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BOUNDS FOR THE EUCLIDEAN (A-M)-NUMERICAL RADIUS OF A
PAIR OF OPERATORS IN HILBERT SPACES WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR* AND MUBARIZ TAPDIGOGLU GARAYEV

(Communicated by M. Krni¢)

Abstract. We define the p-arithmetic mean (A-M)-numerical radius for the pair of operators
(A,B) e B(H) as

Wy (AB):= sup (1) |{Ax 9"+ vI(Bes)l)',

where v €[0,1] and p > 1. For p=2 we put we,y (A,B) :=wa y (A,B) and call it the Euclidean
(A-M)-numerical radius.
In this paper we obtain among others that, if ¢, v € [0,1], then the following upper bound

w2, (A,B) <max{v,1—v}w?(A—B)+ Hu _— \A\2“+v\B\MH
% H(l o V) ‘A*‘Z(l—a) +v ‘B*‘Z(l—a) H )
and lower bound
w2, (A,B) > max {w {(1 — V)P A2+ szZ} (1-v) vw(ABJrBA)}
+max{(1—v)w(A),vw(B)}
X |w[(1=v)A+VvB]—w[(1-Vv)A—VB]||
are valid.

Applications for the numerical radius and Davis-Wielandt radius of an operator are also
provided. Some integral inequalities of Hermite-Hadamard type are given as well.

1. Introduction

Let H be a complex Hilbert space equipped with an inner product (-,-) and a
corresponding norm || - ||. We denote the C*-algebra of bounded linear operators on
H as B(H). For any operator T € B(H), the adjoint of T is denoted as 7%, and

|T| = (T*T)% represents the positive square root of 7*T. The real part and imagi-
nary part of T are defined as Re(T) = $(T + T*) and Im(T) = 5.(T — T*), respec-
tively. We define the numerical range of T, denoted by W(T), as the set of values
{{Tx,x) :xe€ H,|x|]| =1}.
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Let ||T|| and w(T) denote the operator norm and the numerical radius of T,
respectively. The operator norm is given by

IT| = sup{(Tx,y)|;x,y € H,||x|| = [yl = 1},
while the numerical radius is defined as
w(T) = sup {|{Tx,x)| : x € H,[|x|][ = 1}.

It is known that the numerical radius w(-) defines a norm on B(H) and is equivalent to
the operator norm || - ||. In fact, the following double inequality holds:

1
ST <w() < 7). (L

These inequalities are sharp. The first inequality becomes an equality if 7> = 0, while
the second inequality becomes an equality if and only if 7" is a normal operator. An
improvement to these inequalities was established by Kittaneh [7], who showed that

\/_

2 o2 X
1"+ (77| <w(T) < TP +17=]. (1.2)

The Davis-Wielandt radius of T € B(H), denoted by dw(T), is defined as [3],
[12]

1/2
dw(T) = sup (|(Toxx) >+ |T")

[I¥l=1

Observe that dw (T) > 0 and dw(T) =0 if an only if T =0 if and only if 7 = 0. For
A € C, wehavethat dw (AT) > [A|dw(T) if |A| > 1, dw(AT) <|A|ldw(T) if |A] <1
and dw (AT) =|A|dw(T) for |A| = 1. Note that the triangle inequality dw (T 4+ S) <
dw (T)+dw (S) does not always hold for arbitrary T,S € B (H). However this triangle
inequality holds when Re (T*S) = 0, see [1, Corollary 2.2]. It is easy to see that

max {w (7). [T} < aw(r) < (w (1) + 7))

and they are sharp, [, Corollary 2.2].
Zamani and Shebrawi [13, Theorem 2.1] proved that

2 2 2 1/2
aw(T) < [w? (T =|TP) +2|T|Pw(T)] . (1.3)
Further in [13, Theorems 2.13, 2.14 and 2.17], the authors also proved that

dw? (T) < |2 max { 1|17} + V2w (TP T), (14)

dw? (T) < (Hm 4T H+Hm 7 H—l—\/_w<|T| T)) (1.5)

1
)
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and
1/2
aw? (T) < T max {w (T), | T2} [1+ T2+ 2w (T)] (1.6)

for T € B(H).
Recently, Bhunia et al. in [, Theorem 2.4] obtained the following upper bound as
well

aw(T) < 171"+ ITFHI/2 (1.7)

for Te B(H).
Let (C,D) be a pair of bounded linear operators on H. The Euclidean operator
radius is defined by:

we(C.D)= sup (I(Cxaf+|x)P) . (1.8)
[lx[=1

As pointed out in [11], w, : B>(H) — [0,e0) is a norm and the following inequality
holds: \/_
H|c| +|D| H <we (C,D) H\C\ +|D| H (1.9)

for (C,D) € B> (H), where the constants \[ and 1 are best possible in (1.9).
We observe that for C=T and D = |T| , we have that

. (T, \T|2> — Hihlfl <|<Tx,x>|2 + )<|T|2x,x>‘2> 1/2

1/2
= Hshlgl <\<Tx,x>|2+ HTxH4> =dw(T).

If we take C=T and D = |T|* in (1.9), then we get

) 1/2 1/2
2 \irp e <awiry < i |, (1.10)

which gives the upper bound from (1.7) and a similar lower bound.
In [4], for r > 1, the generalization of the numerical radius for a pair of operators
B,C € B(H), referred to as the generalized s-r-numerical radius, is defined by

wr(B,C)i= sup (689" + (e, Cx)[1)7

In 2017, Moslehian et. al. [10] obtained the following fundamental inequalities for the
s-r-numerical radius of the pair of operators B,C € B(H)

1_1
wp (B,C) <wy(B,C) <24 ?w,(B,C) forp>g=>1,

207 |1 P +1C*P|| < wp (B.C), p =2,
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Zéflmax{w(B—i-C) w(B—-C)}
25 max {w(B),w(C)}

and
1y 1

20w (B2 4+C%) <w, (B,C), p =1,
to mention only a few. For p =2, the above inequalities provided various bounds for
the Euclidean numerical radius. The authors of [10] also applied their results for the
Cartesian decomposition of an operator A.
We define the p-arithmetic mean (A-M)-numerical radius for the pair of operators
(A,B) € B(H) as

Wy (A,B) == sup ((1—v)|(Ax,x)|” + v |(Bx,x)|")"/7,

[lx=1

where v € [0,1] and p > 1.

We observe that w, (A,B) > 0 for (A,B) € B(H)xB(H) and wpy(A,B) =0
only for (A,B) = (0,0). Also for oo € C we have that w,, , (@A, 0B) = |a|w),v (A, B)
and by the weighted Minkowski’s inequality

We,y (A+C,B+D) < wey (A,B)+wey (C,D),

which shows that w), y (-,-) is anormon B(H) x B(H).
We observe that, by the convexity of power function g (1) =7, p > 1 on [0,c0)
we have that

(1= V) [(Ax, )|+ v[(Bx,x)[P) P > (1= v) [{Ax,x)| + v | (Bx,x)|
|

>
> [{[(1=V)A+ VvB|x,x)]|

for all x € H. By taking the supremum over x € H, ||x|| =1 we obtain the following
lower bound for the p-(A-M)-numerical radius

wpv (A,B) = w[(1—V)A+ VB (1.11)

for ve[0,1] and p > 1. When B = A we obtain equality.
For v =1/2 we have

1
Wp.1/2 (A,B) = me (A,B) forp > 1.
This gives for p =2 that

1
W%71/2 (AaB) = Ewg (A7B)

For p =1, we put

wy (A,B) := w1y (A,B) = Sop (1 =v)[(Ax, )| + v[(Bx,x) )
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and for p =2,

ey (A,B) i=way (A.B) = sup, (1= v)liAx) P + vI(Brof) 7z

We use the following double inequality obtained by Kittaneh and Manasrah [8],
[9] that provide a refinement and an additive reverse for Young’s inequality as follows:

2 2
r<\/——\/l_)> <(1—v)a+vb—a1*VbV<R<f—\/E> (1.12)
where a, b>0, ve[0,1], r=min{l—v,v} and R=max{l —v,v}.

In 1952, Kato [5] proved the following celebrated generalization of Schwarz in-
equality for any bounded linear operator 7 on H:

(T, ) < ((T*T)%x,x) <(TT*)1—°‘y,y>, (1.13)

forany x,y € H, o € [0,1]. Utilizing the modulus notation introduced before, we can
write (1.13) as follows

(Tx) < (TP ) (T 20y y) (1.14)
forany x,y € H, a € [0,1].
Motivated by the above results, in this paper we obtained among others that, if o,

v € [0, 1], then the following upper bound

w2y (A,B) < Rw? (A= B)+|(1 = v) AP + v|BP"

« H(l o V) ‘A*‘2(170¢) +v |B*‘2(170£)

and the lower bound
w2 (A4,8) > max {w | (1 = V)4 £ VB| (1 - v)vw(AB+ BA) }

+max{(l—v)w(A),vw(B)}
x|w[(1—=Vv)A+VvB]—w|[(1—V)A— VB

are valid
In particular, for v = 1/2, we have

1
W2 (A,B) <w? (A= B)+ 5 |14+ B

H|A*|2(17a) + ‘B*|2(170£)

and
w2 (A,B) > %max {w(A?+B*),w(AB+BA)}

-l-%max{w(ALw(B)}|w(A+B)—w(A—B)|.
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This shows that all the inequalities for w,,y (-,-) are weighted generalizations for the
case of Euclidean numerical radius w, (-,-) that was investigated by other authors as
mentioned above.

Applications for the numerical radius and Davis-Wielandt radius of an operator
are also provided. Some integral inequalities of Hermite-Hadamard type are given as
well.

In order to improve readability, we summarize in the following the notations used
in this paper

1/2
dw(T) 1= sup (10 + 1))
x||=1

~I—

w, (B,C) := Hs‘l‘lfl(|<x7Bx>\r+ |(x,Cx)|") 7,

we (C,D) := sup (|<Cx7x>‘2+‘<Dx,x>|2>1/27

Wp (4,B) = sup ((1=v)[{Ax,x)|” +v[(Bx.x)[")"/?,

[l =1
1 12
i AB) ::/ P <(l_V)\<Ax7x>|2+V\<Bx,X>‘2> dv,
0 |lx|=1
1/p
1 .
L=t)xtay|Pdr) — if 1< p <o,
)l = 4 (B 1=

supefo,1) [ (1 =1)x+ 2y if p = e-.

Some more particular notations for one operator are also listed below:

Ny (T) := sup ((1—v)|[(ReTx,x)|” + v|{ImTx,x)|")"/”,

[lx[|=1
Ny (T) := sup (|(ReTx,x)|” + |(ImTx,x)|") "7,
[lx]l=1

1/p
dpow(1) 1= sup (1= V) ()" +v [ T)
x||=1

2. Upper bounds

In the sequel ||7|| denotes the operator norm of 7 € B(H). For v € [0,1], we
also consider R :=max{l—v,v}.
Our first main result is as follows:

THEOREM 1. Let A,B€ B(H). Forall v € [0,1], we have that
we (A,B) <Rw? (A—B)+ [w(A) ™ [w(B)]*. 2.1)
In particular, for v =1/2 we get

w2 (A,B) <w? (A—B)+2w(A)w(B).
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If o €10,1], then also

w2y (A,B) < Rw? (A= B)+|(1 = v) AP + v|BP" 2.2)
x H(l —v) AP oy P
In particular, for v =1/2 we get
w2 (A,B) < w?(A—B)
+%H|A|2a+|B|2a H|A*|2(1—a)+|B*|2(1—a)
Also, we have
2, (A,B) < Rw?(A—B) +H V) AR 4y |20 2.3)
X [[(1=v)la P v
and, in particular,
w2 (A,B) <w? (A—B)
+%H|A|2a+|B*|2(l—a) H|A*|2(1—a)+|B|2a '
Proof. From (1.12) we get
(1—v)|(Ax, x>\2+v|<Bx x))? (2.4)

(A, x) P (B, ) [2Y + R (|(Ax, x)| — |(Bx,x)])?
(A, x) [P0V (B, x) Y + R |(Ax,x) — (Bx,x)
= [(Ax,x) ) | (Br,x) Y+ RI((A — B)x,x)[?

forxe H.
For x € H with ||x|| = 1 we have that

[{Ax,x) PO (B, x) Y < w (AP [w(B))

and
{(A=B)x,x)|> <w*(A—B).

Therefore

(1= v) [{Ax,x)* + v[(Bx,x)[* < [w(A)" ) [w(B)]* + Rw? (A — B)

= 1. By taking the supremum over ||x|| =1 we obtain (2.1).
Now, by Kato’s inequality we have that

|<Ax,x>|2(l_v) < <|A|2ax7x>17v<|A*|2(170‘)x,x>17v
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and y y
|(Bx,x)[*Y < <|B|2ax,x> <|B*|2(17°‘)x,x> ,

which implies that

[{(Ax,x) [P0 (B, x) |2 (2.5)
1-v v 1-v v
< <|A|2ax,x> <|B|2ax,x> <|A*|2(170£)x7x> <|B*|2(1706)x7x>
forall xe H.

Now, by the A-G inequality we have that

1-v v
<|A|2ax,x> <|B|2ax,x> <(1—-v) <|A|2ax,x> +v <|B|2ax,x>

- <[(1 I +v|B|2°‘} x,x>

and
<|A*|2(1_°‘)x,x>(17\/) <|1f3*|2“‘°‘)x,x>v
< <(1 —v) |A*|2<1—“>x,x> +v <|B*|2<1—“>x,x>
= ([a= AP v B PO ),
which implies that
(AP (1BPex)" (4 PO e) T (BP0 e
<[ =v)laP+v 8P x.x)
X < [(1 —v)|AT PO 4y |B*|2(1’°‘)] x,x>
forall xc H

From (2.4)-(2.5) we get that
(1= ) [{Ax,2) P + V| (Bx.x)
<RI(A=B)x )P+ [(1=v) AP+ v[BP?] %)
x < [(1 —v) APy |B*|2<1—°‘>} x,x>

< Rw? (A—B)+| (1= v) AP+ v|BP

% H(l _ V) |A*|2(170() + V|B*|2(1706)

for all x € H with ||x|| = 1. By taking the supremum over ||x|| = 1 we obtain (2.2).
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Also, we have that
<\A\2ax,x>17v <\B*\2(1_a)x,x>v <\A*\2(1_a)x,x>17v <|B|2ax,x>v
< {(1 —V) <|A|2ax,x> +v <\B*|2(1_a)x,x>]
X [(l —v) <\A*\2(17°‘)x7x> +v <|B|2“x7x>]
- < [(1 —V)|AP“ + v |B* \2“*00} x,x>
x <[(1 —y) At +v|B|2°‘} x,x>
for all x € H, which, as above, gives the desired result (2.3). [
REMARK 1. Let v € [0,1]. From (2.2) we get for a = 1/2 that
Wey (A,B) SRW? (A= B)+ (1= v) |A|+ v BI|| (1 = v) |A*|+ v B
In particular, for v = 1/2 we obtain
we (A,B) <w? (A—B)+%H|A|+IBIII A%+ B[]
From (2.3) we also get
Wey (A,B) <Rw? (A= B)+[(1 = v)[A|+ v[B"|| |(1 - v)|A*| + v B]|

and for v = 1/2 we obtain

1 * *
wz(A,B)Swz(A—B)JrEHIAIHB AT+ 1B

3. Lower bounds
The following result provides lower bounds for the p-(A-M)-numerical radius:
THEOREM 2. Let A,B€ B(H). Forall v € [0,1] we have that

w2, (4,B) > max {w [(1 CvRA szﬂ (1—Vv)vw(AB +BA)} 3.1)

+max{(1—v)w(A),vw(B)}
X wl[(l1-=v)A+VvB]—wl[(1-Vv)A—VB]|.

In particular, for v =1/2 we obtain:
1
w2 (A,B) > 5max{w(A2+B2) ,w(AB+BA)} (3.2)

-l-%max{w(ALw(B)}|w(A+B)—w(A—B)|.
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Proof. From (1.11) we have
w2, (A,B) = w?[(1—V)A+VB]

and
w2, (A,B) > w?[(1—V)A— VB
for ve[0,1].
This implies that

ey (A,B)

WV

ax {w?[(1—v)A+vB],w?[(1—v)A—vB]}

—~

w? [(1—v)A+vB]+w?*[(1-Vv)A— VB

|w?[(1—v)A+vB]—w*[(1—Vv)A— vB]|

N —

+ I 4+ o= B

N =

w? [(1—=Vv)A+vB]+w*[(1—Vv)A—VB])

—~

w[(1—=v)A+vB]+w[(1—Vv)A—VB]
x [w[(1 = v)A+VvB] —w[(1—Vv)A—VvB]|

for v e [0,1].
Observe that

w?[(1 = V)A+VB]+w?[(1—Vv)A— VvB]
>w([(1=v)A+vB) +w([(1-v)a—vB)
> max{w ([(1 —V)A+ VB +[(1-v)A - vB]2> ,
w([(1=v)A+VBP = [(1-v)a—vB[') }.
Since
w ([(1 —V)A+ VB +[(1-v)A— vB]2>
—w [(1 “ VA4 (1= v) v (AB+BA) + V2B
+(1=v)A2—(1- v)v(AB+BA)+szZ}
=2 [(1- v/ A%+ v2B?]
and
w ([(1 —V)A+ VB —[(1-Vv)A— vB]2>
=w [(1 —Vv)?A2+ (1 —v) v (AB+ BA) + v?B?
—(1=v)? A%+ (1—Vv)v(AB+BA) — v232]
=2(1-v)vw(AB+BA),

(3.3)

(3.4)
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then by (3.4) we get for v € [0, 1] that
w? [(1—Vv)A+VB]+w?[(1—V)A— VB (3.5)
> 2max{w [(1 —vP2A2+viBY —v)VW(AB+BA)}.
Also we have that
wl[(1—=Vv)A+VB]+w|[(1—-V)A—vB] > 2max{w[(1—V)A],w(VvB)} (3.6)
for ve[0,1].
By (3.3), (3.5) and (3.6) we then get (3.1). U
COROLLARY 1. Let C,D € B(H). Forall v € |0,1] we have that
w2 (C,D) 4|1 —2v|w(C)w(D) (3.7)
>w,, (C+D,C—D)
> max{w H(l —v)2+v2} (C2+D?) + ((1 —v)2—v2) (CD—i—DC)} ,
2(1 —v)vw(C2—D2)}

+max{(1 —v)w(C+D),vw(C—D)}
X |w[C+ (1 —=2v)D]—w[(1-2v)C+D]|.

In particular, for v=1/2, we get
1
we (C,D) = 5 max {w(C*+D%),w(C*—D?)} (3.8)
1
-l-Emax{w(C—l—D),w(C—D)Hw(C)—W(D)|.

Proof. 1f we replace A by C+D and B by C— D in (3.1) then we get
w3, (C+D,C—D) (3.9)
> max{w {(1 — V2 (C+ D) +12 (C—D)ﬂ ,
(1=v)vw((C+D)(C~D)+(C-D)(C+D)) |
+max{(1-v)w(C+D),vw(C—D)}
% W[(1=v)(C+D)+Vv(C—D)| = w[(1-v)(C+D)—v(C—D)]

for v e [0,1].
Observe that

(1—=v)}(C+D)*+v*(C—D)?
(1—v)*(C*+CD+DC+ D?*) + v?* (C* — CD — DC+ D?)
- {(1 - v)2+v2} (C+D?) + ((1 V)P v2> (CD+DC),
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and
(C+D)(C—D)+(C—D)(C+D)
=C?+DC—CD—D*+C*—~DC+CD—D*=2(C*—D?).

By utilising (3.9) we obtain the second inequality in (3.7).
Observe that

W%N (C+DaC_D)

= sup ((1 —V)[((C+D)x.x) >+ v\((C—D)x7x>\2>

= Hs‘l‘li)l <(l — V) [(Cx,x) + (Dx, x)|* + v |(Cx,x) — (Dx7x>\2> :

Also, for x € H,v € [0, 1] we have that
(1—v)|(Cx,x) + (Dx,x)|> + v |(Cx,x) — (Dx,x)|?
= (1=v) (|{Cx, ) +2Re [(Cx, ) (D) + (D)2
+v (lCx )2~ 2Re [(Cx, ) Dx.3) | + |(Dx, ) )
= {Cx,x) 2 + |{Dx,x) [ + 2Re [(1 —2v) (Cx,x) W} :
Since, for x € H, |[x] = 1,
Re [(1 —2v)(Cx, ) Dxx} )(1—2\/ (Cx, %) <Dx7x>)

< |1 =2v[[{Cx,x)[[{Dx, x)|
<[1=2viw(C)w(D),
then

(1= v)|(Cx,x) + (Dx,x)[* + v |(Cx,x) — (Dx, x)|?

< [(Cx,2)* + [(Dx,x) [P+ |1 —2v|w (C) w(D)
for x € H, ||x|| = 1, which, by taking the supremum over x € H, ||x|| = 1 gives the
first inequality in (3.7). O

4. Some integral inequalities

We define the integral numerical radius by

1
Wei (A,B) = / Wey (A,B)dv
0

1 1/2
=, ((1—v)\(Ax,x)|2+v\<Bx,x)\2> dv.
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We observe that w,; (A,B) > 0 forany (A,B) € B(H) x B(H). If w,;(A,B) =0
then w,y (A,B) = 0 for almost every v € [0,1] and since wy y (A,B) is a norm, then
(A,B) = (A,B). Also w;(aA,aB) = |a|w,.;(A,B) and

1
we7,-(A+C,B+D):/ Weuy (A+C,B+D)dv
0
1
< / (Wewy (A, B) 4+ We.y (C,D))dv = we; (A, B) + wes (C,D).
0

which shows that w,; (-,-) is also a normon B(H) x B(H).
In the sequel, by utilising some convexity properties and the celebrated Hermite-
Hadamard inequalities, we can provide other bounds as follows:

PROPOSITION 1. For (A,B) € B(H) x B(H) we have for vi,v, € [0,1] with
V| # v that

We, (1—1)vi+tvy (A,B) < (1 _t)1/2W€~,V1 (A7B) +tl/2we~,vz (A7B) 4.1

forall t €0,1].
In particular, for t = 1/2 we get

V2w v, (A,B) < We, (A,B) +We, (4,B). 4.2)
T
We also have that
V2 1w
- vi+vy (A,B) < A,B dv 4.3
2 We,_l; » (A,B) P— Wwe,v (A, B) (4.3)
2
< 5 [W€7V1 (A,B) +w€7\’2 (A7B)} .
In particular, for vi = 0,v, = 1 we obtain
1 2
FWe (A,B) < we,;i(A,B) < 3 w(A)+w(B)].

Proof. Consider the function

£ = (1) [as) P vises?) v e o,
Let vi,v, € [0,1] and o, > 0 with o+ 8 = 1. Then
fe(avy+Bw)
= (1= avi = Bva) [(Ax,x) [+ (@vy + Bva) | (Br.x)?)

= (e [(1=v) w2} 4 v (B ) ]

1/2

B[ o) [(Ax) P+ va 8] )
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By making use of the property

(c+d)'>< P +a'? ¢,d>0
we have that

(e [(1=vi) [(Ax 0+ vi (B, )]

B[ v (x4 vaBrof] )

1/2
< (Xl/2 [(1 — Vl) |<Ax,x>|2 +Vi ‘<Bx7x>|2:|

B[ - va) |Ax 0 v B P]

=a'fi(v)+ B fi(v2).

These imply that

fe(ovi+Bva) < a2 fe(vi) + B2 fe(va).

By taking the supremum over x € H, |jx|| =1, we get that

We ovi+B vy (A,B) = Hshlp fe(avi+Bwa)
x||=1

< sup [a!2f(v) + B2 f(v2)]
[lx[=1

< al/z“shlp fe(v) +B1/2Hshlp fe(v2)
x||=1 x||=1

= o' Pw,y, (A,B)+ B *w.y, (A,B),

which proves (4.1).
If we take the integral over ¢ € [0,1] in (4.1), then we get

1
/0 We,(l—t)v1+tv2 (A,B) dl
: 1/2 ! 1/2
< | (1—=1)' dtwey, (A,B)+ | t/“dtwe,y, (A,B)
0 0
and since

1
Vo —Vq

1 \2)
/O We,(1-1)vi+1vy (A7B) dt = /v We,v (A,B) dv
1

and | |
2
/(l—t)l/zdt:/ 2dr = =,
0 0 3

then by (4.4) we get the second inequality in (4.3).

4.4)
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Further, by (4.2) we obtain
\/EW& Y (A,B) < We,(1—t)vi+tvy (A,B) T Wervi+(1-1)va (A,B)

forall 7 € [0,1].
If we take the integral over ¢ € [0,1], then we get

V2w, wiv (4,B) (4.5)
1 1
< ‘/0 We,(l—t)V1+tV2 (A7B) dt+‘/0 WE,tV1+(1—t)V2 (A7B) dt
and since
1 1
/0 We,(1—1)vi+tvy (A,B)dt :/O Wetvi+(1-1)vy (A,B)dt

1 V2
_ / Wew (A,B)dv,
Vo — Vi Jy,

then by (4.5) we deduce the first inequality in (4.3). [

COROLLARY 2. Let (A,B) € B(H) x B(H). We have for v € (0,1) that

5 Wy (AB) + (1= V)w, v (A,B)] (4.6)
<wei(A,B) < % [vw(A)+w.y (A,B)+ (1 —v)w(B)].

In particular

w
e3

(A,B)} (4.7)

[W(A)+\/§we (A,B)+W(B)] .

Proof. 1If we take in (4.3) vi =0 and v € (0,1) then

2 1 /v 2
gwe% (A,B) < ;/0 Wev (A,B)dV < 3 Weo (A,B)+wev (A,B)],

namely

2 A%
ng&%mﬁ)g/ Wey (A,B)dv <
’ 0

W[ N

V[w(A)+wey (A,B)]. (4.8)

If we take in (4.3) vi = v € (0,1) and v, =1 then

2 1 1
V2 B < [ wevaBav <
2 1—v v )

=5 Ve, We,v (A,B) +we (A,B)]

W[
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namely

V2

Y v)w, v (AB 4.9)

(1=V)[wey (A,B)+w(B)].

Wl —

1
v

2
</ Wey (A,B)dv <

Now, if we add (4.8) and (4.9) then we get

V2 V2
7vwe7% (A7B)+7(1 _V)WE,VTH (A,B)
1
g/ Wey (A, B)dv
0
2

< SVIR(A) +wey (A.B)] + % (1—V)[wew (A,B) +w(B)],

which is equivalent to (4.6). [

Let (X,|-||) be a normed space. In [6] Kikianty and Dragomir introduced the
concept of p-HH-norm on the Cartesian product of two copies of a normed space as
follows:

1 » NP
(fo 1(1=1)x+2y]| dt) if 1< p<oo,

supefo,1) (1 =t)x+2y|| if p = e-.

G | popgrr ==

By the classical Hermite-Hadamard inequality for convex functions f : [a,b] — R,

(22 < L [ ias< TO210

2 b—a 2 ’
we conclude that

x+y e[l + [ylP\ 7
2 < sl < (B

for 1 < p<eoand (x,y) €X xX.

PROPOSITION 2. For (A,B) € B(H) x B(H) we have for vi,v, € [0,1] with
V| # v that

w<<1—V‘J2FV2>A+V1J2“V2B> (4.10)

1w
< / w((1—v)A+VvB)dv
Vo — Vi %1

1
~
V2 —Vi

WEV 5
Vi V2 ‘1 1%

1/2
< [(1— 4 ;V2>WZ(A)+¥WZ(B)} .

V2
/ Wew (A,B)dv < [
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In particular, for vi =0 and v, = 1 we obtain

w<A+B) g/lw((l—v)A+vB)dv @.11)
2 0

1

<wei (A,B) < [ /

< g [w? (A) +w? (B)]

1/2
wey (A,B) dv]

12

Proof. By the elementary inequality of Schwarz type we have for v € [0,1] and
x € H that

(1= v)|(Ava0)] +vI(Bro] < (1 - ) [Ax)P +viBesP)
and since
[{[(1=Vv)A+ VvB]x,x)| < (1 = V) |[(Ax,x)| + v [(Bx,x)]

then we get

(1= v)A+vBles) < (- v [avol +viBaP)

for ve[0,1] and x€ H.
By taking the supremum over x € H, ||x|| =1, we get that

w((1—=v)A+VB) <wey (A,B)

forall v €[0,1].

. . 1 \2)
Now, if we take the integral mean vy v we get that

1 V2 1 V2
/ w((1—Vv)A+VB)dv < / Wey (A, B)dv.
V2 — Vi Jy Vo — Vi Jy, i

If we use the properties of integral and norms, since w is a norm, then we get

w V)A-+VvB)dv
Vo — Vi Jvy;

S

Vi+W Vi+Ww
= 1— A B).




902 S.S. DRAGOMIR AND M. T. GARAYEV

By the Schwarz integral inequality we have that

1w
/ Wey (A,B)dv

V2 — Vi \%1
T no 1/2
< / w; ., (A,B)dv
_V2—V1 \%1 ’
- 1/2
1 & 2 2
= / sup ((l—v)|<Ax7x>\ + v |(Bx,x)]| )dv
V2=V =1

N

V27 V1w [lxf|=1 [lx]|=1

— 2 12
— _v21vl /v1 ((1_V>W2(A)+Vw2(B))dv]

- 1/2
= (1 — M) w2 (A) + wwﬁ (B)}

2 2
and the proof is completed. [J

We have the following upper bounds:
PROPOSITION 3. Ler (A,B) € B(H) x B(H), then
1 3
| w2y ABydv < 3wF (A= B) 40P (A)L (w2 (4) 02 (B)
G
where the logarithmic mean L(-,-) is defined by

R
L(xy)i= { e

xifx=y
and
1 3
/wg_v (A,B)dvgzwz(A—B)
0 @

+[| (4P 1P

‘2—HH

Sfor oo € (0,1). In particular

: 3
/O Wey (A, B)dv < sz (A=B)+ 1AL IBD - (A [B™ D gy -

- v 1/2
! / ((l—v) sup |(Ax,x)|* + v sup |<Bx,x>2> dv]

H (‘A*|2(1—a) ’ ‘B*|2(1—a)> H

(4.12)

(4.13)

2-HH
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Proof. From (2.1) we have by integration that

1
/ w2 (A, B)dv
e

<w?(A —B)/l max {1 —v,v}dv+ 1 w (A2 [w(B)]?Y dv
0 0

:w2(A—B)/Ol (%4— v—%’)a’v—i—wz(A)/O1 (Xﬁg;)vdv

B e, w
_ Zw2 (A —B)+W2 (A) « Inw?(B)—Inw2(A) ( ) a ( )

w2 (A) if w(A) =w(B),

which proves (4.12).
From (2.2) we also have

1
/ w2, (A,B)dv < 2w* (A—B) +/
e

XH( —v) A PO v BP0

‘A|20£ +y ‘B|20{

dv

! 2 2|\
—W2(A—B)+</O = v)1ape+ v sPe )

1 2 1/2
><</0 (= vyar PO v plie dv)

_3 2 20 200
= 2wt (a—B)+ || (1P, 1B)
« H (|A*|2(17a) 7 |B*|2(170£)>

‘2—HH

H2-HH ’
which proves (4.13). O

Also we can get the following lower bounds:

PROPOSITION 4. Let (A,B) € B(H) x B(H), then
! 1 AB+BA
/ WEV(A,B)dV>gmax{w(A%Bz),w( er )} (4.14)
b e

Proof. From (3.1) we have

w2, (A,B) > w [(1 —v)?2A v232}

and
w2, (A,B) > (1—v)vw(AB+BA)

forall v €[0,1].
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By taking the integral, we get that
1 1
/ WZV(A’B)dV>/ W[(l—v)2A2+szz} dv
o 0
! 1
[ 0ot om)o e
0

and
1

1 I
/wzv(A,B)dv>w(AB+BA)/ (1-v)vdv = cw(AB+BA),
0 ’ 0

which proves (4.14). O

5. Applications for one operator

If we take B = A*, then

Wey (A,A") = sup ((1 — ) [{Ax,x)]? + v [(Ax, %) |2) v s [(Ax,x)| = w(A)

forall v € [0,1] and by Theorem 1, inequality (2.2), we obtain

W2 (A)<R||A—A*||2+H(1—v) A% 1 v|A* 2 5.1)
X [[(1=v) PO 4y fa e
forall v €[0,1].
In particular, for v =1/2 we get
1 Lo 1
W2 (4) < 5 I = AP+ 7 |laPe 4+ arpPe (5:2)
> H|A*‘2(l—a)+‘A|2(lfa) )
Now, if we take o = 1/2 in (5.1), then we get
%112 *
w? (A) SRJA = AY* + (1= v)|A[ + v[A™]|
X [[(1=v) A"+ vIAll,
while from (5.2),
1 %112 1 *1112
W (4) < 314 — A" 5 Al + A
Also, from (2.3) we have
W2 (4) SRJA—A"| 4 |[(1= v) AP + v |40~ (5.3)

> H(l _ V) |A*|2(1_a)+V‘A*|2a




BOUNDS FOR THE EUCLIDEAN (A-M)-NUMERICAL RADIUS 905
and, in particular,

1 1 -
W2 (4) < 5 I =A%)+ 7 |laPe + a2 (5:4)

% H|A*‘2(1706) + ‘A*‘2a

If we take B=A" in (3.1), then we get

w2 (4) > max {w[(1-v)?A>+ v2 (4], (1 - v)vH\A\2+ \A*FH} (5.5)
+max{l—v,viw(A)
X |w[(1—=Vv)A+ VA" ] —w[(1—Vv)A—VvAT|
forall v €[0,1].
In particular, for v =1/2 we get
2 1 2 )2
w (A))Zmax{HA +(A") ,'
1 * *
+ @A+t = lla-aT]].

AP+ 1P|} (5.6)

From (3.8) we get for (C,D) = (A,A") that

1
W2 (A) = ZmaxHA2+(m>2

A2 (A% H . (5.7)

For an operator T € B(H) we consider

Npw (T) :=wpy (ReT,ImT) = sup ((1—v)|(ReTx,x)|” + v |(ImTx,x)|")"/? (5.8)
=1

for v,or € 10,1].
For v =1/2 we have

1
sup (|(ReTx,x)|” + |(ImTx,x)|")"/P = —

=1 2175 (1)

np,1/2 (T) =
where
N, (T) = sup (|(ReTx,x)|” +|(ImTx,x)|")"/7.
[lx]l=1

We also observe that, for p =2, we have

2 (T) = Hs\l\lgl (|<ReTx,x)|2 + |<Ime,x)|2> v w(T).

We observe that 1,y (-) is a real norm on B(H), namely 1, (T) > 0 for all
TeB(H), npv(T)=0only for T=0, n,v(T+V) < Npyv(T)+npy (V) for all
T,V €B(H) and 0y (aT) = |a|n,,v (T) forall T € B(H) and any real number a.



906 S.S. DRAGOMIR AND M. T. GARAYEV

If we take (A,B) = (ReT,ImT) in (2.1), then we get
ey (T) S R|ReT —ImT|* 4 [Re T [~ [1m 7>

for v € [0,1].
In particular, for v =1/2 we get

w? (T) < ||ReT —ImT|* +2|[Re T|| [ ImT||.
If we take (A,B) = (ReT,ImT) in (2.2), then we get

n2,(T) <R|ReT —ImT|*+ H(l —V)|ReT|** + v|ImT|**

X H(1 —v)Re T 4y ImT )

for v,a € [0,1] and for v =1/2 we get

1
W (T) < ReT ~ImT*+ 3 H|ReT|2°‘ + ImT®

X H|ReT|2(17a) + [ImT |21~

For o¢ = 1/2 in (5.11) we obtain
n2, (T) <R|ReT —ImT|*+||(1 - v)|ReT|+ v|ImT||
while from (5.12)
2 2, 1 2
w™(T) < ||ReT —ImT|| +§|||ReT|+\ImT\H :
From (2.3) we obtain
N2, (T) <R|[ReT —ImT|* + H(l —V)|ReT|** + v |ImT '~

X H(l —v)[ReT]P=%) 4 v [ImT >

and, in particular

1
W2 (T) < [ReT ~ImT P+ 3 IR T2+ fim 2=

x H\ReT|2“*°‘>+ Im T |

The case oo = 1/2 gives the previous inequalities (5.13) and (5.14).
Now, if we take (A,B) = (ReT,ImT) in (3.1), then we get

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

n2, (1) > maX{H(l - v)2Re2T+v21m2TH J(1—v)v HReTImT+ImTReT||}

+max{(1—Vv)|ReT|,v|ImT|}
x[|(1=v)ReT +vImT| —|[(1—v)ReT —vImT]||.
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In particular, for v = 1/2 we obtain:
1
w? (T) > 5max{y|Re2T+1m2Ty| ,|[ReTImT +ImTReT||}
1
+ Emax{HReTH ,ImT}||[ReT +ImT| — |[ReT —ImT]||.
From (3.8) for (C,D) = (ReT,ImT) we get that

Re’T —Im’T||}

b

W (T) > %max{HRezT—kIsz

1
+ Emax{HReT—l—ImT” JIReT —ImT|}||[ReT| — |ImT||.

6. Applications for Davis-Wielandt radius

907

We define for p > 1 and v € [0,1] the p-(A-M) Davis-Wielandt radius of T €

B(H) as
2 » 2\ /P
dpow (T) i=wpy (T.|TP) = sup (=) Tx,x) 7+ v | x|
x||=1
By (1.11) we obtain the following lower bound
dpw(T) > w [(1 - v)T+v|T|2]

forall p>1and v €[0,1].

For v =1/2 we have

1
dy1ow(T) = mde(T)7 p=1,

where y
dyw(T) == sup (\<Tx,x>|1’+’<|r|2x,x>"’) "

[lxll=1
For p =2 we recapture Davis-Wielandt radius dw of T.
For p=2 and v € [0,1] we put
2 2 12
dew(T) i=wey (TITP) = sup (1= v)[(Tx.0+v|T2*)
[Ixll=1
which for v = 1/2 gives
de /oW (T) = —=dw(T).
For p =1 we have that

dyw (T) := wy (T, |T|2> - s ((1 SV T x)| + v HTx||2>

6.1)
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and for v =1/2,

1 1
dijow (T) i=wijo (TIT1P) = 5 sup (|(Tw)| +[|Tx|) = Sduw(T).

[l =1

From the inequality (2.1) we have for (A,B) = (T, \T\2> that

e (T) < Rw? (T =T ) + o ()P |71 (62)
In particular, for v =1/2 we get
aw? (1) <w? (T = T) + 20 (T) T
From (2.3) we obtain that

deyw* (T) < Rw? (T— |T\2> +’ (1= V) |TP%+ v T~

(6.3)

« H(l _ V) ‘T*|2(1—a)+v‘T‘4a

and, in particular,

1
dw* (T) < w? (T _ \T|2> 4 5 H‘T‘2a+ \T|4(1_a)

H‘T*|2(1fa)+|T‘4a

For oo = 1/2 we obtain
deaw? (T) < Rw? (T = |TP?) + H(l i +vm2H
x| =vy i+ viTp|

and |
aw? (1) <w? (T = |T1) + 3 | 171+ 1P| |11+ 17 P

From the inequality (3.1) we have for (A,B) = <T7 \T\2> that
dpyw? (T) > max{w [(1 V)T VP \Tﬂ (1= v)vw <T|T|2+ |T\2T>}
+max { (1= v)w(T),v|T|*}
X ’w[(l—v)nvwﬂ —w[(l—v)T—v\TE”.
In particular, for v = 1/2 we obtain:
dw? (T) > %max{w (T2+ |T\4) W (T|T|2—|— |T\2T)}

+ %max{w(A),HT||2} ‘w (T+ |T|2> —W(T— |T|2> ‘
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