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WEIGHTED HOLDER WITH NUMERICAL RADIUS INEQUALITIES

WASIM AUDEH*, HAMID REZA MORADI AND MOHAMMAD SABABHEH

(Communicated by M. Krni¢)

Abstract. The main aim of the current work is a discussion of the matrix Holder inequality for
unitarily invariant norms, with some applications to norm and numerical radius bounds.

1. Introduction

The algebra of all n x n complex matrices, denoted as M, , has attracted numerous
researchers’ attention due to its applications in different fields.

Finding possible relations among distinct matrix quantities has been one of the
most active research areas in this field, where tighter relations are sought.

As a basic idea in such relations, extending known scalar relations to possible
matrix versions comes first. For example, it is a simple observation that if a,b are
positive real numbers, then 2ab < a? + b%. This is known as the arithmetic-geometric
mean inequality. Though simple, this inequality, with its weighted form, has been a
keen tool in mathematical inequalities.

The matrix version of the arithmetic-geometric mean inequality states that [23]

2[|ax B < [|A*AX + X B*B]|, (1.1)

where A,B,X € M, and ||| is an arbitrary unitarily invariant norm on M,,.

Here, we recall some notations and terminologies. First, upper case letters, through
this paper, will denote elements of M,,. When A € M, its conjugate transpose is de-
noted by A*. On the other hand, a matrix norm (that is, a sub-multiplicative norm
on M) is termed as unitarily invariant if, for all A € M, and all unitary elements
U,V € M, one has [|JUAV|| = [|A]|l.

Among the most useful examples of unitarily invariant norms is the usual operator
norm || -||, defined as [|A[| = supj_; [|Ax]|, where the supremum is taken over all such
unit vectors in C".

When X =1, the identity matrix, (1.1) was shown earlier in [24] in the form

2[|AB7||l < [|A*A + B*B]|. (1.2)
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This was an extension of the corresponding singular value inequality, proved in the
same reference.

Another celebrated matrix inequality is the matrix Schwarz inequality, which as-
serts that if A,B € M,,, and r > 0, then [29]

IIAB["II> < [l (A"A) 1] (B* B (1.3)

This was extended in [30] to the form

1/q

)

sy <|aa®|| |

where, in addition to the earlier assumptions, p,q are conjugate exponents. That is,
p.q>1aresuchthat 1 41 =1,

Recently, a unified form that interpolates between (1.2) and (1.3) was shown in
[22] in the form

1/q

, (1.4)

ez - oy

Bl < ||z(on

where
Z(o)=0A"A+ (1 —o)B*B.

In our current work, we employ (1.4) to obtain more extended forms that gener-
alize the results mentioned above. For example, our first main result will be focused

on finding an interpolated upper bound of Schwarz type for 2 AiX; 12 1/ 2

where X is a positive (semi-definite) element of M,,, and A;, B; E M are arbltrary, as
the reader can see in Theorem 3.1 below.

Once we show this, many special and simpler cases will be treated. This treatment
will lead to several known results as special cases.

After establishing these Holder-type inequalities, we present some applications
that involve new bounds for the usual operator norm of certain matrix quantities. The
presented forms will be shown to be sharper than known bounds. In this line, for

example, we show that for A,B € M,
1 2 " 1 " 12
lA+BI< [ 5 (1Al 1811+ (Ul = 181 + 4| 14712 8

" %<A+BII+\/(IIA—BII)2 f 2).

This is sharper than some recent progress, as the reader can find in Remark 4.2 below.
Although the main discussion revolves around norm inequalities, insightful appli-
cations involving the numerical radius will be presented and compared with the litera-
ture through numerical calculations and rigorous approaches. We recall here that given
A € M, its numerical radius is defined by @(A) = sup|_; [{Ax,x)|. This quantity
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has received renowned attention in the literature, as one can find in [4-5], [13-21],
[2, 6,7, 26,32, 33,35, 37, 38]. Research about the numerical radius involves, among
other things, finding possible relations between the numerical radius and the operator
norm. A basic relation in this regard is [27, Theorem 1.3-1]

1
SIAll < o(4) < A,

which asserts the equivalence of the numerical radius and the operator norm.
Block matrices have played a major role in investigating numerical radius bounds,
as one can see in [31, 33]. In Corollary 4.2 below, we prove that

wqggb<§¢AWWB+¢mwwwf+%mﬁmﬁw

2

2 1 1
x¢m-wm+/mawwm+%MMMZ

This bound will be shown to be sharper than celebrated bounds from the literature, as
one can see in Remark 4.3.

Many other results will be displayed, and our findings will be compared with the
literature whenever possible.

2. Preliminaries

It is proved in [12] that if A;,B;,X;,Y; € M, such that X; and Y; are positive,
i=1,2,...,N, then

i=1

N
2sj (ZAiXil/zYil/zBi-‘> <s5(W), j=1,...,N, 2.1)

AX? X7 AvXy?

BY;? Boy)* . Byvy?

singular value. The norm version of (2.1) is

where W = . The notation s;(-) denotes the j-th largest

N
2|l > a2y 2B || < (w2 22)

i=1

In the same reference, it is shown that if A,B,X € M], are positive, then
2s5;i(M+R) <s;(H+|K*|)® (L+|K|), j=1,2,...,N, (2.3)
where M = Al/2X1/2Y1/2A1/2, R:Bl/le/2yl/2Bl/2’ H:X1/2AX1/2+Y1/2AY1/2,

K =X'2A12B1/2x1/2 L y1/2A12B1/2y1/2 and L= X'/2BX /2 + Y'/2BY /2 Here, &
denotes the direct sum.
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In particular, letting ¥ = X, we have
5; <A1/2XA1/2+BI/2XBV2) <s;(P+]Q )@ (R+]Q)), j=1.2,....N
where P =X'2Ax"'/2, 0 = X'/2A1V2B1/2X1/2 ‘and R = X'/2BX /2

Moreover, in the same reference, it is established that if A,B,X{,X5,Y1,Y, € M,
are such that X;,X,Y),Y> are positive, then

25j(E=F) <sj(J+IS") @ (T +1S])), j=1,2,...,N, (2.4)
where E = AX,?Y}A*, F = BX)?Y,?B*, 1 = X! ArAx] " + v\ Paray] P s =
x4 Bx,* —v!?A*BY)? and T = X)/*B*BX)/* + ¥, *B*BY,)/*.

Inequalities (2.3) and (2.4) have the following norm versions, respectively:
2[M + R|| < (Il ((H + |K*[) & (L+ K]]I, (2.5)

and
2MlE = FII[ < [I[(T+ 18" & (T +[SDI- (2.6)

In the subsequent section, we give generalizations and Holdert-type inequalities
that extend (2.2), (2.5) and (2.6).
The following basic lemmas will be needed to accomplish our aim.

LEMMA 2.1. Let A € M,, be Hermitian. Then
+A < JA].

That is,

A| — (£A) is positive.

LEMMA 2.2. Let A,B,X,Y € M,,, p,q > 1 where %—Fé =1, ¢ €[0,1], and
r>=0. Then

1/q
, 2.7)

axy sl < || # ||| r - o

where
F(o) = aX*A*"AX + (1 — a)Y*B*BY.

Proof. Letting A=AX and B=BY in (1.4)leadsto (2.7). U

LEMMA 2.3. Let A,B.X,Y € M, be such that X and Y are positive, p,q > 1
where 11—7—|—L11 =1, o €0,1], and r > 0. Then

r 1/q

|| [axtrie: l/pH)(H(l —a) ||, (2.8)

<||#@n?

where
H(at) = aX'2A*"AX"? + (1 — a)Y'/2B*BY /2.
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Proof. Substituting X by X'/2 and ¥ by Y!/2 in (2.7) implies (2.8). [

LEMMA 2.4. Let A,B,X € M, be such that X and Y are positive, p,q > 1 where

+2=1, a€|0,1], and r > 0. Then

1,1
P g
1/q

)

rq

7kt~

n
2

Il 1AXB || < || (R(e))

where
R(or) = aX'?A*AX "2 (1 — o)X '/2B*BX /2.

Proof. The result is observed by letting ¥ = X in (2.8). 0O

LEMMA 2.5. Let A,B,X,Y € M, be positive, p,q > 1 where %—Fé =1, o €
[0,1], and r > 0. Then

1/q

b

r q

- ap?

v
2

<|| (e

m ‘A1/2X1/2yl/2Bl/2

where
G(a) = aX'?AX'? + (1 —a)Y'/?BY'/2.

Proof. The result is deduced from inequality (2.8) by letting A = A'/2 and B =
B2 O
Other lemmas that we will need when studying the numerical radius are stated

next.

LEMMA 2.6. [33] Let A,B € M,,. Then

OA _ 1 10 p*
(5o
In particular,
(%))

®(A) = sup
6cR

b

where R denotes the real part.

An immediate consequence of Lemma 2.6 is that, for A,B € M,

1 . 0A IA]l + 18]

In Corollary 4.2 below, we will be able to present a new upper bound for @ < [g [0‘} ) .
Interestingly, this bound will be sharper than (2.9), as we justify in Remark 4.3.
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While the above lemmas are stated to use them in our proofs, we now list some
results for comparison reasons. It has been shown, very recently, in [10, Corollary 2.6]
that, when 71,1, € M,,,

* * 1
1142 2 11 x 1 2 A 4241 1421 - .
1ML + LT <TG+ 5 1T+ Tl (2.10)

In Theorem 4.1 below, we will improve this bound.
Another norm bound, shown in [9, Corollary 2.4], states that

XY =YX[| < [IX[ Y]]+ 5 [[X7Y =YX (2.11)

1
5|
We will improve this bound in Corollary 4.1.

In [10, Corollary 2.8] it is shown that if X,Y,Z € M],, then

1 .
IXZ+ Y| < max ([IX [, |[YI) 1 Z]| + 5 X" Z +2Y"]. (2.12)

In Remark 4.1 below, we show how Theorem 4.1 improves this important bound.
It has been shown in [39, Theorem 2.14] that

11

\/max{A||,||B}+ 14121812
(2.13)

Theorem 4.2 below will present a refinement of this bound, as explained in Remark 4.2.

1 1
lA+Bl < %nax{An Bl + 1412 1B

3. Holder-type inequalities

At this stage of our discussion, we present the main result of this section, which is
a generalization of inequality (2.2). We should mention that this result has been recently
shown for the case r = 1,p =2 in [&].

THEOREM 3.1. Let A;,B;,X;,Y; € M,, be such that X; and Y; are positive, i =
1,2,...,N, p,q > 1 where 11_7"_% =1, o €[0,1], and r > 0. Then

N *r wl/p g |||1/q
H Y ax! v | | < || ® ||| -ap®][ e
i=1
where
Ho) = VaAX? JaAx,? - A
Vi—aB Y} JT—aBY,” - VT—aB,Y,"?

Proof. On @M, define
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X0 ... 0 Y1 0...0
0X - 0 0% 0
X = . and Y =
00 XN 00 YN
Let
Vij = O‘Xil/2A;'FAjX;/2 (- a)nl/zB?BJX/l/zv
and
H(o) = X' ?A*AX' 2 + (1 — a)Y'/2B*BY /2.
Then
N
> AX 2B 00
i=1
AX'Py1 g = 0 0---01, (3.2)
0 0---0
and )
Vit =+ Vin
Var ++ Vo
H(a) = .
_an < Vin
[ax,’ zA’{ Vi—ay)! EB’[
_ | vox)a; vT—av,*B;
(3.3)
| Vox,*Ar vi—ay,*B:
y VoA X!? JaAx)? e JaAx?
VI—aBy,? VT=aBy,”? - /T— B,y
N veax!? o vaax)? o JaAx,)?
Vi—aBy > Vi—aB,y,” ... T—aB,Y,"”
Similarly,
2
H(l— o) = VI—aA X VT=aaX)? - T=aA X, 3.4)
JaByy'?  yaBy,? .. JaBy)? '

Substituting (3.2), (3.3) and (3.4) in inequality (2.8), we get (3.1). O

REMARK 3.1. Letting r=1, p=qg=2, o0 = % in (3.1), we get (2.2).

A considerable special case of (3.1) is stated next.
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COROLLARY 3.1. Let A;,B;,X;,Y; € M, be such that X; and Y; are positive, i =
1,2, p,g > 1 where %+§ =1, a€[0,1],and r > 0. Then

1
" (3.5)

v
2

IS

Hor < | o % || |z - e

where
D =AX,"v}*B; + 4,x) %Y, * B3,

and

1/2 1/2
E(a) = vediX, 1/2 vadX, 1/2
VI=aBY,”> VT=aByY,

Proof. Inequality (3.5) follows from (3.1) by letting N =2. O

COROLLARY 3.2. LetA;,B;eM,, i=1,2, p,q>1 where Ii,+§ =1,a€(0,1],
and r > 0. Then

n mq||11/q
2

1/p
v < ||| ke ® | e = on %], (3.6)
where
J=AB] +A,B}
and
K((X) _ \/aAl \/&Az ?
vV1—oaB; v1—oB>
Proof. Letting X; =Y;=1,i=1,2in(3.5), we get (3.6). U
COROLLARY 3.3. Let A,B € M, and let o € [0,1]. Then
2 2
IAB* || < l|1Z(e)||*[1Z(1 - )| */2, (3.7)

where
Z(a) = 0A*A+ (1 — o) B*B.

Proof. Letting Ay =B, =0, r=1, p=g=2 in (3.6) implies

1/2 1/2
4B < vaa o1 viTaa o1l
S vi—aBo VaB 0

= |leA*A+ (1 — o)B*B||"/?||(1 — «)A*A+ aB*B||/?. O

REMARK 3.2. Letting ot = % in (3.7), we get the arithmetic-geometric mean in-
equality (1.2).
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Another special case of inequality (3.1) is stated in the following result.

COROLLARY 3.4. Let A,B,X,Y € M, be such that X and Y are positive, p,q > 1
where %—i—é =1, o €0,1],and r > 0. Then

1/q

leri< || —ap®[| ", (3:8)

e

where
G :AX1/2Y1/2B* +BX1/2Y1/2A*,

and
2

\/_Axl/Z \/anl/2
Hie)= l[\/l aBYl/z\/l—aAYl/z]

Proof. Substituting N =2, Aj=B,=A, A, =B1=B, Xj=X=Xand Y| =
Y=Y in (3.1), we get (3.8). [

COROLLARY 3.5. Let A,B,X € M, be such that X is positive, p,q > 1 where

s+g=1,0¢€[0,1],and r>0. Then
[l |AXB* +BXA™|"|| (3.9)
|t/ g (1|11/
< ||t ||| -an| ™.

where
2

VoAXY?  JaBx'/?
o) =|| Yo Vo]

Proof. Letting Y =X in (3.8) implies (3.9). U
COROLLARY 3.6. Let A,B,X € M, and let & € [0,1]. Then

llAB" + BA* || < [|(M (o) |41 (1 — )| >, (3.10)

where
M(at) = 0A*A+ (1—a)B*B aA*B+ (1 — a)B*A
|aB*A+(1-a)A*B (1— a)A*A+ 0B*B

Proof. Letting X =1, r=1, p=¢q =2 in (3.9), yields (3.10). O

REMARK 3.3. Letting o = Z in (3.10), we obtain

. *A+B*B A*B+ B*A
2+ aan < || 255 LA AT |

A*B+B*A A*A+B*B
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According to Lemma 2.1 and (3.1), we have the following general inequality,
which is a generalization of (2.5).

COROLLARY 3.7. Let A,B,X,Y € M, be positive, p,g > 1 where %—i— é =1,
€[0,1],and r > 0. Then
1M+ R < Nz Pz, (3.11)
where M = A1/2X1/2Y1/2A1/2, R:B1/2X1/2Y1/231/2,
X »
Zi = ((H(a)+ K" (a)]) & (L(e) + |K(a)])
q
Z=(H(1-o)+ K (1-a))®(L(1l-a)+[K(1-0a)]))?,
H(a) = aX'?AX'? (1 — a)Y'/Ay'/?,
K(OC) — aX1/2A1/231/2X1/2+ (l _ a)Y1/2A1/231/2Y1/27
and L(ot) = oX'/2BX'/2 4+ (1 — a)Y'/2BY'/2.

In particular, letting ¥ = X, we have

m<A1/2XA1/2+31/2XB1/2>’ 14

)

e s

where W = ((P+|Q*| @ (R+1Q|)), P=X'?AX'/2, 0 =X'/2A1/2B'/2X /2 ‘and R =
XI/ZBXI/Z.

In addition, letting X = I, we have
1/q

)

la+syi< [|vE]) v

where V = ((A + |B'?A'2[) & (B + |A'/2B12])).
Moreover, letting r =1, p = g = 2, leads to the well-known result [34]

la+Bll < || (a+]52412)) & (B+|a2812)) ||

Proof. Letting N=2, Ay =B, =A"2, Ay=B,=B'2 X=X, =X, Y=Y, =
Y in (3.1), leads to

H) )A1/2X1/2Y1/2A1/2 +Bl/2X1/2Y1/2Bl/2HH

y
T

(e >)D

1/p

- \/EA1/2X1/2 \/EBI/2X1/2
=X /I—OCA1/2Y1/2 /l_aBl/2yl/2

\/—Al/le/Z \/—Bl/le/Z
x [ JaA2y1/2 JaB/2y1/2

()’

1/p 1/q
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Using Lemma 2.1, we deduce

(F&fa])

N

{
(R
(5" st
(

Similarly,

q

(s s’

([H(l_a)+o|K*(l_a)l L(l_a)JroK(l—a)l])z

Thus, inequality (3.11) follows from inequalities (3.12) and (3.12). O

(3.12)

S

REMARK 3.4. Letting @ = %, r=1, p=qg=2in(3.11), we obtain (2.5). In that
sense, (3.11) is a generalization of (2.5).

Using Lemma 2.1 and (3.1) implies the following general inequality, which is a
generalization of (2.6).

COROLLARY 3.8. Let A,B,X1,X5,Y1,Y> € M, be such that X;,X>,Y;,Y, are pos-
itive, p,q > 1 where Il—?—i—é =1, x€[0,1],and r > 0. Then

21 1E—~Fll
<[ @) +1K* (@D @ (L(e) + K () ) E

H’ o) + K" (1 - o)) & (L(1 — o) + [K(1 - o)) ?

I/p

‘1/q

1/2y 1/2 1/2y 1/2

where E = AX| , F'=BX,

H(ar) = oX,?A*AX! > + (1 — )y} /?

K(a) = oX,?A"BX)? - (1— a)y,?

A*AYll/z,
A*BY21/2’
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and
L(a) = aX,)?B*BX)"* + (1 — )Y, *B*BY,/*.

Proof. Letting N=2, Ay =B =A, and A, = —B, =B in (3.1) yields

‘H )AX1/2 1/2 BX1/2 1/2

wt/p
2\ 2
_ Vaax!?  JaBx,?
= VI—aAy? —/T=aBy,’?

rq 1 1/q
2
\/1— aAx,> VT—aBX,’
\/—AY1/2 —\/—BY21/2

HI i ‘:;> W
(s’

We give the desired result by applying the same steps used in the proof of Corollary
37. O

I/p

1/q

REMARK 3.5. Letting o = %, r=1, p=¢g=2in(3.13), we obtain (2.6). In that
sense, (3.13) is a generalization of (2.6).

COROLLARY 3.9. Let A,B € M, be positive and let o € [0,1]. Then
A =Bl < lI(H1(e0) + K7 (e)]) & (L (o) + [ Ky () Dl (3.13)

where Hy(a) = aA+ (1 — a)A, K| (&) = aA'/2BY2 — (1 — a)A'/?B'/? and L, (at) =
oB+ (1 — a)B. In particular, if a@ = %, then

llA—=B|l < flA® B
Proof. If r=1, p=q=2,X =Y =1 in (3.13), then (3.13) follows. [

4. Norm and numerical radius bounds

This section implements the above results in obtaining significant bounds for the
usual operator norm of certain quantities and the numerical radius. These bounds will
be shown to be sharper than existing celebrated bounds.

The first result is the following improvement of (2.10).
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THEOREM 4.1. Let Ty, T, € M,,. Then

* * 1 * *
ML + LT <5 (GIIT)+max{IGE LT+ 1T+ 1) -

Proof. 1t follows from Corollary 3.2 that
N T + T T
LW ITh+ L TY T + T, T
Sol| BT+ T T LT+ 1Ty

B l '+ T, T 0] n 0] VTS + T, T
- o T Tz* + T Tl* LT +TT, o

l IT'N+ T, T» (0]
2 (0] DTy + T T}

1
=5 max{|TT + L'L| IBE + LT |+ BRI+ TT).

i Tl* Tz* + Tz* Tl*
LYh +TT» (0]

)

That is,

1
NG + LT < 5 max {77+ B R+ T+ |BT + Tn).-

Now, by letting 7] = %Tl and T, = %Tz, we conclude that

I T; + T T |

<1 (max{ ”T2”T1 T +—HT1||T2*T 7l TS + 1t UL T} }+ 15T, +T1T2>
2 17| 1T || 172 73]

1 X

< 5 max {7+ AT T+ T+ 17T+ 1))
1 * *

:§(||T1HHT2||+max{||T1T2 I T} + 12T + T T2 )

where in the second inequality, we employed the following fact for positive matrices
[36]

1 1
X+ Y| < max (x| 1Y [} + || x 2y

This completes the proof. [

In the following remark, we show how Theorem 4.1 improves (2.12).

REMARK 4.1. Letting T} = [g )0(] and T» = [8 ZO} ,in Theorem 4.1, we obtain

IXZ+2Y| < (maX{IIXII Y3 IZ] + max {||XZ][, | ZY [} + IX*Z + ZY7[]) . (4.1)

Now we prove the following improvement of (2.11).
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COROLLARY 4.1. Let X,Y € M,,. Then

1 * *
IXY =YX < 5 (XY ||+ max {[XY ], [y X[} + [IX7Y = YXT[]).

Proof. 1f we replace Y by —Y,in (4.1), we get
1
1XZ = 2Y|| < 5 (max {[IX|[, [|Y [} | Z]] + max {[|XZ]}, | ZY ||} + [[X*Z —ZzY"])).
We reach the desired result by substituting Z and Y with ¥ and X, respectively. [

THEOREM 4.2. Let A,B € M. Then for any v € [0,1],
A+ B

1 _ “)\ 2 _
< 5<||A||2V+||B||2“ V’M (1Al = 1BIPO )+ 41 e

2)
1 2(1- 2 2(1- w)? -

x 5<||A U4 || “M(An U0 |BIPY) -+ 4] Al B

2)

1 2 Lol
NE <A+B||+¢<||A—B||> +4{ a1 1512

)

In particular,

1 2 1 1
A+ Bl < 5<||A+B||+J<||A—Bn> S CERE

2)

Proof. Let A=U|A| and B =V |B| be the polar decompositions of A and B,
respectively. Let > 0. Setting A} = fU|A|", B) = %|A|1_V, Ay =+/iV|B|'™Y, and
B, = % IB|", in Corollary 3.2, we have

1A+ B

AP+ HAPYY AU VIBTY Al B
I‘B|17VV*U‘A|V+%‘B|V‘A‘17V I‘B‘2(17v)+%|B|2v

1
< —
2
1 AP+ AP AUV B Al B
2 Z|B|17VV*U|A|V+%|B|V|A|17v l‘B|2(17v)+%|B|2v
_1 ( [ ‘A‘2V |A|VU*V‘B‘17V 1 [ ‘A‘Z(l_v) |A|1_V‘B‘V
) t

‘B‘lfvv*U‘A‘v ‘3‘2(17\/) ‘B‘V‘A‘lfv ‘B‘2V )

<1 o \A\2v |A|VU*V\B\17V +lw |A|2(1—v) ‘A‘l—V|B|v
) ‘B‘lf\/v*U‘A‘v ‘3‘2(17v) P |B|V|A|17V |B|2V .




WEIGHTED HOLDER WITH NUMERICAL RADIUS INEQUALITIES 829
That is,
|A+B|

(e )i

for any ¢ > 0. Taking minimum over ¢ > 0, we get

‘A‘2V |A|VU*V‘B‘17V
‘B‘lf\/v*U‘A‘v ‘3‘2(17v)

|A|2(1—v) ‘A‘l_v|B|v
B"|AI" B 7

A+ B
_ 0 ‘A‘2V ‘A‘VU*V‘B‘lfv o |A|2(1—V) ‘A‘I—V|B|V '
= |B|1_VV*U‘A|V ‘B‘Z(l—v) |B|V|A|1—V |B|2V

On the other hand,

|A|2V ‘A‘VU*V|B|1_V
|B|1—VV*U|A|V |B|2(1—V)

o

)l

‘A‘2(17v) ‘A‘lf\/‘B‘v
[B"|AI" B

2 * 1- 2(1— 1-
<l P Jlarovist Ty (] e fflatsy
= 1=vy/« 2(1— 1- 2

iBrveuar| st (I 7
1 2v 2(1-v) 2v 2(1-v)\ -
<yl LIAIPY =+ 1BIPC ™ 4/ (141> = 18I0 ) 4| la) U+ By

1 21— 2 21— o) 2 _
x §<||A|| 0= 4 13 “M(A 0 B> ) 4 Ja) 1B

2)
where we have used [3, Corollary 2] to obtain the last inequality. So,

A+ B

1 2 21— 2 21-v)\ 2 el 1—
< 5<||A||V+||B||< V>+J(A||”—||B< ) a4 v

)
)

1 21— 2 21— w2 _
x 5<||A U4 || “M(An U0 |BIPY) 4] 1Al 81

Since

H ‘A‘VU*V|B|1_V

- HU (|A|VU*V|B|1‘V) v

_ H‘A*‘V|B*|1_v

)

we deduce the desired result. [

The following remark shows that Theorem 4.2 is a considerable improvement of
(2.13).
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REMARK 4.2. Theorem 4.2 improves (2.13). Indeed,

1 ) 1 112
la+BI<y| 5 <A+B||+¢<||A—B||> +4f jarj2 e | )

1

>< p—
2

2 1 1
<A+B+¢<A—Bn> +4{ 1412152

)

1 Lol
x JE (Al + 1B+ DAl — 18111 +2 1412131

)

1 —
< \/5 <||A||+||B||+|||A|| - ||BH|+2H\A*|2|B*|2

)

1 1 1 1
= | max A1 18I + [ 1812 | fmas Gl 31 + a1 |

COROLLARY 4.2. Let A,B € M,. Then for any v € [0, 1],

([5-2])

0
1 2v 2(1-v) 2v 2(1-v)) 2 eV ipe(1-v]]?
<\ WA +IBIPE 4/ (IAIPY = [BIPC )+ 41|

2

2
x \/ ||A2<”>+B||2V+¢ (B = 1B ) "+ 4 1A 1Y

In particular,

1 2
o5 o]) < Z\/A||+||B+¢<A|| ~ 1BI)? + 4t 3

) 1 12
X\/||A+||B||+¢<||A—||B||> +4|la12 112"

Proof. By replacing B by ¢ B, in Theorem 4.2, we obtain

|a+ees|

1 2 21— 2 2(1-v)\ 2 oV i 1|2
< 5<||A|| Y+ B ”M(An VB 4l

1 _ _ 2 _
x 5<||A2<1 V>+B||2”+J (AP = B> )+ 4 1Al 1"

)

Taking supremum over 6 € R gives the desired result upon using Lemma 2.6. [
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REMARK 4.3. We know, from (2.9), that

(2]

In Corollary 4.2, we have shown that

1
mq;gD<Z¢Mwwm+¢wwwwW+wmﬁBd

2 1 1
X¢A.+m+¢@4_3m+wAsz

2

2

831

(4.2)

(4.3)

In this remark, we show that our bound is sharper than the previous bound.

Notice that
2

b1
1213 || < a1
Therefore,
2 et o 212
I+ 18114+ (I = 181 + 4| 1|2 8+
2
<¢MwWB+¢ww—w>+4mm
2
=¢M+«B+ (Il +1181)
~ V2 (JAT+ [B]).
Similarly,

2 1 1
¢A—%B+¢b4—3m+ﬂM232

Consequently, Corollary 4.2 implies

* < VA(AT+ B

1
mq;gD<Z¢m—+m+Jm4—mW+wAﬁB¢

2

2 1 1
X¢AWFB+¢04—B>+4MZBZ

][+ (18]
T

<

Thus, we have shown that (4.3) is a refinement of (4.2).

2
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As a final application of our discussion, we present the following upper bound of
the norm of the real part of a matrix. This result is stated in terms of the weighted
Aluthge transform A, which is defined as A, = |A|YU|A|'~, where A = U|A| is the
polar decomposition of A. This weighted transform was defined in [25] as a general-
ization of the original Aluthge transform defined in [11]. When v = % , we simply write

A instead of I‘G/Jz The Aluthge transform has appeared in significant work treating the
numerical radius inequalities, as one can find in [1, 31, 40].

PROPOSITION 4.1. Let A € ML,. Then for any v € [0,1],

0 w))

A, AP
~\ kK

Al (4)

i

A
Proof. Ifweset Ty = iU|A|'™, T = Al T3=VilA]" and Ty = %U|A\1_V,
in Corollary 3.2, we obtain

1
[RIZYES 5(»(

In particular,

1
94| < 5«)(

L[ [APO AP (AV) LAy
||A+A ” g E ZA\/+1<AV>* t|A|2V+l‘A‘2(1_V)
v e\ oV t
—~\ * ~
O L ((4) +17,
=3 — —~\ *
A+ 1(AV) AP+ LAty

(5 G

Ay AP
<1 tw
=2

|A|2(1—V) (A\‘//>* ) 1 ( ))
+ - .
t
Thus, we have shown that

Ay AP
1 1
||A+A*<—<t(u< )—i——a)( )),
2 t

for any # > 0. Since this is true for all # > 0, we may take the minimum over such

values of ¢ to deduce that
—~\ * 2v ne
1 ‘A‘Z(lfv) (AV> |A| AV
Al < < —~\ * _ . 4.4
[RA > w([ o <Av> 420V 4.4)

A\; ‘A‘Zv

1
t

|A|2V X\:
(4) 1ape=

)

AP A,
(4V) 1apP=

|A|2V A\;
(4) ape=y

‘A‘2(l—v) <X;>*

AV |A|2V
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But, for any A,B,C,D € M,,, we have

® AB|\ _ ® DC
CD|) BA|)"
This, together with (4.4), implies the desired result. [J

REMARK 4.4. We know that [|RA| < ||A[|, for any A € M,. Proposition 4.1
provides a refinement of this basic inequality, as follows. Let v = % in Proposition 4.1

and notice that
Al ()
A

Al

1 Al O

3% ({0 |A|} +
1

< 7 (a)(A)—i—a)(

= (1 + ]

< [IAll

1
94| < 5«)(

o ()

A O

o (4)

A O

)
)

REMARK 4.5. The argument in Remark 4.4 may lure us to think of the inequality

<o+ )

In fact, this inequality is not always true, as one can check with the matrix A = [ 5 g] .

In this case, we have

3 35 ~ 3.61315 3.00182
= [35 2}’ A {3.001821.38685}’ IRA|| ~ 6.03553,
1 ~
> (@) +1141) =~ 5.56855.
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