality, Demonstratio Math. 19 (1986),
no. 2, 281–291.

[27] S. H. SAKER, Some Opial-type inequalities on time scales, Abstr. Appl. Anal. 2011 (2011), Article
ID 265316.

[28] S. H. SAKER, M. M. OSMAN, D. O’REGAN AND R. P. AGARWAL, Some new Opial dynamic in-
equalities with weighted functions on time scales, Math. Inequal. Appl. 18 (2015), no. 3, 1171–1187.

[29] S. H. SAKER, J. ALZABUT, A. G. SAYED AND D. O’REGAN, Some new Opial-type dynamic in-
equalities via convex functions and applications, Adv. Difference Equ. 2021 (2021), Article 305.

[30] S. H. SALEM, H. A. AGWO AND N. S. KHALLAF, On the Opial–Beesack–Troy inequalities, Int. J.
Math. Anal. 5 (2011), no. 12, 583–592.

[31] H. M. SRIVASTAVA, K.-L. TSENG, S.-J. TSENG AND J.-C. LO, Some weighted Opial-type inequal-
ities on time scales, Taiwanese J. Math. 14 (2010), no. 1, 107–122.

[32] M. VIVAS-CORTEZ, F. MARTÍNEZ, J. E. NÁPOLES VALDES AND J. E. HERNÁNDEZ, On Opial-type
inequality for a generalized fractional integral operator, Demonstr. Math. 55 (2022), no. 1, 695–709.

[33] J. S. WONG, A discrete analogue of Opial’s inequality, Canad. Math. Bull. 10 (1967), no. 1, 115–118.



WEIGHTED BEESACK-OPIAL INEQUALITIES ON TIME SCALES 1061

[34] F. H. WONG, W. C. LIAN, S. L. YU AND C. C. YEH, Some generalizations of Opial’s inequalities
on time scales, Taiwanese J. Math. 12 (2008), no. 2, 463–471.

[35] G.-S. YANG, On a certain result of Z. Opial, Proc. Japan Acad. 42 (1966), 78–83.

(Received January 5, 2026) R. R. Mahmoud
Department of Mathematics

University of Technology and Applied Sciences
Al Rustaq, Oman

and
Department of Mathematics

Faculty of Science, Fayoum University
Egypt

e-mail: ramy.ramadan@utas.edu.om

rrm00@fayoum.edu.eg

S. H. Saker
Department of Mathematics

Faculty of Science, Mansoura University
Mansoura 35516, Egypt

e-mail: shsaker@mans.edu.eg

K. R. Abdo
Department of Mathematics

University of Technology and Applied Sciences
Al Rustaq, Oman

and
Department of Mathematics

Faculty of Science, Fayoum University
Egypt

e-mail: khadija.abdo@utas.edu.om

kra00@fayoum.edu.eg

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


	Introduction
	Preliminaries
	Main results
	Applications
	Dynamic consequences
	A polynomial-weight consequence on arbitrary time scales
	The continuous case
	The discrete case
	The quantum case



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [425.197 637.795]
>> setpagedevice


