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VARIETY OF NUMERICAL RADIUS INEQUALITIES

HAMID REZA MORADI, EMAN ALDABBAS® AND MOHAMMAD SABABHEH

(Communicated by M. Kian)

Abstract. This paper presents various bounds for the numerical radius and operator norm of
bounded linear operators on a complex Hilbert space. The new results employ convexity and
operator-matrix techniques in a way that allows obtaining refinements of existing results and
new forms for such bounds.

1. Introduction

Let #(s¢,. %) denote the Banach space of all bounded linear operators from a
complex Hilbert space .7 to another # . When 7 = %", we write % (.7) instead of
B(A, 7). For T € B(A), T* denotes the adjoint of T'. An operator T € HB(I€) is
said to be self-adjointif 7 = T*. An operator 7 is called positive if, for every x € 77,
one has (Tx,x) > 0. In this case, we write T > O, where O is the zero operator.
Positive operators play an important role in understanding the geometry of a Hilbert
space and form a distinguished subclass of self-adjoint operators.

Every operator T € () admits a Cartesian decomposition of the form

T =RT +i3T,

where RT = =L and 3T = = are the real and i imaginary parts of T, respectively.
Another canomcal representatlon of T is given by its polar decomposition: for operator
T € B(H), there exists a partial isometry U € A() such that

T=U|T|, where |T|=(T"T)2.

Every T € B(7) is naturally associated with three fundamental quantities: the spec-
tral radius p(T), the numerical radius ®(T'), and the operator norm ||T||. These quan-
tities satisfy the well-known inequalities

p(T) <o) <|Tll,  TecABH),
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with equality throughout when T is self-adjoint, that is,

1Tl = o(T) = p(T).

While the spectral radius does not define a norm on #(.7¢), the numerical radius does.
Moreover, the numerical radius and the operator norm are equivalent in the sense that
[4, Theorem 1.3-1]

1
SITI< o) <IT), T € B(H). (1)

Furthermore, the Cartesian components of T satisfy the following reverse inequalities
[8, Theorem 2.1]

IRT[| < o(T), [IST]| < o(T). 2
Considerable research has been devoted to sharpening the above inequalities and
obtaining new possible relations between || - || and @(-). This is partially because || - |

is much easier to compute than @(-).
Although the numerical radius is originally defined by

o(T) = sup [(Tx,x)|,
[[xll=1

an alternative and useful characterization is given by the identity [13]

o(7) = sup HEK(eieT)H. 3)

Moreover, when dim (7#°) < o, the supremum in (3) is attained, which yields the spe-
cific expression

o(T) = (e 17)|

)

where y = arg(Txp,xo) and xo € 5 is a unit vector such that @(T) = [(Txo,xo)|, see
[1, Theorem 3.1] for example.

One of the targets of this paper is to establish new inequalities for the numerical
radius by means of convexity. Recall that a function f : J — R is said to be convex on
the interval J if it satisfies f((1 —A)a+Ab) < (1 —A)f(a)+Af(D) forall a,b e J
and 0 < A < 1. In convex analysis, the Hermite-Hadamard inequality states that for a
convex function f on [0,1], one has

f(%) </1f(t)dtéw- )
0

This inequality plays a central role in convexity theory and may be viewed as a refine-
ment of the mid-convexity condition of f.

To achieve our goal, we explore the connection between convex functions and
operator inequalities. For this, we begin by noting that since () and ||- || are norms,
one can easily verify that the functions

fO)=o((1—0)T+:tT*), and gkt)=||(1—t)T +:T"|
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are convex on [0, 1].

With a considerable amount of research devoted to inequalities of convex func-
tions, the following inequalities, which have been shown in [3] for a convex function
f:10,1] = R, have played a useful role in the literature

Fo < =0s 0+ -2r(LOFH - (1),

2 2
and 0 | |
a-nso+rm<sorr(FOD (). o

where r = min{z,1 —¢}, R=max{r,1 —7}, and 0 <7 < 1. We refer the reader to
[9, 10] for some applications and further discussion of these inequalities.

Applying these inequalities to the convex functions f and g above implies the
following refinements and reverses of (2), for 0 <z < 1,
o((1=t)T+1T")

o (1) - jair| < 2=l . ©

O(T)~o((1-0T+1T) _
2R h
Furthermore, for 0 <t < 1,

[T = (A=) T + 77|

[T = It =0) T 47"
2R '

2r

<|IT) = IRT]| <

Using this approach, we will be able to present refined versions and generalizations
of most of the above inequalities. Such refinements emphasize the role of convexity in
developing sharper bounds for the numerical radius and the operator norm.

2. Auxiliary results

In this section, we present the lemmas needed for the proofs of our main results.
Let T € B(H# © %) be defined by

AC*
T:[CB}, )
where A € B(H#), Be B(H) and C € B(H, . X).

LEMMA 1. [6] Let T € B(H & X') be defined by (7). Then the following two
statements are equivalent:

@ T=0;
(i) A>0, B> 0 and

[(Cu,v) > < [(Au,u)| |(Bv,v)|, VYue A, ve X .

As an interesting refinement of the triangle inequality of norms, using the numer-
ical radius of an operator matrix, we have the following
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LEMMA 2. [8] Let A,B € B(). Then

0O A
+si<20([ 2 o) <+l

The Cauchy-Schwarz inequality states that for any vectors «,v in an inner product
space

[ () < [l [T]v1],

where (.,.) is the inner product and ||u|| = /{(u,u). Several generalizations of the
Cauchy-Schwarz inequality have been established in the literature. The Mixed Schwarz
inequality is a remarkably general concept.

LEMMA 3. (Mixed Schwarz Inequality) [5, pp. 75-76] For every u,v € 7 and
T eRB(H),
[(Tuv) 2 < {|T ) [T [v,v).

While a matrix-valued analogue of the following result was established by Tao in
[12], a corresponding statement for general operators has not yet been addressed. To the
best of our knowledge, such a result does not appear in the literature, and we therefore
provide a proof here.

LEMMA 4. Let T € B(H & K be given by (7) such that T > O. Then

1
el < 1Tl

Proof. Let x € # and y € J# be such that ||x|| = ||ly]| = 1, and set

()

u= .

y

Since T > O, then (Tu,u) > 0. Now by Lemma 1, we have A,B > O, and

[(Cx,y)[* < (Ax,x) (By,y).

Thus,

V (Ax,x)(By,y) +2R(Cx,y)
(Ax,x) + (By,y) + (Cx,y) + (C'y,x)
(by the AM—GM inequality).

~((&55)()
(e%) 6) ()= e

2|{Cx,y)[+2R(Cx,y) <2
<
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But (Cx,y) € C, so there exists 8 € R such that
(Cx,y) = 9 |(Cx,y).

, -6
Now replace x by e %x and let it = (6 y x) . Then

4l(Cx )] = 20(Cx,y)|+20(Cx )] = 2| (Clex), )| + 2% (Clex).v)
< (T4, )
<IITllial? <2|7].

That is,
[(Cx,y)| < —HTH

Taking the supremum over all x € 5 and y € ¢ with ||x|| = ||y|| = L, we obtain

ICll = sup  [(Cx,y)| < —||T|| O
Ixl=lyl=1

A useful supremum representation for the numerical radius of off-diagonal blocks
is provided below.

LEMMA 5. [11, Proposition 1.1] Let A,B € B(). Then
A— B*

2(0( [g [0‘} ) :aZil;iIZ) lHa (A+B)+p

3. Main results

3.1. Integral refinements via convexity and the Hermite-Hadamard inequality

In this subsection, we explore integral refinements of numerical radius inequalities
by leveraging the convexity properties of the operator norm and the Hermite-Hadamard
inequality. The obtained results provide sharper bounds and alternative formulations,
offering deep insight into the relationship between the numerical radius and the operator
norm.

We start by applying (4) to the functions

fO)=o((1—t)T+:T*) and g(r)=||(1—1)T +:T"|,
leading to refinements of (2).

PROPOSITION 1. Let T € #(7). Then

IRT| < /a)((l )T +1Tdt < o (T), @®)



956 H. R. MORADI, E. ALDABBAS AND M. SABABHEH

and
1
137 g/w(u—t)r*—zr)dzg o(T). ©)
0
Moreover, )
IRTY < [ 0= 47" dr < 7] (10
0
and
1
ISTI < [I(1=0T" ~eTl|dr <. an
0

The identity (3) provides an alternative formula to evaluate the numerical radius
without appealing to the inner product. Interestingly, the inequalities (8) and (9) yield
the following alternative identities, which provide a better understanding of how the
numerical radius behaves.

COROLLARY 1. Let T € #(5€). Then
1

o(T)= SUPR /a) ((1 —t)eieT—i—te*ieT*) dt
S
0

1

= sup /a) ((l —1)e 107" —tei9T> dt
6cR 0

Proof. Replacing T by €T in (8), we get
1
HER(ewT) H < /a) ((1 —t)ei9T+te’ieT*> di < o (T).
0

By taking the supremum over 6 € R, (3) yields the first identity. The second identity
follows from (9) and noting that

sup HS(eieT)H =o(T). O

The following result involves an integral refinement of the second inequality in

).
THEOREM 1. Let T € B(H). Then

o(T) <min{A;, A2} < [T,
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where
1
A1 = sup /H(l —0)eOT +1e710T* || dr
0cR
and
= sup /H _ieT*—teieTHdt
0cR
Proof. By the inequality (10), we have
1
sup [|Re® T < sup /H(l—t)ei9T+te’ieT* ar | <7
0eR 0eR
0
Now, by (3) we get
o(T) < sup /H(l—t)eieT—i—te_ieT* ar | <7y
0cR
By a similar argument and using (11), we obtain
o(T) < sup /H (1-n)e 07" — 107 a1 | <]
0cR

This completes the proof. [l

Continuing with the convexity of the norms, the inequality (6) may be used to get
the following refinement of the first inequality in (1).

THEOREM 2. Let T € B(H). Then forany 0 <t < 1

1||T||+L(zw(r)_ (01 =0T~ + o (10T +17) ) < (1)

2 4R ’
where R =max{r,1 —1}.

Proof. The first inequality in (6) can be written as

o(T)—o((1—1)T+1T") <o

IRT ||+ R <o(T). (12)
Replacing T by iT*, we infer that
o(T)—w((1—1t)T*—tT
jsr)+ 2D =@ =0T"=1T) 7y, (13)
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Adding the inequalities (12) and (13) and dividing by two, we obtain

= ||T|| + i (2(0(T) (0((1=0)T"=tT)+ o ((1—1)T+1T")))

== ||ERT+iST|| + i = 20(1) = (0((L-0T* ~1T) + & (1 =T +1T")))

(IIERTII +IISTI) + L 7 20(T)—(o((1-)T"—1T)+ (1 -)T +1T7)))

(by the triangle 1nequa11ty for the usual operator norm)
<o(T).

This completes the proof. [

Implementing convexity, we can derive the following refinement of the triangle
inequality by virtue of the numerical radius of operator matrices.

THEOREM 3. Let A,B € (). Then for any 0 <t < 1

|M+B<ww+wm—wq;gb_w<hf2;+mJL4g+wD,

where R =max{r,1 —1}.

Proof. Let T = Lg‘ g} , and define f(r) = o((1—1)T +¢T*). By applying (5),

and noting that @ ( Lg [0‘} ) < w, we obtain the desired conclusion. [

The following result provides an integral version of Lemma 2, where the numer-

ical radius of convex combinations of operator matrices is used to refine the triangle
inequality.

THEOREM 4. Let A,B € B(H). Then
o (1—1)A+1tB
M+M|2/ (langvea "8 ar < i+ gl

Proof. Let T = [BO* g] , and define f(r) = o((1—¢)T +¢T*). By (4), we have

o(RT) < /01 o((1=1T+1T*)dr < o(T).

Multiplying the entire inequality by 2 gives

o(RT) < 2/01 o((1—1)T +1T*)dr < 20(T).
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B O A+B]\
Now observe that 20 (RT) = a)( [A* +B 0 ] ) = |[A+B||, and that
20(T) < || Al + Bl

by Lemma 2. Combining these observations, the desired inequality follows. [

4. Mixed Schwarz inequalities and applications

4.1. Numerical radius bounds utilizing mixed Schwarz and matrix positivity

In this section, we employ the mixed Schwarz inequality together with positivity
arguments for block operator matrices to establish new upper bounds for the numerical
radius.

Suppose that A,B € B(s¢) are self-adjoint. Let

T=A+iB, S=A-iB.
Then for each x € 77,
[(Tx,x)|* = |(Sx,x)|* = (Ax,x)? + (Bx,x)?,
which implies that
max{[|A[,[|B]|} = max{w(A),w(B)} < o(T) = o(S). (14)

The quantity 1| |T|+|7*| || has appeared in numerous studies treating numerical
radius bounds. To the best of our knowledge, it appeared for the first time in [7]. In the
following theorem, we present a new bound involving this quantity.

THEOREM 5. Let T € B(H). Then
T —|T* TN —\|T* 1
max{w(%iﬁ)ﬂ)ﬁu(%iiiﬁ)} <z [Tl 1.

Proof. Let x € € be arbitrary. Define

_ (T |xx) (Tx,x)
A (x) = [(T*x,x) <|T*x,x>]' as)

Clearly <7 (x) is a 2 x 2 Hermitian matrix with det(</(x)) > 0 and Tr(</(x)) > 0.
Hence, <7 (x) > O for all x € 7. Now consider the matrix

(42 -5 7)) (DD i)
(R i) ((FH48T)x0x) ] |

A direct computation shows that

Z(x)= [

o= 5[ o []
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Since &7 (x) > O, it follows that Z(x) > O, and hence det(-Z(x)) > 0. Computing
the determinant yields

() (D)5 i)

Consequently,

i < (PG - ar)n) (P e a7)).

Using the arithmetic-geometric mean inequality, we obtain

‘<(IT\ Ll —iRT) xx>‘ < ((T|+1T*)) xx>>
1 * *
<O (|T|+|T*)) = ZIIIT\HT 1>
Since x was arbitrary, we conclude that

. 1
T|—|T . *
o (P £ixT) < S| 71+|77 .

Noting that R(—iT) = 3(T'), the desired conclusion follows immediately by replacing
T with —iT. O

REMARK 1. A combination of (14) and Theorem 5 gives
171 =17 = o(T| = |T*]) < | IT] +1T7[]
forevery T € A(H).
REMARK 2. If we replace T with iT in Theorem 5 for each T € #(J¢), we get
o(|T|—|T*|£(T—T%)) < |||IT|+77].-

0O A

Specifically, if 7 =% &% and T = [B* o

above inequality ensures that

] for arbitrary A,B € (%), then the

max{ot, o} < max {[||A] + |B||.[||A"| +[B"][ },

o[ A7)
w-o["5 b ]

where
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THEOREM 6. Forevery T € #(H), we have

o(T) < %H|T+T*|H+%\/w2(T)+%|||T — \T*|H2.

Proof. Givenany x € 5 and T € B(H), let

@ (x) = \% [i ‘11] x 2/ (x) X \% [_11 i] 7 (16)

where 7 (x) is defined by (15). Since ./(x) > O, we have %'(x) > O, and a direct
computation yields

S(x) = (i) ) (5 1i8T) )

(I i ) { (T v

Observe that for each pair of real numbers a and b with a+b > 0, it is easy to verify
that

(a c)H _atb+/(a—b)>+4c]?

for any complex number c. So, we may conclude that

€)= %<(\T| +T7))x,x) + 1/ (RTx,x)? + D (x),
o) (TS ) )

= (3Tx,x)* + %( (17| = 1T])x,x)"

where

Hence,
<9?Tx,x>2+:@( )= |(Tx, x)\ + - <(\T |—IT|) xx>

It follows from (15), Lemma 4 and (16) that

(Tx0] < Sl ()] = 6]

= LTI D0+ 4 IR + S0 - i)

By taking supremum over all unit vectors x € S, we obtain

l * 1 2 l _|T* 2
o(T) < ST+ 1]+ 2y o2 1)+ S - 7P

as desired. [
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REMARK 3. Foreach x € 77, let

o= { (TS iarY ).

Arguing as in the proof of Theorem 6, we have

216()| <€ W) = /()]
=S (T 1))+ 5/ (T = 172 4] e ) P
<3 T+ 1T )xx) + 5| (T~ 7)) |+ {70,
= max ({|T]e.x), 7.0} 4+ (2
<I7l+ o (1),

which implies that

) (% iiST) <min{f, B},
in which
pi= 1 (I iir= P +sorm). o= 2D,

Moreover, a replacement of 7 with iT will lead to
T|—|T*
(0] <% iig{T) < min{ﬂl,ﬂg}.

Numerical verification. To demonstrate that the bound obtained in (17) and the clas-
sical bound (18) are mutually non-comparable, we present the following numerical test
using random matrices generated in Mathematica.

EXAMPLE 1. In Theorem 6, we have shown that

1 s 1 1
o (T) < ZIHT[+IT7] ||+5\/a>2(T)+;1 7| — |7+ ||. (17)

On the other hand, as one of the most celebrated upper bounds for @(7'), we have

(71
1
o(T) < 5 T1+177]]). as)

In the following two tables, we give four matrices, where either the bound found
in (17) or (18) is better than the other. This shows that neither (17) nor (18) is uniformly
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better than the other.

No. T o(T) Bound in (17) | Bound in (18)
1 ( ; é ) 9.30789 9.3146 9.31493
5 7
2 ( 0 6 ) 9.03553 9.36738 9.502
No. T o(T) | Boundin (17) | Bound in (18)
1 00 11.7268 12.1437 11.7268
9 10 . . .
0 2
2 ( 6 0 ) 4. 4.23607 4

4.2. The rhombic numerical radius and applications to block matrices

Beyond the classical numerical radius, various generalizations have been intro-
duced to capture more refined operator behavior. One such notion is the rhombic numer-
ical radius, which symmetrically combines contributions from two operators. Building
upon mixed Schwarz-type arguments, we establish inequalities for this quantity and
illustrate its usefulness in analyzing block operator matrices.

LEMMA 6. Let a,b € C. Then
- a—b
sup '(x(a+b)+[3< >'=|a+|b|.
o,feER
a2+p2=1

Proof. Notice that

¢®a+¢71% = (cos 0 +isinB)a+ (cos® —isin6) b
—cos@(a—l—b)—sm@( 1b> (19
Letting ¢ =cos 6 and f = —sin 6, in (19), we obtain
ei9a+e_‘9b) a—i-_)—i-ﬁ( )‘

If we take the supremum over o+ [32 =1, we infer the desired result, because

ei9a+e*i95‘ =la|+|b|. O

CISIN
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The rhombic numerical radius has been defined in [2] in the following manner:

or (A,B) = 5161]15)I ([{Ax,x)| + |(Bx,x)|) .
[lfl=1

THEOREM 7. Let A,B € HB(I€). Then

1 A—B* 0OA
—o(A+B < wp(A,B) <2 .
ﬁw< e ) Ok (4.5) w({B OD

Proof. Using Lemma 6 and Lemma 5, we obtain

x|+ lBr = sup Jor(laxa) + (x50 8
oa?+p2=1

oz (o (152)) )

< sup ’(a(A—i—B*H—ﬁ (A_iB*»x

o?+p2=1
o (A+B)+p (A_iB*> H

(Ax,x) — (x, Bx)) ‘

i

< sup
o24+p2=1

~2o([50)

for any unit vector x € . After taking the supremum over all unit vectors x € J7,

we obtain
0OA
wiany<20([92]).
[(Ax,x)| + [(Bx,x)| = sup

(oo on(55))
()

On the other hand,

which in turn implies that

! w<A+B*+A_B*> <wp(A,B). O
\/E i X WR ) .
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