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REFINED UPPER BOUNDS FOR THE NUMERICAL
RADIUS OF OPERATORS IN HILBERT SPACES
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AND AMMAR BANI-ABDALNABI

(Communicated by M. Krni¢)

Abstract. In this work, we employ some existing refinements of the well-known Cauchy—Schwarz
and Buzano inequalities to derive improved upper bounds for the numerical radius of operator
matrices on Hilbert spaces. As consequences, we obtain new upper bounds for the numerical
radius of sums and differences of Hilbert space operators.

1. Introduction

Let B(H) represent the C* -algebra of all bounded linear operators on the complex
Hilbert space 7{. Recall that for T € B(71), the numerical radius w(.) and the usual
norm ||.|| are defined as follows:

w(T) = sup [(Tx,x)|and ||T|| = sup ||Tx].

[l =1 [lx=1

It is also worth recalling that w(.) defines a norm on B(H), which is equivalent to
the standard operator norm. More precisely, the following sharp two-sided inequality
holds:

1
ST <w() <7l (.

Let H be a complex Hilbert space and let H(2) = H & H denote the 2-copies
of H. Based on this decomposition every operator ¥ € B (H(z)) has a 2 x 2 operator
gi gﬂ , with ¥;; € B(H) where i,j € {1,2}.

The numerical radius of an n x n block diagonal operator matrix is equal to the
maximum of the numerical radii of its diagonal blocks. In contrast, computing the
numerical radius of an n X n block anti-diagonal operator matrix is, in general, a more
challenging problem.

In [11], Kittaneh refined the second inequality in (1.1) by showing that if A €
B(H), then

matrix representation ¥ = [

1 *
w(A) < 5 [l1A]+]A"]]]- (1.2)
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In [6], Dragomir improved the second inequality in (1.1) and established that
1
w(A) < 5(w(A2) +]|A[|?) where A € B(H). (1.3)

In [13], Kittaneh presented a further improvement of the second inequality in (1.1), by
showing that if A € B(H), then

1 *
w(A4) < S[IIAP+ 14" (14)

In [8], El-Haddad and Kettaneh improved more general form the inequality in (1.4),
which asserts that if A € B(H), then

1
W (A) < EH|A|2’+ A*||,  forevery r> 1. (1.5)

In [7], Dragomir provided further improvements on upper bounds for the numerical
radius. He showed that if A,B € B(H), then

1
W' (A*B) < EH|B|2’+ A|>||, forevery r>1. (1.6)

In [14] Hongwei, Guojon and Burititu applied the extension of the Cauchy-Schwars
inequality to refine the inequality (1.4). They proved that if A € B(H) and « € [0, 1],

then

(1+a)II\A\4+|A|H+( 4,242, (1.7)

wh(a) < -

and

(2+a)

| . 1
wia) < gliart+ i+ CEDap +arpivat) + 2@ as)

And they proved if P,Q,T,S € B(H) and o € [0,1], then

W ({P TD < 202+ o) max {|||P[* + |7

so
42— o) ([S(;, TOQD, (1.9)

w ([g ;}) < (2+a)max{|HT|2+ 572
—|—8max{w4(P),w4(Q)}—|—2(l —(x)max{wz(TS),wz(ST)}
+max {||[T[*+IS**|], [|1S1*+ 171}, (1.10)

+Is}

NS1?+ \T*|2H } max {w(TS),w(ST)}

and

w ([g ZD < @+ o)ymax {|[|P2+ 7P|, || lef? + S*I2||}W<{S?o TOQD
+3max {[||P[* + 77| [llel* + Is°[*]|}

+2(3—a)w2<{s(}, TOQD. (1.11)
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In this work, we establish a set of new upper bounds for the powers of the numerical
radius of a 2 x 2 block anti-diagonal operator matrix. These bounds are then employed
to improve and refine inequalities (1.5)—(1.11).

2. Main results

To achieve our goal, we first recall some well-known lemmas that will be used
to establish our results. The first lemma follows directly from the spectral theorem in
conjunction with Jensen’s inequality.

LEMMA 2.1. [12] Let S € B(H) be a positive operator, and let x € H be a unit

vector. Then
(Sx,x)" < (S"x,x) forany r> 1.

The second lemma concerns non-negative convex functions and positive operators.
LEMMA 2.2. [3] Let S1,5; € B(H) be a positive operators. Then

(S1+8)7|| <27 L ISt + 85| forevery r>1.

The next inequality is a special case of “mixed Schwarz” inequality that was es-
tablished in [10]

LEMMA 2.3. [10] Let A € B(H) and let x,y € H. Then
[ (Ax,y) [ < (JA]x,x) (JA"]3,).

The fourth lemma is Buzanos’s extension of the Cauchy-Schwarz inequality de-
tailed in [4].

LEMMA 2.4. [4] Let x,y,e € H with |le|| = 1. Then

(el I 63 )-

N —

[ (x,e) (e, ) | <
The next lemma concerns specific 2 x 2 operator matrices and is presented in [9].

LEMMA 2.5. [9] Let X,Y € B(H). Then
1. w( )(;2 ) = max{w(X),w(Y)}.

2w ( ’; Y ) — max{w(X +¥),w(X —¥)}.

)

The following lemma will be applied in Theorems 2.21 and 2.26 to derive a new
upper bound for the numerical radii of 2 x 2 operator matrices.
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LEMMA 2.6. [2] Let x,y,e € H with ||le|]| = 1. Then

r 1+(X r r I—o 2r
[{x.e) (e < == el "+ —— [Ce ™
forevery a €10,1] and r > 1
LEMMA 2.7. [1] Let x,y,e € H with ||e|]| = 1. Then

@) i o et + 252 o P

1
2 2 2
[(x.e) (e )7 < 7 Il Il +

forevery a €10,1] and r > 1

LEMMA 2.8. [5] Let x,y,z € H. Then

[(z,x) 2+ |z IIZII\/\HI + 10 P 42 0) .

LEMMA 2.9. [1] Let A,B € B(H) be positive operators and let r > 1. Then

sup (Ax,x)" (Bx,x)" < HAzr Ber—f— min{w(A"B"),w(B"A")}.
[lxll=1

We are now prepared to derive several new upper bounds for the numerical radius
of a Hilbert space operator which are refinements for some existing ones.

THEOREM 2.10. Let B,C € B(H). Then

0B 1 . .
4r<|:CO:|> < 1—6max{H\B\4’+|C |4rH,|HC‘4r+|B |4rH}

+émin{maX{W(|B|2r\C*|2r)7w(|C|2r|B*\2’)}»
max{w(|B"|*'|[C[*"),w(|C"[*"|B[) }}

+2+T°‘max{;||3|2f+ ICH ([ NICP + 1B |[}

x max{w'(BC),w"(CB)}

—l—leamax{wz’(BC),wZ’(CB)} (for every oo € [0,1] and r > 1).

Proof. Let M = [ } Then for any unit vector y € H?), we have

[ (My,y) [ = (| (My,y) )
= (I{My,y)* )
= (| (My,y) (My.y) )"
= (| (My,y) (M3} )
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1 r * r 2+o r * (| * O\ |
< ZHMY||2 12y + Iy lIMy || (My, M7 y) |
l-o * 2r
—|—T\ (My,M*y)|" (by Lemma 2.7)
1 r % r 24 r * r r
= Z<\M|2y,y> (1M Py, ) +T(HMY||2 MY (M) |

I—o
+ T\ (M?y,y)|*" (by the arithmetic-geometric mean inequality).

Therefore,
w¥ (M) = sup [(My,y)|*
[lyll=1
1 2 r 12 rol-o 2 2
< o, 7 (MPyy) (1M Pyy) + == (M)
=1
2r *|2r 2 r
+HS\l\lp ( (1M + M [Ty, y) | (M y,y>|) (by Lemma 2.1)
y||=1
24
<7 ush"l( (M Py,y) (I Pry)) + 2 M+ v (%)
y
—a W2 (M2
—_— M
A o)

1 1
< eI M+ g min{ow (M [ME ), w(|M 7| M)}

l1-o W2 2+a

—l—T (M2) 4+ — H|M|2r—|— \M*|2’||w (M2) (by Lemma 2.9)

1 .
= s max{[[[B[ + |4’l| Il + 1B** ||}

l M r * r r k r
Jrgmln{maX{W(IBI2 C* ), w(CI*"|B*[")},
max{w(|B*[*"|C|*"),w(|C*|”"|B*")}}

2+« "
+Tmax{’||B|2’+|C |1 |ICI? + [B*[?||} max{w" (BC),w"(CB)}

1—
+Tamax{w2r(BC),w2’(CB)}. O

Using Lemma 2.2 and the inequality (1.6), we can establish the following refine-
ment of inequality 2.5.

COROLLARY 2.11. Let Y € B(H). Then

1 L rlyvE|2r *|2r r
w¥(¥) < 1—l|\Y|4’+IY*I4’H+—mm{W(\Y\2 VP, w( Y Py )}

+1 o 2r(Y2)+2+a H|Y|2r+‘Y*‘2rHW Y2

1 4r *|4r
< EH\Y\ + 7).
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Proof.

1 L. ry|2r *|2r r
wh(¥) < 1—H\Yl‘”+lY*\4’H+—mm{W(\Y\2 VP, w( YY)}

o, 2+

1—
W (V) + S |[[Y [+ [P W (1 ?)
(by Theorem 2.10 WlthB c=Y)

r *14r r w147 2+ - 12
<76 H\Yl“ +re H+8 2|\|y|4 |+ = “quz + |
+T 1 Yy[* + \Y*|4r’| (by inequality (1.6))
< %}HYI“’HY*\“’HHZ ! 2+(XH\Y|4’+|Y*\4’H

JFI_TOC [[Y[* + [Y*[*"|| (by Lemma 2.2)

1
_ E H‘Y‘4r+ |Y*|4rH )

The following result provides a refinement of the upper bound in inequality (1.10).

COROLLARY 2.12. Let A,B,C,D € B(H). Then

4r <|:Ié g:l) < 24r71InaX {w4r(A)’W4r(D)}
+24r75max{|HB‘4r+ |C*|4r , ‘C‘4r+ |B*|4rH}
+2%*min{max{w((|B|C*)*"). w((IC||B*[)*")},
max{w((|B"|C|)*),w((IC*[|BI)*")}}
+(2+ 0)2¥  max{|[[BI* + [C* || |[IC]* + B[}
x max{w"(BC),w"(CB)} + (1 — a)2* 3 max{w* (BC),w* (CB)}
(for every oo € [0,1] and r > 1).
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1 AOQ 1 0B
= (e ([05)) 2 (led])
(by the convexity of the function f(t) =1",r > 1)
< 2% max {w4’(A),w4’(D)}
+24r75max{||‘B‘4r+|C*|4rH,||‘C‘4r+|B*|4rH}
+2%* min{max{w((B||C*|)*")),w((|C||B*)*")},
max{w(([B"[|C[*")),w((|C*||BI)*")}}
+(2+ )2 max{|[||BI + |C*)¥||. || ICI* + 1B* ||}
x max{w"(BC),w"(CB)} + (1 — a)2* 3 max{w* (BC),w* (CB)}
(by Theorem 2.10). O

REMARK 2.13. The upper bound in corollary 2.12 refines the upper bound of the
inequality (1.10). To justify this, note that

I+ 1B}

)

wh ([é;]) < 8max {w*(4),w*(D)} + %max{|\\3|4+ [oall

+min{max{w((|B||C*|)*),w((|C[|B*|)*)},
max{w((|B*||C[*),w((IC"||B|)*)}}

+(2+ a)ymax{|||B]* +[C*[*|| || [C|* + |B*|*||} max{w(BC),w(CB)}

+2(1 — o) max{w?(BC),w*(CB)} (by Corollary 2.12)

< 8max{w4(A),w4(D)} + %max{” |B|* + \C*\“H , |||C|4 + \B*|4||}

—i—min{max{% H\B“‘—i- \C*\“H ) % H\C\‘H— |B*4H},

max{% I[1B*]4 + |CI4H,% l[lc* [+ |B|4l|} }

+2+4+ o) max{H|B|2 + \C*\2 , |C|2 + \B*|2H}max{w(BC),w(CB)}
+2(1 — o) max{w?(BC),w*(CB)} (by inequality (1.6))

= 8max {w*(A),w" (D)} + max {||[B]* +|C*|*|, |[[C|* + |B*[*|| }
+2+ o) max{H|B|2 + \C*\zH , || |C|2 + \B*|2||}max{w(BC),w(CB)}
+2(1 — o) max{w?(BC),w*(CB)}.

The following example demonstrates that the upper bound given by Corollary 2.12
can be strictly smaller than the corresponding upper bound in (1.10).

EXAMPLE 2.14. Consider the Hilbert space C?, and Let A,B,C,D € B(C?) be
given by

01
A=D=0, and B=C= [OO]'
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Then, the upper bound obtained from Corollary 2.12 is equal to %7 whereas the corre-
sponding upper bound in (1.10) is equal to 1, which demonstrates that the upper bound

in Corollary 2.12 is strictly smaller than the previously known upper bound in (1.10).

In the following example, we fix the value of the parameter o to demonstrate the
strict improvement provided by Corollary 2.12 over the upper bound in (1.10).

EXAMPLE 2.15. Consider the Hilbert space C2, and Let A,B,C,D € B(C?) be
givenby A=D =0, B=3I, and C =1 where [ is the identity operator. Then, by Corol-
lary 2.12, with o = %, we obtain

+([AB]
W (_CD_ < 134.

On the other hand, inequality (1.10), with o = %, gives

+([AB]
w (_CD_ < 166.

Thus, Corollary 2.12 provides a strict and quantitatively significant improvement over
the upper bound in (1.10), even for the choice o = % .

The next theorem provides a new upper bound for the numerical radius of general
2 x 2 operator matrices.

THEOREM 2.16. Let P,T,S,0 € B(H). Then

W ([2’ 2]) < 2max {w2(|P +i|T* %), w? (| +il" )} +4n? ([s(; TOQD

1
-z max {[[[P[* 7714 [1Q1* + 17 ][}

+min{max{w((|P[|T*))*),w((|QIIS")*)},
max {w((|7*[|P[)?),w((IS*[|Q])*)}}

+cmax {[IPP +17° P 0P +15° 1w ([ gp )

B 2 0710
+2(1—a)w ([SP 0 }>7 (for every a € [0,1]).
PT PO or .
Proof. Let A= [S Q] , R = [0 Q] and Ry = [S 0] . Then for any unit vector
xe H?, we have
[(Ax,2)[* = [(Rix,x) + (Rox,x)|°

< (|(R1x,x)| + |(Ryx,x)|)? (by the triangle inequality)
= [(Rix,2)? + [ (Rox, ) > + 2 (Riox, x) | (Rox, ) |
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= |(x, R [P+ | (0, Rx) 2 + 2 (Rix, x) | {Roxe, )|

< HXIlz\/I<R1x7R1X> |2+ [(R5x, R5x) |2 + 2| (Ruox, Ryx) [2 + 2 (Ryx, x) || (Roxx, x) |
(by Lemma 2.8)
= \/\<|R1\2x,X>\2 + [(|R52x, )] + 2| (RaR 1 x, ) |2 + 2| (Ryx, x) | (R, x) |

Nl—

<V2 [(\R1|2x,x>2 + <|R§\2x,x>2—|—2\<R2R1x,x>|2—|—4\<R1x,x>\2\<R2x,x>|2] .
Thus,
(A, 0)[* < 2 [([R1[2x,%)% + (IR [Px,%)%] + 4| (RoR1x, ) 2 + 8| (Rix, ) [ (x, Ryx) [
=2[(|R, [, x)% + i(\R;\zx,xy] + 4| (RaR 1, x)|* 4 8| (Ryx, x) || (x, R3x) |*
2.1
< 2[R P + iR 2)x, )| + 4] (RoRye, ) + 2| Rux| | R
+2(2+ )| Rox]| || Raxl[ [ (Rix, R3x) | +2(1 — 00) | (R1x, R3x) |
(by Lemma 1.7)
< 2[{(Ri +ilR5 ). 0)|” + 4| (RoRux, ) + 21| Rux] [R5
+(2 4 @) [[|Rix]* + [Rox]*] [(RaR1x,x)| +2(1 — )| (RoR1x,x)
(by the arithmetic-geometric mean inequality)
= 2|((|Ro*+ il R5[)x.0)|” + 4| (RoRux, )P+ 21| Rux] [R5
+2+a) [((IR1]* + [R5 "), )] | {(RaR1x, %) +2(1 — )| (RaRx, x) -
Therefore,

wH(A) < 2w (IR [ 4 i|R3*) +4w? (RaRy) +2 sup ((\R1|2x,x><|R§|2x,x>)

=1
+(2+ ) [|IRi > + [R5 || w(RaRy ) +2(1 — ct)w?(RaRy )
< 2w (IR > +i|R5 %) + 4w*(RyR)) + 5 |IR1|* + R3]
+min {w(|Ri *[R5*), w(|R3[*[R1[*) }
+(2+ @) |[|Ri >+ |R5[* || w(RoRy) +2(1 — 0t)w*(R2R)  (by Lemma 1.9)

= 2max {w(|P]2 +iT*[?),w(|Q]* +ilS"[*)} +4w? ([s(; TOQD

A ([P el 1)
+min{max{w((|P||T*])?),w((|Q||S*)*)},
max{w((|T*||P])*),w((IS*[|Q)*)}}

v+ cmax {[IPP +17° P 0P+ 15w (| gp )

+2(1 — a)w? (LSD T()Q]) , forevery o € [0,1]. O
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REMARK 2.17. The upper bound in Theorem 2.16 refines the upper bound in
inequality (1.11). To justify this, note that

v ([£5]) < cramatiioe e o+ st ([ 5 ¢])
+2max {w?(|P]* +i|T*[*),w* (| Q] +iIS*]*) }
ol + 187141
+min{max{w((|P||T*|)?),w((|QI|S*|)*)},
max{w((|T*||P|)*),w((|S*||Q)*)}}

+2(3 — a)w? ( {ng TOQD (by Theorem 2.16)

+%maX{H|P|4+|T*|4

. . 0T
< ramac{ et ek i el ([ 4 7€)
+2max {w?(|P|* +i[T*|*),w* (|Q|* +[S*[*) }
1
g max {[[1PF 71 [l1Q1* + 1872}
1
g max {[[1PF 71 11 + 172}
26— ap? ([ o TOQD (by inequality (1.6)).
Thus,
PT . " 0T
# ([B3]) < e apman fiee- el liob+1s7 v ([ 3 7€)
+2max {[[[P[*+ (771 llQr* + 15* 4|}
1
g max {[[1PF 71 11 + 172}

+%maX{H|P|4+|T*|4

101* +I5**]|}

b

+2(3 — o)w? ( {S(}, TOQD

(by the fact, if A, B € B(H) are Hermitian,
then w?(A +iB) < ||A> + B?|)

= 2+ o)ymax {|||PP+|T*]?||,|[l01* + IS*|*|| } 'W<[SOP TOQD

+3max {||[P|* + [T*[*] . |[|* + 15*[*|| }
2 O TQ
ca6-aw ([ 572])
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EXAMPLE 2.18. The following example demonstrates that the upper bound given
by Theorem 2.16 can be strictly smaller than the corresponding upper bound in (1.11).
To see this, consider the Hilbert space C2, and let P,Q,T,S € B(C?) be given by
P=0Q=0,and T = S =1 where [ is the identity operator, and let o = % . Then, The-

5

orem (2.16) gives w? ([? 2]) < ok On the other hand, inequality (1.11) gives
w g g < 3. Therefore, Theorem 2.16 provides a strict improvement over the
upper bound in (1.11).

As a direct consequence of Theorem 2.16 for a special case P=0 =X and § =
T =Y, we have the following corollary.

COROLLARY 2.19. Let X,Y € B(H). Then for every a € [0,1],

max (W (X +Y),w' (X -Y)} =w! ([)}f §})
<2 (XY P +2(3 — a)w? (YX)
+2+a)|[IXPP+ Y| w(rX)
+min{w((IX][Y*))%),w((|Y*]IX])*)}
1 *
X+ e
<3||IX [+ Y|+ 23 — a)w? (Y X)
+2+a)|[|IXPP+ Y| w(rX).
Proof.
4| XY 201y12 4 iv* (2 N2
w1y x| ) 2w (X7 +iY* ) +2(3 — o)w” (YX)
+2+a)|[|IXPP+ 7| w(rX)
+min{w((|X[[Y*])?),w((|Y*||IX])*)}
1 .
+5l|\x\4+\y 4]
(by Theorem2.16 P=Q=Xand S=T =7)
<2 (IX P+ ?) +2(3 — a)w? (YX)
1 * 1 *
S 7 3 1+ e
+2+a)|[|IXPP+ 7| w(rX)
(by inequality (1.6)
= 2w (|X P +i[Y*)?) +2(3 — a)w? (YX)
HIX YA 4 @4 o) ||| X+ P w (Y X)
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3[[IXI*+ [ [*|| +2(3 — o)w? (YX)
+2+a)|[|IXP+ Y| wrx). O

As a direct consequence of Corollary 2.19 for a special case X =Y = M, we have
the following corollary.

COROLLARY 2.20. Let M € B(H). Then for every a € [0,1],

3-«o
w2 (M| +iM* ) + Tw2 (M?)

oo —

wH(M) <

e IHM|2+\M*\2Hw<M2>

gl e
H|M|4+|M*| H+ w? (M?)
+2+—a|||M|2+|M*| ;|W(M2)

Proof. 1t follows from Lemma 2.5 and Corollary 2.19 that

16w* (M) = w* (2M) < 2w (IM* +i|M*|*) +2(3 — a)w? (M?)
+ H|M|4+ |M*\4H +2+a) H\M|2+ \M*|2H w(M2)
(by taking X =Y = M in Corollary 2.19).

Thus,
WAM) < P (MP 4P + 3‘T‘)‘wzwz)
b I ] 2 e 2w (%)
<% <M2)+—IHM|“+\M*\“H
+ 2 M+ M (7). O

The next Theorem provides a new upper bound that will be used to refine the
inequality (1.7).

THEOREM 2.21. Let Y1,Y> € B(H). Then for any a € [0,1] and r > 1,

0Y I+o
([ ]) < S max e+ 11 e+ )

+11_Tamin{maX{W((lYl|\Yz*\)”)»W((IYzHYf‘I)Z’)L
max{w((|Y'||¥2|*"), w((|¥5|11])*")}}
+1_Tamax W (N1Ya), W (1a11) } .
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on .
Proof. Let M = Y, 0 and let y e H® be any unit vector. Then

My )" = (|(My. ) P)*

= [(My,y)*|*"

= [(My,y)(y,M*y)[*"
l+o T l-o .

< —HMYH2 M Y\\2r+T|<My,M ¥ (by Lemma 2.6)
1+a

« 11—« 2r
= ——(|M*y,y) (M |2y,y>’+T|<M2y,y>|

Therefore,

w (M) = sup |(My,y)[

Iyll=1

14+ o l1—o
< sup ({[MPy,y)" (1M y.y)") + ——w? (M?)

yll=1

1+OC 1 r *14r 1 . r * |21 * |21 r

S ZH|M|4 + M| Jrzmln{W(UVll2 M) w(|MF M) }
1—o
_|_Tw2r(M2)

1
< L max {4+ prs 4 el + ey

1% mingmax (1115 )2, w((al 7))},
max{w(([¥7 %12 w((%311%1)7)})

-«
+—— max W) w"(hn)}. O

COROLLARY 2.22. Let Y € B(H). Then for every o € [0,1] and r > 1, we have

l+a

W4r(Y) < |||Y|4r+‘Y*‘4r|| +Lmln{w ‘Y‘2r|Y*‘2r) (|Y*|2r|Y‘2r)}

1 o 2r
W

1 4r *|4r
< EH\Y\ + 77

)

< l—l—O{ H|Y|4r+‘Y*‘4rH +Lmln{w ‘Y‘2r|Y*‘2r) (|Y*|2r|Y‘2r)}

(¥?)

l—a
+TW 2'(Y2) (by Theorem2.21Y; =Y, =7Y)
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< 1+a|||y|4r+‘y*‘4r||_|_ }||Y‘4r+‘y*|4rH

+ITO‘ . % [[Y[“ 4 ¥*[||  (by inequality (1.6))

1
_ 5 H‘Y‘4r+ ‘Y*|4rH .

COROLLARY 2.23. Let Y € B(H) and let o. € [0,1]. Then

1+ . + .
W) < | ] H+—amlﬂ{w((\Y|\Y 2 w(((Y* 1Y ])*)}
1 2
+Tw (Y?)
< I—S—Ta |[Y]*+ |y —|— w? (Y?) (by the inequality (1.7)).

COROLLARY 2.24. Let A,B,C,D € B(H). Then for any o € [0,1] and r > 1, we
have

(e D]) <2 a0 0)) + (1 - 2t Imax(uBC) (B

+(1+ a2 *max {||[B|* +[C*[*|| . [[lC|* + B ||}
+(1 4 0)2* > min{max{w((|B||C*[)*"),w((|C|[B*|)*")},
max{w((|B*||C|)*"), w((|C*[|B])*)}}.

A B A0 0B
Proof. LetM_[CD]’MI_[OD] andMg—{CO].Then

wh (M) = w* (M} + M>)

< (w(M1) +w (M)

<2V (M) 241 (M)
(by the convexity of the function f(z) = =1

< 2% Tmax {w* (A4),w" (D)} + (1 — &)2* > max{w? (BC),w” (CB)}
+(1+ )2 *max {||[B|* + [C*[*||, [[|lC|* + |B*[*"||}
+(1+ 02 min{max {w((|BJ|C*[)*"), w((|C||B*|)*")},

max{w((|B*|C[)*"),w((IC*||B)*)}}

(by Theorem 2.21). [

By Corollary 2.24 for a special case A =D and B = C, we have the following
Corollary.
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COROLLARY 2.25. Let A,B € B(H). Then for any a € [0,1] and r > 1, we have

max {w" (A+B),w"(A—-B)} = w" ( [2 ﬁ] )
< 24r71w4r(A) + (1 +a)24r74 |||B|4r_|_ |B*‘4r||
+(1+ )2  min{w((|B||B*)*"), w((|B*||B)*)}
(1 — 0)24 2027 (B2).

The next Theorem is the last result in this work that provides a new upper bound
which will be used to refine the upper bound in inequality (1.9).

THEOREM 2.26. Let P,T,S,0 € B(H), and let a € [0,1]. Then
w‘*([" T]) < 2max {w2 ([P +ilT* ) w2 (1O +ilS7)}

S0
)

+(1+a)ymax {[[|P[*+[T*[*]], |||o* + IS**|| }
+2(1 4 o) min{max{w((|P|[T*[)*),w((|QI[S*])*)},
max{w((|T*[|P])*),w((|S*]|Q)*)}}-

PT PO 0T .
Proof. Let A= [S Q] , R = [0 Q] and R, = [S 0] . Then for any unit vector

x e H?, we have
[{Ax,x) P < 20(Ry [Px,x) + (R [Px, x) |+ 4| (RaR1x, x) > + 8| (Rix, x) (x, R5x) |
(by inequality (2.1))
< 2[R +IR5 ), ) [* + 4| (RoR1ox, x) |7 + 4(1 + o) || Rl || Rye] |
+4(1 — a)|(R1x,R3x)|* (by Lemma 2.6)
= 2/((IRi > +i[R5[*)x,x) |* +4(2 — @) [ (RaR 1 x,x) |
+4(1+ o) (|Ry |*x,x) (|R5 |*x, x).

—~ =

Therefore,
wh(A) = sup |(Ax,x)|*
[lx]|=1
2 2 | :px|2 2
< 2w (|R1|" +i|R3|7) +4(2 — a)w™(RaR))
+4(1+a) sup ((|Ri[*x,x)(|R3|*x,x))

x| =1
< 2WH([Ri P +iR3)?) +4(2 — o)W (RoRy) + (1 + @) [[|Ry|* + R3[|
+2(1+ o) min {w(|Ry *[R3|*),w(|R5|*[R1|*) }
(by Lemma 2.9).
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Thus,

wH(A) < 2max {w2 (P + T [2), w2 (10 +iIS* ) } +4(2 — oryw? ([S(; TOQD
+(1+ a)ymax {|||P|* +|T*[*||, [[lQI* + S*|*|| }
+2(1 + ey min{max {w((|P[|T*[)*),w((|2IIS*)*)},
max{w((|T*(|P)*),w((IS*||Q))*)}}. O

REMARK 2.27. The upper bound of the above theorem refines the upper bound
given in inequality (1.9). To see this, note that

([50]) s (157

+2max {w?(|P|* +|T*|*),w*(|Q|* +[S**) }

Aol +1s*1 )1}

+2(1+ e min{max{w((|P||T*])*),w((|Ql|S*)*)},
max{w((|T*[|P])*),w((|S*||Q)*)}}

(by Theorem 2.26)

cae-me([3 )

+2max {{| P[4 77|, [llol* + 15}

+(1+ oc)max{H |P|*+ |T*\4}| , || |O* + |S*\4}|}

+2(1+ o) min{max{w((|P[|T*[)?),w((|QIS*)*)},
max{w((|T*||P|)?),w((IS*[|Q)*)}}

(by the fact:

if A,B € B(H) are Hermitian, then w?(A +iB) < ||A? + B?|)

cio-ne (379]

+(3+a)ymax {||[P|* +|T**

+(1+ )ymax {||[P|* +|T**

el + 1871}
+(1 +a)max{}|\P\4+ |T*\4H , |||Q|4+ |S*\4H}
(by inequality (1.6)).

(3]

+2(2+ o) max {|||P|* +|T*[*

o* +15° 1}

b
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EXAMPLE 2.28. The improvement obtained by Theorem 2.26 over inequality
(1.9) can be illustrated by the following example. Let P=Q0=1, T=5=0, and oo = 1.
Then the upper bound obtained from Theorem 2.26 is equal to 4, whereas the upper
bound given by inequality (1.9) is equal to 6. Therefore, this example demonstrates that
the upper bound obtained from Theorem 2.26 is strictly sharper than the upper bound
given in inequality (1.9).

COROLLARY 2.29. Let X,Y € B(H). Then for every a € [0,1],

max {w*(X +Y),w* (X -Y)}

= ([3x])

<2W(IXP+ilY ) +42 — a)w? (YX) + (L+ o) [|IX|* + Y]]
+2(1+ o) min{w((X[|Y*))?), w((IY*[1X])*)}
(by Theorem 226 with P=Q =X andS=T =7Y).
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