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A NEW HARDY-HILBERT-TYPE INTEGRAL INEQUALITY INVOLVING
ONE EXTENDED DERIVATIVE FUNCTION OF HIGHER-ORDER

BICHENG YANG AND LING PENG*

(Communicated by M. Krni¢)

Abstract. By means of the weight functions, the idea of introducing parameters and the tech-
niques of real analysis, a new Hardy-Hilbert-type integral inequality with two internal variables
involving one extended derivative functions of m-order (m € Ny) is obtained. The equivalent
statements of the best possible constant factor related to some parameters are considered. The
equivalent forms, the operator expressions and the cases of reverses are provided.

1. Introduction

Assumethat p> 1,1 +1 =1 4,5,>0,0<3> ah <cand 0< Y b <
oo. The following Hardy-Hilbert’s inequality with the best possible constant factor
r/ sin(%) was provided as follows (cf. [9], Theorem 315):

o o T < (& %
gzlnH_n sin(ﬂ:/P)(zagl> (nzilbz> ' v

m=1

If f(x),g(y) >0, 0< [y f(x)dx <eo and 0 < [;"g(y)dy < oo, then we still have the
integral analogue of (1) named in Hardy-Hilbert’s integral inequality as follows (cf. [9],
Theorem 316):

/: /: %giy)dm’y = m (/:fp(x)dx)}) (/:gq(y)dy> 57 2

where the same constant factor 7/ sin(%) is still the best possible. Inequalities (1) and
(2) played an important role in analysis and its applications (cf. [2—13]).

In 2006, by using the Euler-Maclaurin summation formula, Krnic et al. [14] gave
an extension of (1) with the kernel as m (0 <A <4). Applying the result of [14],

in 2019, Adiyasuren et al. [1] considered an extension of (1) involving two partial sums.
Furthermore, in 2020, Mo et al. [17] gave an extension of (2) involving two upper limit
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functions. In 20162017, Hong et al. [10, 11] provided several equivalent statements of
the extensions of (1) and (2) with multi-parameters. Some similar results were given
by [7,8,18,20,21,30]. In 2023, [29] gave a Hardy-Hilbert-type integral inequality in-
volving one multiple upper limit function and one derivative function of higher-order.
Huang et al. [13] provided a reverse Hardy-Hilbert-type integral inequality involving
derivative functions of higher-order. Peng and Yang [19] discussed half-discrete mul-
tidimensional Hilbert-type inequality with higher-order derivative function, while this
research focuses on a more general kernel related to Hardy-Hilbert-type integral in-
equalitiy. Although Hong et al. [12] also investigated kernels of integral inequalities
involving an upperlimit function similar to ours, our work further extends the study to
include higher-order derivative function.

In this paper, following the way of [11] and [29], by means of the weight functions,
the idea of introduced parameters and the techniques of real analysis, a new Hardy-
Hilbert-type integral inequality with the kernel as W (A >0, meN) in-
volving one extended derivative function of m-order is provided. The equivalent state-
ments of the best possible constant factor related to related to several parameters are
considered. The euivalent forms, the operator expressions are obtained. The case of
reverses are provided, which are extensions of [13].

2. Some lemmas

In what follows, we give the following Assumption Al:

p>0 (pAD). L 4l=1,0<hi<d (i=12), Ai=2244 25=20
% for a,f ER= (—o0,00), U(x) (x> o) and V(y) (y > B) are positive functions
with U'(x) >0, V/(y) >0, U(a™) =V(BT) =0, and U(ee) = V(e0) = co. We also
assume that f(x) is a nonnegative function in (¢t,e°), and define

o) i= 1At = () (e o)

(k=1,---,m; meN),

satisfying for any k € {1,---,m},
fic1(x) =0(eV™) (1> 0; x =), fiii(at)=0,

and f,,(x) (resp. g(v)) (m € Np) is a nonnegative continuous function unless at finite
points in x € (o,00) (resp. y € (B,°)), such that

(1-Ay)
o</a %ﬁn(x)dx<w and
(

o (1-22)-1
0< /;3 %gq(y)dy < oo,

We indicate the gamma function as follows:

Ia):= /Owe_tto‘_ldt (a0 >0) 3)
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satisfying I'(ac+ 1) = oI (o) (o > 0). Define the following beta function (cf. [22]):
< =l T'(u)T(v)
B ) = = , V> 0). 4
(,v) /0 (I+0)w v T(u+v) (u,v>0) @)

By using (6), for A >0, x> o, y > B, we still have the following formula related to
the gamma function:

1 1 it
_ UV () A1
(UG V) m)/o ¢ o ®)

LEMMA 1. With regards to Assumption Al, for t > 0, m € No, we have the fol-
lowing expressions:

/m e—tU(x)f(x)dx —m /m —tU(x ﬁn( ) (6)
Proof. For m=0, fy(x)= f(x), (6) is naturally valid; form e N, k€ {1,---,m},

by the assumption A1, we find e U )f‘ '

follows that

\ = = 0, and then by integration by parts it

foemamas= [T (f5:3)

_ | —oe fk 1(x Jie1(®) )
= e >] / U

=t/e 9 fiy (x)dx 7

Substitution of k = 1,---,m in (7), by simpplification, for fy(x) = f(x), we obtain (6).
The lemma is proved. [J

LEMMA 2. With regards to Assumption Al, define the following weight functions:

L aa, [T V@)V (1)dr .
B(Aax) - = (U)) //3 T FE @) ®)

L o (2 ) G A Ol .
o) : = (VO [ e ve (B ©)

We have the following expressions:
O(A2,x) = B(A2,A — L) (x € (0,00)), (10)
o(A1,y) = B(A1,A —41) (v € (B,)). (11)
Proof. For a fixed x and x > o, setting u = ggc)) , we find

do=1y(y
O(A2,x) = (U(x))k_h/‘ Md’u

0o (U(x)+ul(x))*

oo QLQ ldu
= || Tt = B2 A~ ).
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namely, (10) follows. In the same way, we obtain (11).
The lemma is proved. [J

LEMMA 3. With regards to Assumption Al, (i) for p > 1, we have the following
extended Hardy-Hilbert’s integral inequality:

[T 7 InX)g()dxdy 1 B ! -
o '—/,3 /a T Lvo)r <5 e —42)Be (1,4~ )

o (U (x))P(1=A)~1 oo (1-75)—1
LQQKWI‘WWQ 4(%ﬁbqlg®@];(m

(ii) for 0 < p < 1, we have the reverse of (12).

1
P
X

Proof. (i) By using the Holder’s inequality (cf. [15]), we obtain

( ())( PV ()"
_/ / ))(%1— 1)/‘1(U’(x))1/‘lfm(x)]
(U(x))( Dia(y’(x))V/4 ]

(v

X dxdy

(V)P MWyvg

< { / )
= = (V') U (x)  (U)hdx g
x{/ﬁ /a Ux)+V))r (V(y)k 1)(4—1>]gq(y>dy}

M)
/ @ (A2, x) )ik fp(x)dx]

1

))M ldy ]fp() }F

/“(U’(X))I’I’V’(y) v
B (UE+VE)* (UE)H

T

1
q

q(1-A)~1
<| [, @y )) g0y (13)

If (13) keeps the form of equality, then there exist constants A and B, such that
they are not both zero, satisfying

A(V(y))lz’lV’() nx) _ BURX ))Al 1U’(X) 0y )
(U (x)) MDD (x))r=1- - (V(y)) DV ()
a.e.in (a, ) (B,).
Assume that A # 0. For fixed a,e,y € (,0), we have
(U@t
T
Bg(y)

- A(V(y))(AZ*l)q(V/(y))q (U(x))_l_bU/(x) a.e.in (0,00,
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where b:=2 —A; — A € R. Since [ (U(x)) "' 72U’ (x)dx = o, the above expression
contradicts the fact that

oo (U (x))P1—H)—1
0< /a %]‘E(X)dx < oo,

Therefore, by using (10), (11) and (13), we have (12).

(ii) By applying the reverse Holder’s inequality and in the same way, we obtain
the reverse of (13).

The lemma is proved. [J

3. Main results

THEOREM 1. With regards to Assumption Al, (i) for p > 1, we have the following
Hardy-Hilbert-type integral inequality involving one extended derivative function of m-
order (m € Np):

[T fxeW)
t= o L oo

(A 1 1
< ﬁB;(ALA —7L2)B;(7L1,7L —A)

° (Ul(x p(1-Ap)~1 ’
/a ( ((U)/)(x))l’—l_ f,;;(x)dx]

A N N
— & Wwdy| s (14
Jy gy #
(ii) for 0 < p < 1, we have the reverse of (14).
In particular, for p > 1, A+ A, = A, we reduce (14) to the following:

/ / dxdy _ [(A)B(A1,42)
))Atm (A +m)

(U(x))rt=*) % = (V(y))al-%) q
/awfm() ] /ﬁqu(y)dy] , o (15)

where the constant factor (/1 + (ll,lg) is the best possible.

X

X

Proof. (i) By using (6) and the Fubini theorem (cf. [16]), we find

1 = " Atm—1 —(U(X)+V ()t ]
I = 7F(7L+m)/ﬁ /a f(x)gly) {/0 t e dt | dxdy
_ 1 Zaimet ([T vy * Vo
= F(?L—i—m)/o Tt (/a e f(x)dx) </l3 e "V g(y)dy)dt
_ 1 ot [T vy )( ® Vo )
= 1“(7L—|—m)/o t (/a e Su(x)dx /13 e gy)dy | dt
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_ 1 e T A, (U V()
_F(7L+m)/;3 /a Fn()g0) [/Ot e dt | dxdy

__ra) /w /w fn(X)gO)dxdy T2l
TTGAm s Jo W) FVE)E T TR+ 4m)’

Then by using (12), we have (14).
(i1) In the same way, by using the reverse of (12), we have the reverse of (14).
For A; + A, = A in (14), by simplification, we have (15). For any 0 < € <
min{pA;,gla}, we set

= { 0, a<x<a+l,
TL@E) T U)U (x), x> a1,

and for k=0,1,---,m (m € Np),

].Clj(z(% -5t DU By (UE))U (), xZ et

0, a<x<o+l,
Ji(x):=

-1
where we define [] (4 — f;+i) =1,P1(Ux)):=0; fork=0,---,m—1 (meN),
i=0

P—k—1(t) is a positive polynomial of (m —k — 1)-order, satisfying P,_;—1(U (ot +
1) = (U(a+ DR

folo) = Tt = (f’;;l(fj)”) (x€ (@),

filx) = o(eY) (1> 0;x—e), filat)=0
(k =1,---,m; meN),
and
- 0, a<x<a+l,
_ m—1 €
I =4 - £ 1) 0w, xz et
i=0

We also set the following function:

o 0, B<y<B+1,
80)= { VOV, v B L.

If there exists a positive constant M < %, such that (15) is valid if we
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replace % by M, then in particular, setting bg := l]:[ (M — § +i)(>0), since

~ Ul(x))PU—=41)— ))a(i=A2)-1 2
o [ ][ ]
:bg[;u( ey (x } [/ﬁH ‘SldV()r
= She(Ua+ ) F V(B 1),
we have
dxd ~
i [ s
= Yhw <a+1>>‘%<v<ﬂ+1>>‘§. (16)

In view of the Fubini Theorem (cf. [16]), setting v =V (y)/U (x), it follows that

. VoY V()
= fon Vm( UG+ Ve

*[(U )5 Py (U))U (x)dx = I — Iy,

where we indicate

[ (Vo)™ V' ()dy M m
Iy := /a+1 [/ﬁJA ( ‘| (U(x)) Tm=1ry (x)dx,

UoR ()W
[ e
b [/ﬁl |

For a fixed x and x > ¢, setting v=V(y)/U(x), we find

oo V)L27§71
/ﬁﬂ (1+V)7L+m dx

m— 1(U(x))U/(x)dx.

Io = / il<u<x>>+lv’<x>

°° Ugﬁill)) pRg!
= Ux) & '0 (x / ’ dx
OC+1( ( )) ( ) V%t:)l) (1 +V))L+m

oo

+ [ UE) U W /N Vel d
X X e — X
o+l e (14 v)Atm
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o {/N /3+1))(U(x))_£_1U/(x)dx} %

/ o
£
)2___1

L) /MM e

U(o+1)
V() ApE)

- Ap—E—1
_ U(a+l) V _
0 (14v)At P (1At

o |

1
€

We also obtain
0<1= /°° P 1 (U)U' (%) /w (v(y>>HIV/<y>dy] "
“UE@HVE) T LB U@ +ve)Ed

</°" U’(X)cix /"" V’(y)dky <M < oo,
o+l O((U(x))Tl'H) B+1 (V(y))3+71+1

So by using (16) and the above results, it follows that

NS - i
VB+1)* [T vt W 1) [y, T —
o (Ttwrm H (LA
= &l < Mbe(U(a+ 1)) 7 (V(B+1))77.

As € — 0T in the above inequality, in view of the continuity of the beta function, we

find T(A)B(A1, A
Mbo = B(A +m, A2) < Mby,

(A +m)
B(A1,
namely, M > %
Hence, M = (}fim B(A1,4,) is the best possible constant factor in (15).

The theorem is proved. [J

REMARK 1. For p > 1, 11 = % + %, /7[2 = % + %, it follows that /7[1—1-

Zo=2A. Wefind 0< A < &4—%:1 andthen 0< Ay =4 —A; < A. By using the
Holder’s inequality (cf. [15]), we obtain

/1/12+

o~ o~ oo 11—1du u pr
0< By A :/ u :/ 4
<BA) = AT T b e

o 1 A=dp—1 A -t
- |, T ( ' )( " )”’“
1 1
S 3 I B Il I q
< —d —d
[/0 T /0 (1t ur

— BY (X — Ao, A2)BY (A1, A — ). (17)
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THEOREM 2. With regards to Assumption Al, for p > 1, if the constant factor
r'(4)

(A +m)

in (14) is the best possible, then we have A+ A, = A.

BP (Ao, A — A0)B7 (M, A — A1)

Proof. By using (15) (for A; = A; (i = 1,2)), since

(A 1 1
e LI R
is the best possible constant factor in (14), we have
D) et B (A r(A) =
F()H_m)B: (A2,A — A2)B4 (A1, A — A1) < F(A+m)B(/ll7/12)(e R,),

namely,
~ o~ 1 1
B(A1,A2) = B? (Ay,A — A2)B4 (A, A — Ay).

It follows that (17) keeps the form of equality.

We observe that (17) keeps the form of equality if and only if there exist constants
A and B, such that they are not both zero and Au*~%~1 = But1~! qe. in R, (cf.
[15]). Assuming that A # 0, it follows that WM — B/A a.e. in R., namely,
A—A—A=0,and then ;1 +4, = 1.

The theorem is proved. [

For U(x) =x (x € (0,%0)) in Theorem 1 and Theorem 2, we have f,,(x) = £ (x)
and

COROLLARY 1. For p > 1, we have the following Hardy-Hilbert-type integral
inequality involving one derivative functions of m-order:

// x+U 7L+’“ddy

<%BP(?@,A A2)Bi (Mg, A — Ay)

o ~ AN (1-22)-1
XUO xp(l—kl)—l(f(m)(x))l?dx] [/ﬁ (V(y))q—lgp(y)dy] . as)

N,

(V')

In particular, for A; + A, = A, we reduce (18) to the following:

[(A)B(A1,42)
// x+V A+mdd< T(A +m)

oo 2 e (1-22)-1
X[/o xp(lkl)l(f(m)(x))pdx] l/ﬁ (V(y))‘f—q_lgp(y)dy] , (19)

Q=

V')

where, the constant factor %B(M,lz) is the best possible. On the other hand, if
the constant factor in (18) is the best possible, then we have A; +A; = 4.
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4. The case of reverses

For 0 < p < 1 in Theorem 1, we have the following reverse of (14):

< fx)gly)
/ﬁ /a @0+ v )y ™
> %B;’(MJ—M)B‘I’@IJ_M)

N,

oo (U (x))P(1=A1)—1 5T e (1-725)—1
/ W)y 2= ,ﬁ(x>dx] l /ﬁ (V(y))q—lg’f(wdy] RGN

X
a (U'X)P (V'(y))e
In particular, for A; + A, = A, we reduce (20) as follows:
/ / dxdy o TA)B(, )
))Atm T'(A+m)

N,

X

U (- % o (1-Ap)~1

THEOREM 3. With regards to Assumption Al, for 0 < p < 1, the constant factor

W in (21) is the best possible.

Proof. For any 0 < £ < Ay min{p, |g|}, we set functions f(x), g(y) and f,(x) as

in Theorem 1. If there exists a positive constant M > M, such that (21) is valid

T(A+m)
when we replace % by M, then in particular, we have

T= / / Fx)20) ——dxdy > MJ, 22)
B Ja (U(x)+V(y))ttm
where, in view of the proof of Theorem 1, we have

* (U()C))P(l‘}“l)—1 ~ P (v ))q(l—)tz)—l N 3
/a Wﬁf (X)dx] l /13 qu(y)dy
= e ) h )

By applying the Fubini Theorem (cf. [16]) and the proof of Theorem 2, setting
=V(y)/U(x), it follows that
] (U E)M 5 Y (x)dx

= = [ eV ay
</ /13+1 U T V)
VD A4 E_]

_g [Ulet+T) V P

R R T

J:

le

1
£

- B
dv+ (U(a+1)) ¢ /V Y e ]

A+m
Pl (T4 v)At



A NEW HARDY-HILBERT-TYPE INTEGRAL INEQUALITY 861

By using (22) and the above results, we have

VB e

U(a+1) °° 127371

(

£

> el > Mbe(U(a+ 1)) 7 (V(B+1))

Q

As € — 0" in the above inequality, in view of the continuity of the beta function, we
find
T(A)B(A1,A2)by  T(A)B(A1+m,Az)
(A +m) L(A+m)

Hence, M = % is the best possible constant factor in (21).
The theorem is proved. [

> Mby.

REMARK 2. For 0< p<1, Ay =28 4 i~ Akl g, 3, = 2=k Ja
follows that /11+ 7L2 A.For A — A1 — A € (—pA1,p(A — A1), weﬁnd0<7ll</l

and then 0 < 7Lg A— M < A. By using the reverse Holder’s inequality (cf. [15]), we
obtain

Ady A

u p2+ jd W |

oo > B(Zbiz) :/0 Wdu

o 1 A-l-1 A=t
:/ ——u u 9 |du
0o (14+u) A
7L Ar— l %
= / du
0 l+u o 1+u

— B7 (A2, A — A2)BT (A, A — A) > (23)

THEOREM 4. With regards to Assumption Al, for 0 < p < 1, if the constant factor
I'(4)
T'(A +m)

in (20) is the best possible, then for A — Ay — Ay € (—pA1,p(A —A1)), we have A; +
A =A.

B? (Mg, A — 20)BT (A, A — A1)

Proof. By using (21) (for A; = A; (i = 1,2)), since
I'(4)

T'(A +m)

is the best possible constant factor in (20), we have

r'(4)
(A +m)

B7 (Mg, A — 20)BT (A, A — A1)

BT{(A’27A—A2)B%(117A—A1) 2
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namely,
B(M,A) < B%(lz,l —7L2)B%’(7L1,7L -A).

It follows that (23) keeps the form of equality.

We observe that (23) keeps the form of equality if and only if there exist constants
A and B, such that they are not both zero and Au* %=1 = Byt~ g.e. in R, (cf.[15]).
Assume that A # 0. We have w2 = B/A a.e. in Ry, namely, A — A, — 4} =0,
and then A, +A, = A.

The theorem is proved. [

For U(x) =x (x € (0,00)) in Theorem 3 and Theorem 4, we have f,,(x) = £ (x)
and

COROLLARY 2. For 0 < p < 1, we have the following reverse Hardy-Hilbert-type
integral inequality involving one derivative function of m-order:

- - 5 [ e (1-22)—1
X[/o xp(lll)l(f(m)(x))pdx] l/ﬁ %g”(y)dy] ) (24)

In particular, for A1 + Ay = A, we reduce (24) as follows:
/ / ydxdy _ T(A)B(A, %)
(x+ V 7“”” (A +m)

1
oo o > oo V(y))q(l—)tz)—l
X xPU=A) =1 pm) (o pdx] ’ / WODT 27 dy| (25)
I mwrar| | [ et
where the constant factor ()L( +2n) (A1,A2) is the best possible. On the other hand, if the

constant factor in (24) is the best possible, then for A — Ay — Ay € (—pA1, p(A —A1)),
we have A +A = A.

e,

e,

5. Equivalent forms and the operator expressions

THEOREM 5. With regards to Assumption Al, (i) for p > 1, we have the following
Hardy-Hilbert-type integral inequality which is equvalent to (14):

J= { A [<v<y>>ﬂ“v’<y> A (U(xﬁ’“v)f;)ﬂm]pdy}%

r(A) 1 :
< ﬁ&ﬂ (Ao, A — A2)Bi (Ag, A — Ay)

/OCLM) ] ; 26)

X

(U'(x))?
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(ii) for 0 < p < 1, we have the reverse of (26) which is equivalent to (20)
In particular, for p > 1, A+ A, = A, we reduce (26) as follows:

U Joorsvo [ (Uuﬁ)cv)c(?»ﬁm]pdy}%

T(A)B(Ay, A p(1-21) ?
Db o) | [ WO g an
FA+m)  |Ja  (U'x)P~
for 0 < p <1, we have the reverse of (27), where the constant factor A+m B(A1,42)
in (27) as well as its reverse is the best possible
Proof. (i) By applying the Holder’s inequality, we have
dxdy
- / / 7L+m
L5
_ / V)R / f(x)dx (VO 2e0) |
V()P Jo (U(x) +V () Atm (V' ()P
1
q
(28)

) (1-1)
/13 A ——28(v)dy

ST o

Then by using (26), we have (14).
On the other hand, assume that (14) is valid. We set

_ otoy f(x)dx 7t
g(y) = [(Wy))f’A W(y) / T +V(y))z+m] , y>B.

If J =0, then (26) is naturally valid; if J = oo, then it is impossible that makes (26)

valid, namely, J < e. Suppose that 0 < J < eo. We have

- (1-725)—1

) g (o2 — B (A M)

==

o (1-2)—1 P
e

(A 1 1
< ﬁb”l’(%,l —7L2)B‘1’(7L1,7L -LA)

This proves (26), which is equivalent to (14)
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(i) In the same way, for 0 < p < 1, we have the reverse of (26) which is equivalent
(20).

For A1 + A, = A in (26), by simplification, we have (27).

For p > 1, the constant factor in (27) is the best possible. Otherwise, by (28),
we would reach a contradiction that the same constant factor in (15) is not the best
possible. In the same way, for 0 < p < 1, we can show that the same constant factor in
the reverse of (27) is the best possible.

The theorem is proved. [J

THEOREM 6. With regards to Assumption Al, (i) for p > 1, if the constant factor
r'(4)
(A +m)

in (26) is the best possible, then we have A+ Ay, = A ; (ii) for 0 < p < 1, if the constant
factor

B? (Ao, A — A0)B7 (A, A — A1)

I'(A 1 1
ﬁl}’l’(bﬂ—b)l};(lhl—ll)

in the reverse of (20) is the best possible, then for A — Ay — Ay € (—pAi,p(A — 1)),
we have A+ A, = A.

Proof. (1) Since
r'(4)
(A +m)
is the best possible constant factor in (26), by the equivalency of (26) and (14), we can
show that the same constant factor in (14) is the best possible. Then by using Theorem

2,wehave A+, = A.
(ii) Since

B? Aoy A — A0)B7 (A, A — A1)

r'(4)
(A +m)

is the best possible constant factor in the reverse of (26), by the equivalency of the
reverse of (26) and the reverse of (14), we can show that the same constant factor in
the reverse of (14) is the best possible. Then by using Theorem 4, for A —A; — A, €
(=pA1,p(A —A1)), wehave A1+, = A.

The theorem is proved. [

For U(x) =x (x € (0,%0)) in Theorem 5 and Theorem 6, we have f,,(x) = £ (x)
and

BF (Ao, A — A0)B7 (M, A — A1)

COROLLARY 3. (i) For p > 1, we have the following Hardy-Hilbert-type integral
inequality which is equivalent to (18) involving one derivative functions of m-order:

{/ﬁm [(V(”)’%‘IV’@) I8 %rw};

< %B}’(b,l—bm}l(%,l—ll) {/0 P(1-)- (f{m}( ))Pdx " (29)
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In particular, for Ay + Ay = A, we reduce (29) to the eqivalent form of (19) as follows:

LRIBO2a) [ a2y o (1))
_ F()H_m) {/0 P(1=h)=1( g ())Pd], (30)

where the constant factor ( l +m B(A1,A2) is the best possible. On the other hand, if

the constant factor in (29) is the best possible, then we have A+ Ay = A.
(ii) For 0 < p < 1, we have the reverse of (20) which is equivalent to (29). In
particular, for M + Ay = A, we reduce the reverse of (29) which is the egivalent form of

(21), where the constant factor %B (A1,42) is the best possible. On the other hand,

if the constant factor in the reverse of (29) is the best possible, then for A — A1 — A, €
(=pAi,p(A — A1), we have Ay + Ay = A.

In the following, we consider the operator expressions.

For p > 1, we set functions ¢ (x) := %, v(y) = W then,
we have

YO = (VE)PRTIVI() (e (@), y € (B,e)).
Define some real normed linear spaces as follows:

Lpg((0)) = {f=f(x):fp,¢=</ o070 ) <oo}
Loy (B.)) = {g:g@):ngn%ﬁ(/ Vo) g0l ) oo}

Ly s (Bo) :={ h(y): ||h||,,wlp—(/ v |de) <oo}

ra /
For f € Ly ((at,00)) :={f = f(x); folx)=f(x); fe(x) = (fk 1 ) fioi(
o(eVW) (1 >0; x =), firg(@") =0 (k=1,---,m; me N) and fm(x is a non-
negative continuous function unless at finite points inx € (o,), fin €Lpo((ar,o))

(m € Np)}, setting
Y Sf(x)dx -

By using (26), we have h € L, 1 ((B,)), satisfying

T [ [ romrs|

T(A)B7 (A, A — Aa)
T(A+m)

BT (A1, 2= 20) ol g 31
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DEFINITION 1. Define a Hardy-Hilbert-type integral operator T : ZM, ((or,00)) —
L, yi-» ((B,e)) as follows: forany f € Ly o ((r,*)), there exists aunique representa-
tion h=Tf €L, 1 ((B,)), satisfing forany y € (B,), Tf(y) =h(y).

Define the formal inner product of 7'f and g € Ly, ((,°)), and the normed of
T as follows:

oo = [ ([ wsvoms)soe=

71
1T = sup —
fm(?éo)ELp‘(p((O(,OO)) ||fm ||p.(P

I=p

In view of (26), it follows that

T(A)B? (A2, A — o)
pyIrs T(A +m)

1
T fllpy1-r = [Ih B (A, A = A1) [ fmll .

and then the operator T is bounded satisfying

T(A)B? (Ao, — o)
T(A+m)

I < B (A1, A — Ay).

By using Theorem 5 and Theorem 6, we have

THEOREM 7. If f(>0) € Zp#,((a,oo)), g(>0) € Lyy((B,e)), then we have
the following equivalent inequalities:

1
T(A)B? (A, A —Ap) 1
(11.9) < "B G- a) Ul el G2
T(A)B? P,k — o) 1
17l per < “E L2 B G = ) - (3)

Moreover, Ay + Ay = A if and only if the constant factor

T(A)B7 (A, A — Aa)
T(A+m)

BY (A1, A — A1)

in (32) and (33) is the best possible, namely, ||T|| = %.

6. Conclusions

In this paper, by means of the weight functions, the idea of introducing parameters
and the techniques of real analysis, a new Hardy-Hilbert-type integral inequality with

1 . . . . . _
the kernel as TOo (A > 0) involving one extended derivative function of m

order and the equivalent statements of the best possible constant factor related to several
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parameters are considered in Theorem 1 and Theorem 2. The equivalent forms and the
operator expressions are obtained in Theorems 5—7. The cases of the reverses are also
provided in Theorem 3 and Theorem 4.
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