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TWO–EXPONENT WEIGHTED BEESACK–OPIAL

INEQUALITIES ON TIME SCALES AND APPLICATIONS

R. R. MAHMOUD ∗ , S. H. SAKER AND K. R. ABDO

Abstract. In this paper, we establish a class of weighted Beesack–Opial inequalities with two
independent exponents on arbitrary time scales. The resulting estimates extend the weighted
Opial framework by allowing the powers of the function and its delta derivative to vary inde-
pendently, while an auxiliary nondecreasing function contributes through both its value and its
delta derivative. The main result is a product-type inequality obtained by combining a weighted
Hölder estimate with the exact triangular change-of-order formula on time scales. Corresponding
additive and balanced forms are also derived by means of Young’s inequality.

The general results yield several dynamic Opial-type consequences, including composite
weighted inequalities, power-type estimates, and classical discrete inequalities of Wong–Lasota
type. In the continuous case, the main product estimate includes the p = q = 2 case of the two-
weight Beesack–Opial inequality of Chesneau as a special case. Discrete and quantum versions
are also obtained, with the forward-jump structure preserved explicitly.
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[24] Z. OPIAL, Sur une inégalité, Ann. Polon. Math. 8 (1960), 29–32.
[25] M. M. OSMAN, S. H. SAKER AND D. R. ANDERSON, Two weighted higher-order dynamic inequal-

ities of Opial type with two functions, Qual. Theory Dyn. Syst. 21 (2022), Paper No. 57.
[26] B. G. PACHPATTE, On some new generalizations of Opial inequality, Demonstratio Math. 19 (1986),

no. 2, 281–291.
[27] S. H. SAKER, Some Opial-type inequalities on time scales, Abstr. Appl. Anal. 2011 (2011), Article

ID 265316.
[28] S. H. SAKER, M. M. OSMAN, D. O’REGAN AND R. P. AGARWAL, Some new Opial dynamic in-

equalities with weighted functions on time scales, Math. Inequal. Appl. 18 (2015), no. 3, 1171–1187.
[29] S. H. SAKER, J. ALZABUT, A. G. SAYED AND D. O’REGAN, Some new Opial-type dynamic in-

equalities via convex functions and applications, Adv. Difference Equ. 2021 (2021), Article 305.
[30] S. H. SALEM, H. A. AGWO AND N. S. KHALLAF, On the Opial–Beesack–Troy inequalities, Int. J.

Math. Anal. 5 (2011), no. 12, 583–592.
[31] H. M. SRIVASTAVA, K.-L. TSENG, S.-J. TSENG AND J.-C. LO, Some weighted Opial-type inequal-

ities on time scales, Taiwanese J. Math. 14 (2010), no. 1, 107–122.
[32] M. VIVAS-CORTEZ, F. MARTÍNEZ, J. E. NÁPOLES VALDES AND J. E. HERNÁNDEZ, On Opial-type
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