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FURTHER INEQUALITIES FOR (M,G)
h—CONVEX FUNCTIONS WITH APPLICATIONS
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AND DRISS EL MOUTAWAKIL

(Communicated by S. Furuichi)

Abstract. In this paper, we introduce several new properties and inequalities for (My,G) h-
convex functions, complementing the existing results in this field. Additionally, we explore
multi-term multiplicative refinements of the classical Jensen-type inequality for (My,G) h-
convex functions. As an application, by selecting specific (My,G) h-convex functions, we
present novel inequalities for unitarily invariant norms. Our results extend and generalize some
recent publications in this field, including [5, 11, 12].

1. Introduction and preliminaries

Convex functions are essential in numerous fields of mathematics, including anal-
ysis, optimization, mathematical physics, functional analysis, and operator theory. A
convex function f:I — R is distinguished by the property that it adheres to

S =mu+nv) < (1—=n)f(u)+nf(v), (1.1)

forevery u,v €I and n € [0, 1]. A function f is called log-convex if it is positive and
log f is convex. A recent research direction in mathematical inequalities focuses on
minimizing the gap between the two sides of (1.1) by introducing specific terms. This
inequality has been improved in the literature and has many applications in both scalar
and matrix settings. Inspired by the numerous classes of convexity, we propose a new
type that unifies several of them.

In this paper, we use I to denote a ¢ -convex subset of R, which ¢ is a continuous
function that is strictly monotone on an interval I and

My(M,u,v) =9~ [(1=1)9(u) +19(v)].

A subset I C R is called ¢-convex if for all u,v € I and 1 € [0,1], the element
My (n,u,v) €1.Let h:J — R be a non-negative, non-zero function with J as a subset
of R,and let f: 1 — R be a function. Recall that f is called (My,A) h-convex [15],
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if I is a ¢-convex set and for every u,v € I and 7 € [0,1], the following inequality
holds

f(Mo(n,u,v)) <h(L=1)f(u)+h(N)f(v), (1.2)

with the notations previously defined. We recall that f is called a (M, G) h-convex
function if it meets the following inequality

f (Mo(m,u,v)) < O ) 100 (4). (1.3)

The well-known Jensen-type inequality for /-convex functions in the context of (M, G),
which extends inequality (1.3) to n parameters, is given as follows

f (‘P_l (i le‘P(”k))) < ﬁfh(m') (ux), i =1
=1 k=1 =1

It is evident that if 7 =id and ¢ = id (where id represents the identity function) in
(1.2), we recover the classical definition of convexity. Moreover, if ¢(x) = x” for
p € R, we obtain the familiar definition of (p,h)-convexity [4]. Additionally, when
¢(x) =In(x) and h = id in inequality (1.3), we recover the classical definition of geo-
metrically convex functions (or (G-G) convex functions) [12], which can be expressed
in the following inequality

f(ulfnv”) < M) (). (1.4)

The concept of (G-G)-convex functions is becoming increasingly significant in the ad-
vancement of operator and norm inequalities. In various studies [6, 9, 12], the authors
leveraged the (G-G)-convexity of certain functions to introduce several improvements
and refinements to norm and numerical radius inequalities for bounded linear operators
on a complex Hilbert space. A reversed form of inequality (1.4), for the case 1 > 0 or
N < —1 can be stated as follows.

PROPOSITION 1.1. ([12]) Let f be geometrically convex function on the interval
(0,00) and u,v > 0. Then forany n >0 or n < —1,

FE) = ) ().
Equivalently,
) = W) M), ¢ [0,

A significant refinement and reversal of inequality (1.4), established by Sababheh
etal. in [12], is as follows

THEOREM 1.2. Let f be a geometrically convex on the interval I and u,v € 1.
Then for any n € [0,1],

2r 2R
(1.5)

where r =min{n,1 —n} and R = max{n,1—n}.
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The classical Jensen-type inequality for (G,G)-convex functions can be formulated
as follows

n n n
ST ) <TD ™ (), Y me=1.
k=1 k=1 k=1
Moreover, the first inequality in Proposition 1.1 can be generalized as follows.

PROPOSITION 1.3. Let u,vi, Mg > 0 and let & =Y} Nk. If the function f:
(0,00) — (0,00) is geometrically convex, then

n

f(u1+§ lﬁ[v;m) > ) [T ™ )
k=1

k=1

This generalization mirrors similar extensions for convex and log-convex functions
found in [14]. For additional results on Jensen’s type inequality related to specific types
of convexity, readers are encouraged to consult the following references [1, 3, 7, 10, 13].

In this paper, we focused on (Mgy,G) h-convex functions. More specifically,
we extended the inequalities discussed in the introduction to a broader class of convex
functions.

This paper is organized as follows: In Section 2, we present new properties of
(My,G) h-convex functions, including the M -super-additivity of the function f
under certain conditions. We also extend the inequalities in Theorem 1.2 to the class of
(My,G) h-convex functions and introduce additional multiplicative refinement terms.
Furthermore, we discuss the case when 1 ¢ [0, 1]. In Section 3, we explore a reverse
version of Jensen’s type inequality for (My,G) convex functions. In Section 4, by
selecting several rich examples of such (My,G) convex functions, we derive new in-
equalities for unitarily invariant norms.

2. Preliminaries and auxiliary results

This section is divided into three parts: in the first part, we examine several im-
portant properties of the class of (My,G) h-convex functions. In the second part, we
extend and present new improvements to the inequalities (1.3), (1.4) and (1.5). In the
final part, we explore the case when 1 ¢ (0,1).

We begin this section by revisiting several categories of functions. A function
h:J — R is termed super-multiplicative if, for all u,v € J, uv € J and the following
condition holds:

h(u)h(v) < h(uv). (2.1)

If the inequality (2.1) is reversed, 4 is referred to as a sub-multiplicative function. If
equality holds in (2.1), & is called a multiplicative function. Besides, if u+v € J and

h(u) +h(v) <h(u+v), (2.2)

the function 4 is considered super-additive if the inequality (2.2) holds. If the inequality
is reversed, & is called sub-additive. If the equality in (2.2) is satisfied, & is described
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as an additive function. Specific examples of super-additive and super-multiplicative
functions can be found in [8].

2.1. Additional properties for (My,G) and (M,A) h-convex functions

We commence our findings with the following proposition, offering an equivalent
representation of the definition of (Mg,G) h-convexity. For the remainder of this
subsection, we assume that 0 € ¢ (7). Given that ¢ is continuous and strictly mono-
tonic, the Intermediate Value Theorem guarantees the existence of a number ¢ such that

¢(c)=0.

PROPOSITION 2.1. Let f:(0,00) — (0,00) and h:J — R be a super-additive
and super-multiplicative function. The conditions listed below are equivalent.

i) fis (My,G) h-convex function with f(c) < 1.

ii) Forany u,v>0,and 1,0 >0 with N+ 6 <1,

(7 (o) +09(v))) < 1M (u) 1) (v).

Proof. Assume first that f is (Mg, G) h-convex function with f(c) < 1. Then,
according to the definition of (M, G) h-convexity, and ¢(c) = 0, it follows that

F(07 " (o(u)+60(v)))

—r|o (n+or0 (07 (500 + 1 0500)) ) +(1-n-0)00) |
<70 (o7t (g0t + -5 go0) ) ) #1 O
Ao
<P ),

This establishes the implication (i) == (ii). To prove the implication (ii) = (i), we
take u = v = ¢ in the inequality given in (if)

f(e)=f(671(0)) < fHmWHhO) () < fhNH0)(c),

Since that / is a super-additive function, it follows that % is increasing, and thus we
have i(n +6) < (1) < 1. This shows that f1="(D(c) < 1. So f(c)<1. O

REMARK 2.2. If we choose ¢(x) =In(x) and h(x) = x, we recover Proposition
2.1 from [12].
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In the next proposition, we demonstrate that the class of (My,G) h-convex func-
tions is stable under multiplication and addition.

PROPOSITION 2.3. Let fi, f» be two non-negative (Mgy,G) h-convex functions
and A > 0, and suppose that h :J — R" satisfies h(1 — 1)+ h(n) = 1. Then, the
functions Afy, fi+ f> and fif> are also (My,G) h-convex.

Proof. We have
/lh“*”)*h(")ff“‘”)(u)flh(”)(v)
A" @) () ().
This proves that A f is (Mgy,G) h-convex. For fi + f» we have
(it )Mo () <AV @AT 0) 45w s )

<
< (fiu) + @) (fi () + A1)
= (i AW+ ) (),

where the first inequality is derived using the following classical inequality:

"Mk A=) gh() (g 4 )= (4 @) H)

This can be inferred from the concavity of the function f(r) = (%)h(a) with the
d

c+d *

weights N = =% and 0 =

d Similarly, for fif>, we obtain

(FiH)Mo(m,u) <A@ AT 0L w5 )
<AL w (AR K. O

It’s well established that for any convex function f with f(0) = 0, is super-

additive in the sense that f(u+v) > f(u)+ f(v). The following theorems extend this
property to the class of (My,G) and (My,A) h-convex functions.

THEOREM 2.4. Let f be a non-negative (My,G) h-convex function on I, and
¢ €1 be such that ¢(c) =0. Then for f(c) < 1 we have

T VY G 1

f”(muww) o)) (0 () + () = fu)f(v).

Specifically, if h is a super-additive function, then we have

OO () + o) = Fu)f ().
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Proof. We have
F (97 (o)) = f (My(n,c,u))
< fh(n)(u)fh(lfn)(c)
< fh(n)(u). (2.3)

By substituting 7 with % in the inequality above, we obtain the following

¢ (u)

) (0 00+ 000 2 1 (07 (G

= f(u).

(90 +00))) )

In a similar manner, we have
h( 9o(v) - ) 1
A0 (07 (@) +0(v)) = f(v).
By combining the last two inequalities, we arrive at the desired result. [J

REMARK 2.5. If we choose ¢ (x) =In(x) and h(x) = x, we recover Theorem 2.3
from [12].

THEOREM 2.6. Let f be a non-negative (My,A) h-convex function on I, and
¢ €1 be such that ¢(c) =0. Then for f(c) =0 we have

(h (%) i (%)) 671 (000)+6())) > Flu) + ).

Specifically, if h is a super-additive function, then we have
RFO7 (S)+9(1)) = fu)+ f(v).

Proof. We have
f(97 (no(w)))

By substituting n with % and u by ¢! (¢(u)+ ¢(v)) in the inequality above,
we obtain the following

h (%)ﬂw (0(w)+0() > f (qu (
= f(u).

o(w)
S <¢<u>+¢<v>>))

In a similar manner, we have

¢(v) 1 (b(u ’ ;
(s ) 1007 0+ 006 > £0).

By consolidating the last two inequalities, we reach the desired conclusion. [J]
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REMARK 2.7. By selecting ¢(x) =x and h(x) = x in the proposition above, we
retrieve the classical super-additivity property of a convex function f, assuming the
condition f(0) =0.

In the following section, we introduce a refined approach to the concept of (M, G)
h-convex functions. These refinements build upon the inequality stated in (1.2), en-
hancing their mathematical framework.

2.2. The case 1 € [0, 1]

In the next theorem, we introduce a substantial refinement and a graceful reversal
of inequality (1.3), bringing forth a profound improvement to its formulation. This
presents a refined version of inequality (1.3) by introducing two weights.

THEOREM 2.8. Let f be a non-negative (My,G) h-convex function on I, and
0 <n <06 < 1. we assume that h is non-negative and both super-multiplicative and
super-additive. Then for any u,v € I, we have

(fh(l—e)(u)fh(e)(v)>h(g) _ fh(l—n)(u)fh(n)(v) - <fh(l—9)(u)fh(e)(v)>h({g>
[ (Mg(6,u,v)) f(My(n,u,v)) £ (Mg (6,u,v)) '

Proof. Since f be a non-negative (My,G) h-convex function on 7, and £ is
non-negative and both super-multiplicative and super-additive. Then

~ ~h(%)
W) () PO ﬂwwwww>
£ () (“<fmmaw»
:fh(lfn)fh(lfe)h(%)(u)fh(n)*h(e)h(%)(v) % f(M¢(0,u,v))h(
> PO ) x £ (Mg (0,,0))"(H)
> (1= ) ut g Mo(6,uv))
Zf(/\/l¢(n7u7v)).

The second inequality is satisfied directly by using the fact that if 0 <711 < 0 < 1, then
0<1-6<1—n<1, and by substituting 11,0, u, and v with 1 — 0,1 —n, v, and
u, respectively. [

o=

)

A special case of Theorem 2.8 provides the following extension of Theorem 1.2 to
the concept of (My,G) h-convexity.

COROLLARY 2.9. Let f be a non-negative (My,G) h-convex function on I,
and 0 < N < 1. We assume that h is non-negative and both super-multiplicative and
super-additive. Then for any u,v € I, we have the following

(2™ ettty (200
f(Mo(z.4v)) ST Memaw) T\ 7 (Me(Bun)) ’
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where ro =min{n,1 —n} and Ry = max{n,1—n}.

REMARK 2.10. Note that Corollary 2.9 extends Theorem 1.2 to the concept of
(My,G) h-convexity. It also generalizes Proposition 1 from [11] to this type of con-
vexity.

In the following lemma, we present a refined version and reversed of the following
inequality.

F(07 (o)) < 1 (x). (2.4)

LEMMA 2.11. Let f be a non-negative (My,G) h-convex function on 1, with
fle) <1, n€[0,1] and x € I. we assume that h is non-negative and both super-
multiplicative and super-additive. Then

e N

REIE) £ (o))

) e
<f”(x)<<f<¢l<¢g)>>) F(97 (o)), (2.5)

where ro =min{n,1 —n} and Ry = max{n,1—n}.

Proof. First, note that inequality (2.4) follows directly from (2.3). By Corollary
2.9, we have for u,v €1

7103 () £2(3) ()

h(2Ry)
14
My(n,u,v)), 2.6

fh(lfn)(u)fh(n)(v) < (

and

o) B ey )
£ () ) () > (W) f(Mo(n,u,v)). @27

Putting # = ¢ and v = x in both (2.6) and (2.7), we get

i) h(2Ro)
£100 (x) < (#> £(@7 (o (x))) fURIM)=HA=m) (),

)*h(lfn))(c).

=
3
=
\V
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BI—
P
~
\_/
=
~
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However, since / is both multiplicative and increasing, we have h(2Rg)h (1) —h(1 —

n)=h(Ro)—h(1—n) >0, and h(2r)h (5) —h(1—n) = h(rg) —h(1—n) < 0. Since
f(c) <1 we obtain

and

h(l) h(2rg)
P> [ —L29 ) s mewy). O
() oo

In the following theorem, we provide an improvement of Theorem 2.4.

THEOREM 2.12. Let h be a non-negative, multiplicative, and super-additive func-
tion, and f be a non-negative (My,G) h-convex function on I, with f(c) < 1. Then

—1 (o) 1 (¢ h(2Ry)
£ (@) + () < S () (f<¢ (% »f(fl( ; ))) |
(f () f(0))"(2)

Proof. By observing that

8(u)+6(v) = (1- )9 (¢1 (ﬁmw)) - (¢1 (%qb(v))) ,

we get by (Mg,G) h-convexity of f and the second inequality in (2.5),

< (o7t (o) )7 (67 (o) )
< (f<¢‘1 (%42)) s
one

(Flu)f()"()

The last inequality is obtained by multiplying two inequalities from (2.5) after substi-

tuting x = ¢! (ﬁ (u)) and x= ¢! <%¢(v)> a

For a more detailed refinement of Theorem 2.8 and Corollary 2.9 we introduce
certain definitions that will be applied in our proofs.
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DEFINITION 2.13. Let n be a positive integer. We consider the sequence of func-
tions (r,(n)) on the interval [0, 1], defined as follows

ro(n) = min{n,1-n},
ra(1) = min{2r,_1(n),1 - 2r,-1(N)}.

For every integer n, we have the following explicit formula for the function r, (1),
as demonstrated by D. Choi et al. in [2].

LEMMA 2.14. ([2]) Let 1 >0, and 1 < k < 2" be integers. If 51 <n < &
then

Znn—k+1, i k2711<17<2n+1a
rn(n): n k-1
k_zna lf2n+1 gng

We also require the following lemma to complete our refinement of Corollary 2.9.

LEMMA 2.15. Let f be a non-negative function defined on I with u,v € I. For a
non-negative integer N, define ®y(1) by

fh(lfm (u)fh(m (v)

Oy (1) = - ;
_ (2ra(m))
- <| 7, (ALfv’)h(n,k)>%(k2"1*2];t)(n)>

where

D=

- [f(M¢(2n U, V))f(/\/l¢ (%,u,v))]h( )’
f(Mq)(an’u V))

fgr];_—ngn\LN and k=1,...,2Y. We have

Dy(n) > fHE2m <M¢ (l%,vlu ))f” n=kt1) <M¢ (%uv)) (2.8)

Proof. The proof is carried out using induction on N. For the base case N =1, if
n € [0, 1], we obtain

" (u) 1 (V)
(1) = (A(w)h 0,1)> mh2ron)
_ S @)
e m)h
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> fh(1—2n)(u)fh(2n) <M¢ (%7147\1)) .

If 1 € [4,1], then 1 —1 € [0,3]. So by changing 1 by 1—n and h(n) by h(1—
1) the desired inequality for the case 1 € [4,1] is obtained.
Now, assume that (2.8) holds and let =4 <N < g5 form=1,... 2N If
l =2k—1,then "2_—Nl <N < é’,ﬁ,& < 2N and
Dyi1(n) = " h(ilrl(:)2k+2)x(
<Af7;p7h(N,k)>
P21 (M (i) 1) (M )

[f(Mr» ("ZNIMN);f(Mq, (ﬁmw))]h(%) h(2N+1n—-2k+2)
| E=r

_ _ k—1 _ 2k—1
s 0 (g (A=) o000 (v (B )

h(2k—2N+1p 2k—2 AV —2k42) 2k—1
e o () 0 o Gt
o hl_2N+1 l_l h2N+l —ll
) )
<

k
_N and

k=1 k )(77)

2N 2

by Lemma 2.14. Similarly, if / = 2k, then &

2 =

Dy (1)
h(2k—2N+1n)
(afv.H))
M (M () SR (M ()

[l T2

fEnE=)

N+1_ k AN+ 2k—1

th(z L 2k41) <M¢ <2N7”7V>)fh(2k 2N +in) <M¢ <—2N+1 ,u,v))
N+1_ l _oN+1 -1

:fh(2 I+1) (Md) <2N+1 7M7V>) fh(l 2 n) <M¢ <—2N+1 ,M,V)) . O

As a consequence of the previous lemma, we obtain the following refinement and
reversed of Corollary 2.9, featuring multiple multiplicative terms.

Oyii(n) =
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THEOREM 2.16. Let f be a non-negative (M¢,G) h-convex function on I, and
u,v € 1. For any non-negative integer N, we have the following inequalities.

on h(zr’l (n))

fh(lfn)(u)fh(n)( ) > f(./\/lq) n,u,v ) lj (H( (n k)) (kznl*kr})(ﬂ)> ,

k=1

)

(2.9)
and
fh(“”)(u)fh(n)(v)
< f@)f () |
F (Mg (1 —n,uv) T, <H2” ( >(n o _ k+1)>X(k2n1‘2/§1)(T]))h(2rn(rl))
(2.10)
where
ALY (n k) = [r Mo (5t V))f(Mq)(an,u,v))]h(%).

(ot (B

Proof. By Lemma 2.15 and the (M¢ , G) h-convexity of the function f we get

k—1 k
Dy(n) = fHE2 <M¢ (2—Nuv)> FreNn =kt <M¢ (2_Nuv)>
N k—1 k
>f Mq) 2 n— k"‘l Mq) 2N ,u,v ,M¢ Z—N,M,V

N _ _
f<¢‘1 ((k—an>(22—,’§“¢<u>+"2—Nl¢<v>)

N _
skt 1) (e + Z%Mv))))

=f (¢ ((1=m)ow)+no () = f (My (1,u,v)).

This concludes the proof of (2.9).
By substituting 7 with 1 — 1 in (2.9) and observing that r,(1) = r,(1 — 1), we
obtain

fh(lfn) (u)fh(n) (v)
(f () f(v)) =R
~ ) ()

(f(”)f(v))h(l)
k=1 & — h(2ry(1-m))
f(Mq)( —n,u v))H (H (Aﬁ," );,(n,k))%(T*zT)(l n))

<
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(f()f()
f My (1=n,u,v) TV, (H ( ('fv)h(n,k))%('*nﬂzh

Now, substituting & with 2" — k41 in the inner sum and observing that

k_l<1— <£<:>1—£< <1—E
o n o <N 0

we reach (2.10), thus concluding the proof. [

<

In the following theorem, we present an improvement of Theorem 2.8 by intro-
ducing n multiplicative type refining terms.

THEOREM 2.17. Let f be a non-negative (M¢,G) h-convex function on I, and
0 <n <0 < 1. Then for all non-negative integer N, and u,v € I we have

- (5)
FHA=0) () f1(O) (v) -
I (M (0,u,v)) ) f (Mo (n,u,v))

g\ ()
XN 1 (H( ;,ldh }’l k)>x(wzél)(y)> ’

fh(l—n)(u)fh(n)(v) > (

n=0

where

h(
g(5H) g ()
A (n k>—[ i 2]

and g(t) := f (My (10,u,v)).

Proof. For a (Mg,G)h-convex function f on [u,v], define g: [0,1] — R by
g(t) == f (Mg (t6,u,v)). Then, g is (M4, G)h-convex on [0,1]. By applying Theo-
rem 2.16 on the function g and by super-multiplicativity and super-additivity of &, we
have

10 () f0)
h %
( M¢ Gfuv - )
= fln ~OH(§)) (1) M -HOR(E)) () £1(5) (M (0,u,v))
> f(u)(- )f(M¢(9 ;)" = g(0)" (=) g(1)1(3)
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2.3. The case 1 ¢ [0,1]

We start this section with following reverse version of inequality (1.3), applicable
when 11 € R. This extends the first inequality in Proposition 1.1 to the concept of
(Mg, G) h-convexity.

THEOREM 2.18. Let f:R — (0,+c0) bea (My,G) h-convex function on I, and
neR.
If n >0, we have

S @) M () < F (Mg (—1,u,v))
If n <0, we have

RO @) M 0) < F (Mg (17,1,0)) -

Proof. Notice first that for 1 > 0 and u,v € R one has

(1) = 00+ 6 (67 (1 +m)e) o).

So,

fu) =f<M¢ <1i Mo (— T],u,v))).

(Mg, G)-convexity of f and the fact that /4 is a non-negative super-multiplicative func-
tion implies

£ < £ 0) G (Mg (<)
< RO () FROT (Mo (—11,10,1))

which implies

fh(1+n)(u)f*h(n)(v) <f (Mg (—n,u,v)). (2.11)
If n <0, observe that
— 1
0() = T 00) + 7= 9 (Mo (0.01)).

So,

f(w) =f<M¢ (1_1n,v,M¢<n,u,v>>).

Then, by (M,,G) h-convexity of f, we have

w < 270 0 () (M ().
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Since, h is super-multiplicative and super-additive, we have

£ ) fﬁ(fn)h(lfn)(v)f“ w1 (Mg (n,u,))

Next, we introduce a refined version of the preceding theorem by adding several
multiplicatively structured refining terms in the case where 11 > 0.

THEOREM 2.19. Let ¢ be a strictly increasing function on R, and f: R —
(0,400) be (Mq),G)h-convex, NeN* andlet u<v.If n >0, then
(3]
fh 1) () N < )f<M¢ <2k%1,u,v>>>
I1 <F (Mg (=nuv)). (2.12)

M (v) k=1 f (Mq) (%,u,v))

Proof. We proceed by induction on N. So, assume that f is (My,G) h-convex,
h super-multiplicative and super-additive, u < v and 11 > 0, we have for N =1,

W3 1"
)

£ () l (f(u)f
)| f

< f(q)l ((1+2n>¢(u>—(2n> (M)))
= f (Mg (=n,u,v)).

Here, we applied Theorem 2.18, substituting 271 for 11 and M (%7u7v) for v. No-
tably, when u < v, the strict monotonicity of ¢ implies that u < M, (%,u,v). Ad-
ditionally, when v > 0, we also have 2v > 0, justifying the application of Theorem
2.18.
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Now assume that, for some N € N*, (2.12) holds whenever u < v and 11 > 0. We
assert the truth of the inequality for N 4 1. Observe that

k
o))"

P (CCA )
e 7 (Mo (ouv))
()]
10 @) [ ()" Y(MNH (7007 (Mo (5tv)))
S (v) f (M, (%’”’V)) k=2 f(/\/l¢ (%,u,v))
1 h(2k+l )
S (f(“)f (M¢ (2%”” ))h(Z) " (2.13)

For simplicity, let 21 = s, M (2,u v) =V, s0 M, (2“ ) =M, (%,u,v’)
forall k=1,...,N. Then (2.13) becomes

. fhm lz:vl(fw)f(%)(w(zw“)))

fh(2s) (/\/l¢ (%th’))
<f<M¢ (=507 G
= f(M¢ (_n7u7V)) .

Here, we used the inductive step to derive (2.14). It is important to note that when
u < v, we have u < V', which justifies the application of the inductive step. [J

3. On Jensen’s type inequality for (M, G) h-convex functios

In this section, we examine the reversed version of Jensen’s type inequality for
an (My,G) h-convex function, offering notable improvements and generalizations of
Theorem 2.18.

THEOREM 3.1. Let f: R (0,+00) be a (My,G) h-convex function, u € R
and {ni} > 0. If {ux} C R. Then we have

hI+e)( Hf ) (vi) <f<¢ <1+§ inup Vk))

where Y} n =§&.
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Proof. By Theorem 2.18, for o > 0, we get
fh(oc+1)(v)
flo= (T + )9 (v) — g (u))]
Now, applying (3.1), we have

fh(lJré)(u) - fh(lJré)(u)
SO~ ((1+8)o(w) =Ty md ()] ¢ [qu ((1 +E)ow) —EXL, %q)(vk))]

crofo( 20

) ")
< (117w )

k=1

- h(
<TI0 ().
=1

< M@ (). 3.1)

>~

In the following result, we present a refined version of Theorem 3.1, incorporating
a multiplicative term.

THEOREM 3.2. Let f: R+ (0,+00) be a (Mgy,G) h-convex function, u € R
and {ni} > 0. If {ux} C R. Then we have
) h((n+1)ro)

n+l

h(
i F@) Ty f(vi)
fh<1+.§>(u)k1:[1f*h<"k) (Vi) % ]E[(Pl (kwl)%zék)wwn

<f<¢ <1+§ im@’w))

where Y} _ Ny =& and ro = min{n,k=1,2,...,n}.

Proof. Given that & is both super-multiplicative and super-additive, it follows that

L) h((n+1)ro)

(T, s0)
f {(b,l (¢(M)+2J(r21$:1w)>}
gf( (1+&)+h(( n+1)r0)h(+))(u)

y Hf (M) (3,0) (Do) <¢1 K‘P(”) +j:—(k21221‘)k)))]>

<) Hf fh<<n+1)ro)<¢1[(¢(”)+r‘i’izlz=lv"))>b.

1+5 Hf— (Mk) (ve)
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Let Y41 = (n+ 1)rp and for 1 <k < n, let 3 = M — ry. Further, denote £ +ry by 4.
Then

Y h+mr=E+r=A.
k=1

Consequently, applying Theorem 3.1 yields
n + n-
z<f[¢> ((1+€+ro = 3 (=)o) = (r Do 2 M“Vk)ﬂ

n+1

O

o (semor Enow)|

4. Application to inequalities involving unitarily invariant norms

In this section, we provide concrete examples of (Mgy,G) h-convex functions.
Then, using the results established in Section 2, we derive new refinements of some
classical inequalities related to unitarily invariant norms.

Let M,, represent the algebra of all complex n x n. A matrix £ € M, is called
Hermitian if £ = E£*, where £* is the adjoin of £. The notation £ >0 (€ > 0) is used
to mean that &£ is positive semi-definite (positive definite), if £ and F are Hermitian
and £ — F is positive semi-definite, then we write £ > F. The set of all positive semi-
definite matrices is denoted by M, while the set of positive definite matrices within
M, is denoted by M, . A matrix £ € M, is considered contractive if £ < I and
expansive if £ > I. The singular values of a matrix £ € M,, are the eigenvalues of the
positive semi-definite matrix |£| := (£*€)'/2, denoted by s;(E) for j =1,2,3,...,n;
arranged in a non-increasing order. A norms ||-| on M, is called unitarily invariant if it
satisfies the property: is a matrix norm that satisfies the invariance property: ||[UEV || =
€|l for every & € M,, and for all unitary matrices U,V € M,,. The trace norm is given
by [|€]]1 = tl€] = Xi_;5;(E), where tr is the usual trace. This norm is unitarily
invariant. Another key example of a unitarily invariant norm is the Hilbert-Schmidt
norm || - ||, defined by

1€]]2 = tr(EE™) %=<Zaw ) s (E=(aiy).

When referring to the eigenvalues of a Hermitian matrix £, we use the notation 4;(€)
represents the j-th eigenvalue of &, listed in descending order.

In this section, we consider a function % : J — R such that h(x) > x for all x €
[0,1], and ¢ as an increasing concave function. Examples of such functions includ
¢(x) =In(x) and ¢ (x) =x for p € (0,1).

LEMMA 4.1. ([12]) Let £,F € M,, be expansive operators and let X € M,, be
arbitrary. Then the function
0 =|lerxF|

is increasing on (0,+co).
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PROPOSITION 4.2. Let £,F € My, be expansive operators and let X € M,, be
arbitrary. Then the function
fie) =& xF |

is (Mg, G)-h-convex on (0,+).
Proof. By utilizing the fact that ¢ is an increasing concave function, we have
Mo (n,t1,2) < (1L =n)ty + .
Thus, by applying Lemma 4.1, we obtain
F(Mo(m,11,0)) < )))g(l_n)tl""UQX]:’(I—U)"I"FWZ

<) (1)
< M (1) 10 (1),

where the second inequality results from the log-convexity of the function f, and the
final inequality follows from the condition that 2(x) > x forall x € [0,1]. O

By utilizing the preceding proposition and Corollary 2.9, we derive the following
results.

PROPOSITION 4.3. Let £,F € M,, expansive and X € M,,, arbitrary, then for
any n €10,1] and t,s € (0,+e0), we have

||}€tXftH|h(l*n)m5\X}-sH|h(Tl) < H‘(‘:M¢(H’I’S)X.7:M¢(n’t’s)

| ( el fh@)(s))’mo)
F(My(3.1,5) ’

and

||}5tXftH|h(l*n)m5\X}-sH|h(Tl) > H‘(‘:M¢(H’I’S)X.7:M¢(n’t’s)

~
<
<
Py
D=
\‘N
[
S—

where ro =min{n,1 —n} and Ry = max{n,1—n}.

PROPOSITION 4.4. Let £ € M,, expansive, F € M,, contractive and X € M,,
arbitrary, then
Al =g xF|

are (Mgy,G) h-convex functions on (0,+e).

Proof. Let’s begin by proving the (My,G) h-convexity of the function fj. Ob-
serve that if JF is contractive, then F~! is expansive. Therefore, by applying Proposi-
tion 4.2 with X’ substituted by X'F and F replaced by F~!, we obtain the result. In a
similar manner, we can demonstrate the (Mgy,G) h-convexity of the function f>. [
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PROPOSITION 4.5. Let F € M,, expansive, £ € M,, contractive and X € M,

bi )
arbitrary, ) |Hgl—tX_7:t|H

are (Mgy,G) h-convex functions on (0,+e).

In a similar manner, we obtain the following results.

PROPOSITION 4.6. Let £ € M,, expansive, F € M,, contractive and X € M,,,
arbitrary, then for any 1 € [0,1] and t,s € (0,+o0), we have

[z (R R

( ) 8\ R
<H‘8M¢n[s)Xfl Md)T]IS H ()fl () ,
i (M¢(27 »S ))
and
[z (R R
1 h(2ro)

(4 £33 )
fi (be(zv ) ))

>’H5M¢Tl18) fl M¢Tl[s

where ro =min{n,1 —n} and Ry = max{n,1—n}.

REMARK 4.7. Notice that by selecting certain special (M, G) h-convex func-
tions in terms of means and applying our refinement to this class in this work, we derive
further improvements of some well-known results involving means.
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