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SOME RESULTS FOR A FAMILY OF INTEGRAL OPERATORS OF
SINGULAR TYPE IN WEIGHTED VARIABLE LEBESGUE SPACES

ESrRA KAYA

(Communicated by L. Mihokovic)

Abstract. In this study, our purpose is to prove inequalities concerning the boundedness of a
family of singular type integral operators in weighted variable Lebesgue spaces Lp(,)w‘v(]R’,:‘ +)
with general weight functions. As an application, we finally provide an inequality for the Riesz-
Bessel transform of high order in weighted variable Lebesgue space.

1. Introduction

Variable Lebesgue spaces which have first been taken into consideration by Orlicz
[17] and date back a long time, play an essential role in harmonic analysis. In recent
years, there is a considerable interest on variable function spaces since they give us the
opportunity to solve PDEs. Therefore, many results have been presented in existing
literature of harmonic analysis, however, there are still gaps. For example, in a recent
study of Bandaliev [3], it has been obtained that the certain sublinear operators are
bounded in weighted variable Lebesgue spaces. In harmonic analysis, it also worths for
studying convolution type singular integral operators. As applications of this theory,
the boundedness of these operators and the boundedness of their versions which are
connected with the Laplace-Bessel differential operator briefly called the B-singular
integral operator have great importance. Such problems have been considered by sev-
eral mathematicians [1, 2, 3, 5,6, 7,9, 10, 11, 12, 13, 14, 15]. In [6], the boundedness
of the Riesz-Bessel transform of high order, which is a convolution type singular in-
tegral operator, has been obtained in weighted Lebesgue spaces with general weight
functions.

In the present paper, from the motivation of these results, we will investigate the
B-singular integral operator acting from weighted variable Lebesgue space into itself.
In these spaces, the boundedness of the B-singular integral operator will be obtained
with the use of well-known inequalities for the Hardy type operators.
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2. Preliminaries

As it is well-known, R” denotes the n-dimensional Euclidean space. Let Rﬁﬁ L=
{x=(x1,...,x0) ER": %1 >0,...,x, >0, 1 <k<n} where x= (X', x"), X' = (x1,...,x)
€ RF and ¥ = (xk+1,...,x,,) € R"*. Denote v = (V17...,Vk), vi>0,...,vg >0,
V[=vi+...+ V. Also B(x,r) ={y€e R}, : [x—y <r}. A weight function
o : Ry . — R is defined as locally integrable and an almost everywhere positive func-
tion. Let B(0,r) C R} | be measurable. Then

w1 D05
B(O, :/ Vdx — 0
1B(0,r)lv B(O’r)( 1} O
where (/)" =x}"-...-x, @ =n+|v| and F(v):/ e x" dx.
0

Let Z(R} )= {p() (RE L = [1,00) : p(-)is measurable}. Thus, every function
in Z(Ry ) is called a variable exponent function. If the following conditions

Co
px)—pW)| < ————,
P =PI < o
and
Co
|p(x) — peo|

o] & —F—7—
log(e + [x])

1
holds for all x,y € R | satisfying [x—y[ < 5, then we denote it as p(-) € @log(RZ’ +)
and p(-) € PLER (R} ), respectively. Furthermore, if p(-) satisfies both inequalities,
then it is denoted by p(-) € LH(R} ). Here p.. = lim p(x) > 1.

Given a variable exponent p(-) : R} | — [1,0), the space L.) o (R} ) consists
of all measurable functions f such that

1ALy 0 2 ) = inf{it >0:p,) ey (f/1) <1} <eo,

where
Poiron= [ 1FRO@IPE) dx.
er+

In the case of @ = 1, itis obvious that L) o v (R} ;) reduces L, (R} ).
The following theorem is the analogue of Theorem 3 in [4] and its proof follows
by similar manner.

THEOREM 1. Assume that | < p_ < p(x) < q- < q(y) < g+ < oo forall x,y €
R .. If p(x) is a continuous function on Ry  , then

_ 2/p-
< (L4222 in
Lq( )V(Rz ) q— q+ L‘I(‘)~V(Rk +)

holds, where f denotes a measurable function on RZ, L X RZ, +

[P

Ly )‘V(sz)
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LEMMA 1. [10] Let p(-) and q(-) be bounded variable exponents on R} , . Then

p()g(x)
Ly v(RE 1) = Loy v(RE 1) ifand onlyif q(-) < p(-) and hlm SUP A P-4t (x')" dx
- k,+

X U
=0. Here 7L" 9 =0 for 0< A <1 and p(x) = q(x).

For 1 <i<k, 1 <k < n,wedefine the generalized translation operator by

k

T f(x) = Cv,k/O /o L)oo ey g X =y T (sing) ' dgy,

i=1

k"F

where Cy =12 s (xi,yi) g = (x —2x,y,c0s<p,+yl)% [15, 16]. Observe

that the generahzed translatlon operator is constructed based on the Laplace-Bessel
differential operator

k 82 Vi 0 n 82
Ap = }: 5}§'+'—' + }E 5;2.

S ox;  xidxi i—kt1

Respectively, the definitions of B-convolution and B-singular integral operator are
as follows:

(Fog)(x /f VTg(x)(y)" dy.

R =ps [ QR AI0
I OE) 11y p v i 1
IS e B TN = mTer .

where & =y/|y|, and ©(§) belongs to some function spaces on the semisphere Sy 4 =
{xe Ry : |x[ =1} and also satisfies

[ e as(e) =0, @

where do(6) denotes the surface measure on the unit sphere || = 1. B-singular

0(5)
/@
written as Ty f(x) = (K ® f)(x). This kernel satisfies the followings:

e sup [K(§)| <,
EESK+

integral operator is of convolution type with the kernel K(y) = and so it can be

° / 020 |K(y) — T°K(x)|(y/)"dy < C, y# 0, where C denotes an absolute
B+ 0,2|x

constant,
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e There exist constants & > 0 and C > 0 such that |K(x)| < C|x|"¢ and
[TVK (x) = K(y)| < Clx|*[y| 727,
for all x,y € R} | with 2|x| <[y].

The following theorem states the boundedness of the generalized translation oper-
ator. For more details, one can see [ 10, Theorem 4.1].

THEOREM 2. Let p(-) : R} | — [1,e0) with

1 < p_=essinfp(x) < py =esssupp(x) < oo.
xeRY | XERZ,+

Then

17 £l < Aexp (2427 bDAo(P () 1.0

forall f €Ly, NS (R}, ) with supp Fvf C {0 € R}, 1 10| < 2071 o € Ny,
where Ff, S| ’ ( ) respectively denote the Fourzer-Bessel transform and the dual
space of tempered dlsmbutlons on R} ., and A=A(n,p(-),v) >0 is a constant.

3. L,(),e,v estimates for B-singular integral operator

This section is devoted to the B-singular integral operator defined on weighted
variable Lebesgue space.

The generalized Hardy type operator is main tool of proofs of our main results.
The following theorems are analogues of Theorem 3 and Theorem 4 in [3] and their
proofs can be obtained in a similar way.

THEOREM 3. Let p(x) € Z (R} ) satisfying 1 < p— < p(x) < py < o and such

P Y)q( )
that A P0=a0) (x")Vdx < oo holds for A € [0,1). Assume that @(x) and v(x) are
Ry +
weight functions on R} _ and there exists a constant 1 < 1 such that

3 Ly
H=sup( [ ool 00%as) ™ o) ([ o o)
r>0 |Y|<r [yI<[]
Ly v (x[>r)
< oo 3)

holds. Then we have

f)O )V dy

<l

<Clle . mt)
LI’(')ﬁwﬁv(Rz‘Jr) l’()dh,v( ot

_ 1/p- IR
Jorevery f € Ly y().v(RE ), where C = <l + %) (1—m)~YPCiH.
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THEOREM 4. Let p(x) € QZ(RZ’JF) satisfying 1 < p_ < p(x) < p3 < oo and such

p(¥)g(x)
that A P0=at) (x")Vdx < oo holds for A € [0,1). Assume that @(x) and v(x) are
RY +
weight functions on R} and there exists a constant ¢ < 1 such that

< 1=¢
e =swp ([ o0 a) ™ o) ([, oo rtonra)
r>0 \y\>r MK
Ly (xl<r)

<o )

holds. Then we have

l

1/p- /
forevery f € Ly v (R} ) where C = (1 + %) : (1-¢)~ Ve .

f)G) dy

<CIA L,
i< K

)
+
Lp(-)‘w‘v(RZ. )

We are now ready to present the key result of the study.

THEOREM 5. Let p(x) € QZ(R” ) satisfying 1 < p_ < p(x) < py < oo forx €
R} , and / lq x')Vdx < oo for A €0,1). Suppose that ©(&) satisfies (2).

Furthermore let o(x), v(x) be weight functions on R} _ satisfying the followings:

"= 0 </y£1r)(y )T (y/)vdy> ” ﬁ—(g ( /ly |<[ﬁ(y)rp’+ o) dy) 7

Ly (I [>7)
< oo, (5)
#
= ([ o o))
>0 \/|y[>r
1-¢
7 p’
clloor( [ o ora) ™
>
Ly (<r)
< oo, (6)
there exists M > 0 such that
sup  @(y) < Mess infu(x) (7

I *ERY |

3 <lyl<4lx]

holds. Then, we have the followings:



1036 E. KAYA

(i) There exists a constant C > 0 which is independent of f and € such that

1Tveflls, oo ) SCIAlL,, e

holds for all f € Ly, (RY ).

®)

+)

(ii) The limit liII(l) Ty e f exists for f € Ly(y) o,v(RY ), which will also be denoted by
E— ’
Ty f and
1Tfll, o <CUL ©
holds.

Moreover, condition (7) can be replaced by the following:

1
o(x) sup —— | <M, (10)

v
ebi<ap V0)

where M > 0 is a constant.

Proof. First define By = {x e R}, : 28 < |x| <2}, By ={xe R}, : x| <
2 Bro={xeRp_ 21 <|x[ <22} Bys={xe R} : [x| >2"!} for ke Z.
Then one can easily observe that B> = By_1 UB;UBjy and the multiplicity of the
covering {By }xez is equal to 3.

For f € Ly vv(Rf ), one can write

Tvef()| = Y |Tvef(x) x5, (%)

keZ

< Y T fi1 (0|28, (%) + D | Tv e fio (6) 18, (X) + X [Ty e fie3 (%) [ 28, (x)
kel kel kel

= Tv,l,sf(x) + Tv,2,£f(x) + Tv,3,8f(x)~ (11)

Here yp is the characteristic function of B and fyxp,, = fi,; for i=1,2,3.
First, we consider [|Ty,1¢fl|z,,,- For x € By, y € By, we get [y| < <2<
|x|/2. Furthermore, By N\supp fi1 = 0 and |x—y| > |x|/2. By (2), for any x € By,

Tv.1ef(x) ke% (/n+

CZ (/ Ty|x| Q’fkl ’ y)ka
ke
<C 0 -
/Mz) =y 210 o) dy
<C [ =yl () dy
[y[<]x|

<20Che [ 1O

T | fe1 (x)| 1y )de>ka
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where C = sup |K(&)]| is a constant. Thus, we get
EESk 4

/ Ty e ()17 () ()Yl
R+
p(x)

<o) [ ( - |f<y>|<y’>de) X270 0o (x) ().

By Theorem 1 and (5), we get

P)
ol @ ([ IO @ax<e [ uwe)as

J

Therefore,

n
k,+

[, 1Raef@rPowe) a<c [ 1f0rvw ) d, 12
RY + Ri+

where Cj is a constant which is independent of f and €.

We now derive an estimate for ||TV~,3~,8fHLp(x).w.v . For x € By and y € By 3, we get
[y| > 2|x|, and [x —y| > |y|/2. Moreover, by virtue of B; Nsupp fi3 =0 for x € By
and by (2), we have

Taef @) <C [ P00 dy

y1>20
<C FO)]lx =20 dy
y1>20
<29 FO)IyI~2 )Y dy.
[y1>2h

Then,

/ |Tv,3,ef(x)|p(x)w(x) (x')Vdx
RN

k,+

p(x)
<oy [ ([ ooy a) v

R 3

By (6), we get

p(x)
[ ow ([, vobieers) @rasc ] e e
Ry, [y|>2]x]| RY |
where C > 0 is a constant. Hence,

L, Maes@rom@) a<c [ 17@rYvwe)d, 13
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where C; is a constant which is independent of f and €.
Finally, we obtain an estimate for ||Ty2¢f]|z
boundedness of 7, ¢ and by (7), we obtain

By virtue of the L, -

p(x) vy *

p(x)
[, el omwra= [ (z Ty e a0l (x)) o) ()" dx

k, keZ

=y (Z T“f"@(’“>|”<x’x3k<x>> o(x)(x)"dx

keZ

=3 [ el ol dx

keZ

< 2 sup a)(x)/n ‘Tv,sfk,2(x)|p(x) (x/)vdx

keZXEB Ry 4

<G Y swpow) [ il as

keZX<B Ko+

<G Y swol) [ IWF0E) dx

keZYEBy B
For x € By, and 287! < [x| < 2%72 by (7),

supo(y)= sup o)<  sup  oy) <Mo(x).
yeBy 2kl |y|<okt2 x| /4<]y[<4]x]

Hence,

[, Macs@rYom@ a<en s, [ 17w
Ry + kez’ Br2

<G IrWrue) (14)

k,+

where C3 = 3G, M, by the virtue of the fact that multiplicity of covering {By» }rez is
equal to 3.

Inequalities (12), (13) and (14) yield the proof of first part of the theorem.

To prove that égrg) Tvef=Tyf existsin L) o (R} | ) forany f €Ly 4 v(RY ),
we employ a density argument. Since smooth, compactly supported functions that are
even with respect to xp,---,x; are dense, it suffices to establish the existence of the
limit for such functions. To this end, we can represent any function f € L) v,v (RZ +)
as f = f1+ f», where f is a smooth, compactly supported function even with respect
to xj,---,X, and f; is chosen such that || f>|| Ly is sufficiently small. By writing
Tvef =Ty ef1 +Tycf> and using (8), we obtain

X),0,v

||TV78f_ Tyefi ”Lp(x)‘w‘v < C||f2||Lp(x)‘u‘v <8,
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for a sufficiently small § > 0. Now, let f be a smooth, compactly supported function
that is even with respect to xy,...,x;. For 0 < & < &, using (2), we get

R ()~ Toa )= [ S )y

-/ O )~ 010 a,
B(0,62)\B(0,¢

) vle
where x € R} . Recalling the Taylor-Delsarte formula [16] for 77 f, we have

1T (%) = f D)l < Cly]-
Consequently, it follows that

Chyl,,
< S0 dy < Cle—a).
B(0.£2)\B(021) [y
This shows that L, (R} ) is complete. Due to the completeness of the space
Ly(),0v(RE ), the limit ‘1136 Tyef = T, f exists in this space. The proof is com-

pleted. [

HTV7€2f_ TV7€1fHL,,(X) ®

4. Concluding Remarks
One of a special case of B-singular integral operators is Riesz-Bessel transform

of high order. Therefore, we can present the following concluding remark for this
transform in this section. First, let us recall its definition:

RO 500 =Coa | oo (225 05) |0

= p3Cua [, Prg I

. P (v) /
ECJ{hm/ T f ) Vdy
om0 yyery 1 blsep [yFC [PF]0)
2
where C, ; =29/2 ((f//z)) k=1,2,...n. Note that Pe(y) = Pe(¥7,. .., Y5, Ykt1s---+Vn)
is a homogeneous polynomial of degree k satisfying ApP;, = 0 and the followings:
| R(OE) dE=0 and  sup [P(E)| =M <. ()
SkHr Eest

Here the characteristic P (&) € Sy 4 and & = |y_| . We denote the kernel of Riesz-Bessel
y

transforms of high order by

P(y)

K(y) = with - Ok(y) = Cov—— B
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where O (y) belongs to certain function spaces on the semisphere S y = {x € RZ i
|x] = 1}. One can easily observe that |77 f(x) — f(x)| < C|y| is valid for Schwarz test
functions f(x) with the use of standart technique [6, 8].

Now, we can give the following as a consequence of our main theorem.

COROLLARY 1 Let px) € Z(Ry ) satisfying 1 < p— < p(x) < p+ < oo and
such that / 7L‘1 ( "VWdx < e for A €0,1). Suppose that P,(§) satisfies (15).

Furthermore, let o(x), v(x) be weight functions on R} | and satisfying (5) and (6).
Suppose also that there exists M > O such that

sup  o(y) < Mes?Rmfv( X)
4l <lyl<and N

holds. Then, we have the followings:

(i) There exists a constant C > 0 which is independent of f and € such that

R <Clfly,

p(x),0, y )
holds for all f € Lp(x%v?v(RZ’Jr).

(ii) The limit hmRv £f R f exists for a function f € L, )7w7y(RZ’+) and

[

S C ||fHLp(X)>vﬁy(R’l:‘+) ’

)r)wy )
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